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Probabilistically shaped (PS) pulse amplitude modulation (PAM) is a promising technique for intra-data-center networks
due to its superior performance, for which a low-complexity and cost-effective distributed matching method is critical. In
this work, we propose an energy-level-assigned method to yield PS-PAM-4 signals with various bit rates based on variable
probabilistic distributions. We experimentally demonstrate the proposed method in a 25 Gbaud PS-PAM-4 transmission over
a bandwidth of approximately 10 GHz. Compared to a uniform PAM-4 system, the proposed multi-distributed PS-PAM-4
system approaches the hard decision threshold at a wide range of received optical power for different applications.
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1. Introduction

Data-center traffic has experienced exponential growth over the
past decade with high-bandwidth internet applications such
as cloud computing/storage, artificial intelligence, and high-
definition television. For intra-data-center networks with 2 km
links, low cost and low complexity are key requirements, where
the intensity-modulation direct-detection (IM/DD) four-level
pulse amplitude modulation (PAM-4) with simpler structure
and lower energy consumption outperforms other schemes[1–3].
To further enhance the performance and flexibility of a PAM
system, probabilistic shaping was introduced, which reduces
average signal energy by spherically confining modulation levels
in the signal space and thus, relaxes signal-to-noise ratio (SNR)
requirements[4]. Unilateral Maxwell–Boltzmann (MB) distri-
bution and unilateral pairwise MB distribution have been
proposed for IM/DD systems with optical amplification[5,6].
Bilateral inverse MB distribution was demonstrated in IM/DD
systems without optical amplification, and the optimal distribu-
tion is symmetric around average power constraint[7]. In addi-
tion to optimizing the probabilistic distribution, distributed
matcher (DM) should be taken into account as well due to its
high computational complexity in the conventional probabilistic
shaping schemes. The hierarchical DMhas a fully parallel input–
output interface and pipelined architecture to perform DM/
inv-DM efficiently at the expense of significant rate loss and
higher required SNR[8]. The m-out-of-n DM utilizes the
scaling and rounding technique, which is challenging in hard-
ware implementation[9]. Constant composition distribution

matching (CCDM) based on arithmetic coding has the advan-
tage of zero rate loss[10], but its serial coding process may induce
cascaded errors in decoding[11]. Although the DM based on
Hoffman coding has lower implementation complexity, it suf-
fers from varying bit rate and synchronization issues[12]. Thus,
a probabilistic shaping scheme with reduced complexity and
high performance is more desirable in cost-sensitive IM/DD
systems, for which a cut-and-paste (CAP) method with lower
complexity is a promising candidate[13]. However, the CAP
method increases the usage of multipliers and comparators
because twomappings are implemented to select sequences with
lower energy. Moreover, the chosen sequences with lower
energy always have low information rate (IR) and determined
distribution.
In this work, we propose an energy-level-assigned (ELA) DM

to generate multi-distributed probabilistically shaped PAM-4
(PS-PAM-4) signals. Similar to the above CAP method, the
transmitted sequence is first divided into many n-symbol
groups, and then, after bit-to-symbol mapping, amplitude bits
are extracted. To avoid amounts of calculation and comparison
on the original amplitude bits’ energies in the conventional CAP
method, the proposed ELA method introduces the energy levels
into the look up table (LUT). Here, the energies of various n-
symbol groups are pre-calculated and classified into different
levels. Depending on various application scenarios, different
energy-level mapping rules are assigned to yield variable prob-
ability distribution. We experimentally demonstrate a 25 Gbaud
PS-PAM-4 transmission, and four probability distributions are
yielded by varying the assignment of energy levels. Meanwhile,
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in order to mitigate the inter-symbol interference (ISI) of
50 Gb/s PS-PAM-4 signal in a 10 GHz bandwidth-limited
system, we utilize a feed-forward equalizer (FFE) in the back-
to-back (BTB) and 2 km standard single-mode fiber (SSMF)
transmission experiments and achieve enlarged opening of
the eye diagrams.

