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Polarization aberration of hyper-numerical-aperture projection optics should be measured accurately in order to
control it exactly and ensure favorable imaging performance. A hybrid calibration method combining the Fourier
analysis method and the