2. Principle

Figure 1 shows the block diagram of the probabilistic shaping
implementation based on the proposed ELA method.
Considering the codebook size and the convenience of presen-
tation, we take three-symbol coding as an example.
Since there is one amplitude bit for each PAM-4 symbol, a

three-symbol group has three amplitude bits. The uniform bit
sequence u is first divided into the sign bits [b�S1� : : : b�Sγnc�]
and the amplitude bits [b�A1� : : : b�Anc�], respectively, as shown
by black numbers and blue numbers in Fig. 1. In order to realize
the bilateral MB distribution, the amplitude bits of n symbols are
grouped and launched into the DM. Here, a redundant label
bit is introduced for each three-amplitude bit, as shown by
red numbers in Fig. 1. For the label bits, “0” denotes an inversion
operation to yield an n-symbol group with a lower energy level,
and “1” indicates a no operation status. The inversion rule
depends on the energy levels and will be discussed later in detail.
By assigning the symbols with lower energy levels to replace the
original sequence, the PS signal is generated. Following the oper-
ations of amplitude and sign multiplexing, symbol mapping,
channel transmitting, and symbol de-mapping, the inverse
DM operation is implemented with label bits generated at the
transmitter.
In the scheme, the label bits as additional sign bits are trans-

mitted, and, in order to keep the uniform distribution of sign
bits, we invert the last half of the label bits before symbol map-
ping, and then perform the inverse operation at the receiver. We
define the DM rate RDM as the ratio of the number of input bits
to the number of output bits of the DM. With an additional bit
per n symbols, the DM rate can be calculated as

RDM =m 0n=�m 0n� 1�, (1)

wherem 0 is the number of amplitude bits for each PAM symbol.
Since every n-sign bit contains one label bit, the fraction γ of sign
bits with information is represented by

γ = �n − 1�=n: (2)

For a given DM rate RDM, the fraction γ is described as

γ = 1�m 0 −m 0=RDM: (3)

Next, themethod of energy-level assignment will be presented
in detail. We use the Gray code for PAM-4 mapping, where “0”
and “1” as sign bits represent “−” and “+”, and “0” and “1” as
amplitude bits correspond to “3” and “1”, respectively. As shown
in Fig. 1, the amplitude bits are divided into 3 bit groups before
implementing DM. Thus, there are 23 permutations and combi-
nations, as shown in the first row of Table 1. The energy of each
combination is pre-calculated by

E =
Xn
i=1

x2i , �4�

where x represents the amplitude value, and n indicates the
number of bits in each combination. The energy of each combi-
nation is shown in Table 1. For example, “000” denotes a group
of three amplitude bits with the amplitude value of “3,” and its
energy is 32 � 32 � 32 = 27. Hence, a uniform three-symbol
combination will have four energy levels, i.e., E1, E2, E3, and E4,
whose probabilities are 1/8, 3/8, 3/8, and 1/8, respectively, as
shown in the first row in Fig. 2, where E1 > E2 > E3 > E4.
Consequently, the energy of the transmission sequence can be
decreased by reducing the probability of the symbols with a high
energy level, which can be implemented simply by inverting bits
of high energy levels into that of low energy levels. The detailed
inversion rules are shown in Fig. 2. For example, the PS-PAM
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Fig. 1. Block diagram of PS structure based on the proposed ELA method.

Table 1. Energy of Each Combination for Three-Symbol ELA.

Amp bits 000 001 010 011 100 101 110 111

Energy 27 19 19 11 19 11 11 3

000 001 010 011 100 101 110 111

111 001 010 011 100 101 110 111

111 110 010 011 100 101 110 111

111 110 101 011 100 101 110 111

111 110 101 011 011 101 110 111

Un
H(A)=1

P1
H(A)=0.9426

P2
H(A)=0.9149

P3
H(A)=0.8813

P4
H(A)=0.8127

E1
E2
E3
E4

Inversion

Fig. 2. Three-symbol ELA implementation process.
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signal with the P1 distribution can be yielded according to the
inversion rule shown in the second row of Fig. 2, and probabil-
ities of various energy levels are given by

P�E1� = 0, P�E2� = 3=8, P�E3� = 3=8, P�E4� = 2=8: (5)

Meanwhile, in the three-amplitude bit combinations with
energy E1 to E4, the probabilities of “0” are 1, 2/3, 1/3, and 0,
respectively. Probabilities of “0” and “1” can be calculated with
encoded amplitude bits of P1 to P4 distributions according to
different probabilities of various energy levels,

�
P�0�=P�E1�× 1�P�E2�× 2=3�P�E3�× 1=3�P�E4�× 0
P�1�= 1−P�0� :

�6�

According to Eqs. (5) and (6), probability distributions of “0”
and “1” in P1 can be calculated. Figure 3 shows the PS-PAM-4
signals with four different probability distributions (P1 to P4)
based on the three-symbol ELA method. With similar three-
symbol encoding, the CAP method can only generate the PS-
PAM signal with the P4 distribution. Further, the method can
be extended to any n-symbol (n > 1) achieving more distribu-
tions with lower redundancy, and probability distributions of
“0” and “1” can be expressed as

�
P�0� =P

n
i=0 P�Ei�1� × �n − i�=n

P�1� = 1 − P�0� , �7�

where Ei > Ei�1 and P�Ei�1� = Ci=
n 2n for uniform bit sequence.

Normalized generalized mutual information (NGMI) is
used as the most robust post-forward-error-correction (FEC)
bit error rate (BER) prediction[14], and the NGMI of the

PS-PAM signal through an additive white Gaussian noise
(AWGN) channel is given by

NGMI = 1 − �H�X� − GMI�=m, (8)

where m = log2�M� for the PAM-M signal, and H�X� is the
entropy of the PS signal. Generalized mutual information (GMI)
can be estimated by

GMI = −
X
x∈χ

PX�x�log2�PX�x��

� 1
N

XN
k=1

Xm
i=1

log2

P
x∈χbk,i

qY jX�ykjx�PX�x�P
x∈χ qYjX�ykjx�PX�x�

, (9)

where χ is the symbol set, and bk,i is the ith bit of the kth trans-
mitted symbol. X is the transmitted symbol, Y is the received
symbol, N is the number of symbols, PX represents the prior
probability, and qY jX represents the conditional probability.
NGMI curves of PAM-4 signals with the abovementioned P1
to P4 distributions, uniform distribution, and the PS distribution
based on the CCDM are shown in Fig. 4, where PS distributions
are under the same redundancy (RDM = 3=4). Obviously, PS sig-
nals have higher NGMI under the same SNR at the expense of
the achieved entropy. In addition, the NGMI curve of the P4 dis-
tribution is close to that produced by the conventional CCDM,
but the ELA method has lower complexity in hardware
implementation.

3. Complexity

CCDM is a symbol-level matcher using arithmetic coding,
which requires a large number of multipliers in implementation.
For every 1 bit input, an interval scaling is performed. For every
one-symbol output, a probability update is performed, which is
in essence multiplication or division. However, ELA is a bit-level

(a) (b)

(c) (d)

Fig. 3. Four probability distributed PAM-4 signals based on three-symbol ELA.
(a) P1, (b) P2, (c) P3, and (d) P4.

Fig. 4. NGMI curves of uniform and PS PAM-4 signals over AWGN.
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matcher by building an LUT. The complexity of the required cir-
cuitry is dominated by the number of stored bits in the LUT,
and, for n-symbol encoding, 2nm

0 �2nm 0 � 1� bits are required.
Complex operations such as integer addition or multiplication
are not required in the coding process.

4. Experimental Setup and Results

Figure 5 shows the point to point experimental setup of
25 Gbaud IM/DD PAM-4 for intra-data-center networks. At
the transmitter, pseudo-random binary sequence (PRBS) is first
launched into the PS encoder, and the PS-PAM-4 data is
achieved by bit-to-symbol mapping. Then, the symbol sequence
is up-sampled to two samples-per-symbol (sps), and applied
with a root-raised cosine (RRC) finite impulse response (FIR)
filter with a roll-off factor of 0.4 for pulse shaping to mitigate
the signal degradation caused by the limited bandwidth of the
transmitter. The filtered and S21 compensated data is loaded
into an arbitrary waveform generator (AWG), whose S21
parameter’s curve is inserted, as shown by Fig. 5(a). The 3 dB
bandwidth of the AWG is approximately 11 GHz. The end-
to-end channel response curves with/without S21 compensa-
tion are shown in Fig. 5(b). Meanwhile, a pseudo-noise (PN)
sequence is appended for signal synchronization at the receiver.
After that, the electrical PAM-4 signal from the AWG is modu-
lated into a continuous wave (CW) laser at 1550.112 nm by a
single-drive Mach–Zehnder modulator (MZM). The output
power of the modulated optical PAM-4 signal is about 5.7 dBm.
After transmission over 2 km SSMF, a variable optical attenuator
(VOA) and an erbium-doped fiber amplifier (EDFA) are used to
control the noise level for BER measurement. Another VOA is
used to control the optical signal power into a 10 GHz photo-
detector (PD). The received electrical signal is sampled by a
real-time oscilloscope (RTO). The received data is first proc-
essed by the synchronization algorithm. Afterwards, the discrete
digital signal passes through a matched RRC FIR filter and is

re-sampled to one sps. Then, the equalization algorithm is uti-
lized to restore the PS-PAM-4 signal. Finally, the de-mapping
and PS decoding operation are implemented, and the BER is
calculated.
In this work, a 25 Gbaud PAM-4 signal is transmitted over the

system of approximately 10 GHz bandwidth. The received signal
contains the desired signal and the pre-cursor/post-cursor ISI.
Hence, we employ an FFE with a structure, as shown in
Fig. 6, which consists of horizontally arranged T-delay units
and tap weighting units with coefficients ak and, thus,

Y�n� =
XM
k=−M

akX�n� k�, (10)

where 2M � 1 �M = 15� tap coefficients are used. Moreover,
there are 32,768 symbols in the experiment and 1500 symbols
for training, with the rest of them for testing. After the FFE,
the training symbols are extracted to calculate the difference
between the desired output and the actual output. Then, the nor-
malized least mean square (NLMS) algorithm with lower com-
plexity is used to adjust the tap coefficients. An iterative training
process is utilized to obtain the optimum tap coefficients, and a
variable step size factor accelerates the convergence.
Figure 7 shows the measured BER curves of the uniform

PAM-4 signal, CCDM-PAM-4 signal, and the four PS-PAM-4
signals. The inset is the complementary cumulative distribution
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Fig. 6. Structure diagram of FFE.
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Fig. 5. Experimental setup of 25 Gbaud PAM-4 system. (a) Measured S21 parameter of the AWG; (b) measured end-to-end channel response with/without S21
compensation.
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function (CCDF) curve, which is mainly used to describe the
peak-to-average power ratio (PAPR) of the signal. In this work,
a 25 Gbaud PAM-4 signal is transmitted, and the IR of the PS
signal can be expressed as in Ref. [4]:

IR =
H�Anc� �H�Sγnc�

nc
=H�A� � γ, (11)

where H�Anc� and H�Sγnc� represent the entropy of the ampli-
tude bit and the sign bit with information for nc symbols, respec-
tively. For the CCDM-PAM-4 signal and P1–P4 signals, the
value of γ is 1 and 2/3, respectively. The value of H�A� with
amplitude bits for CCDM-PAM-4 signal is 0.75. The values of
H�A� with other different distributions are shown in Fig. 2,
so the net data rate is 50, 43.75, 40.23, 39.54, 38.70, and
36.98 Gb/s, respectively. Clearly, compared to the BTB case,
the 2 km SSMF transmission induces negligible penalty, as
shown by the solid and dashed curves in Fig. 7. Hence, PS-
PAM-4 signals offer different trade-off choices between the
receiver sensitivity and the net data rate for various application
scenarios to choose the optimal distribution. Different energy-
level mapping rules can be obtained by designing different
LUTs, as shown in Fig. 2. As seen in the inset, the PAPR value
of the signal increases with the degree of shaping. The signal
generated by CCDM has the highest PAPR value, which leads
to a less than ideal receiver sensitivity. Therefore, at the same
baud rate and same DM rate, the performance of the signal gen-
erated by CCDM is worse than that of the P4 distribution, but
better than that of the P1–P3 distributions due to its higher
degree of shaping. The corresponding eye diagrams at −20 dBm
are shown in Fig. 8, which show that the ISI has been mitigated
by the FFE. Without the FFE, severe eye closure penalty might
be induced by the ISI. By decreasing the probability of high-
amplitude signals, the opening of the eye is enlarged, thereby
giving a larger margin for avoiding additive noise induced
errors. As shown in Fig. 8, the PS-PAM-4 system with the

probability distribution of P4 exhibits the largest margin against
additive noise. Consequently, the proposed ELA method can
generate multi-distributed PS signals without the requirements
of adjusting the symbol length of the group and using extra
comparators or multipliers.

5. Conclusion

In this work, we propose an ELA DM method, which can gen-
erate multi-distributed PS-PAM-4 signals through energy-level
allocation of amplitude bits. We successfully demonstrated
the 2 km SSMF transmission of 25 Gbaud multi-distributed
PS-PAM-4 signals in an approximately 10 GHz bandwidth sys-
tem with a low-complexity linear equalization.
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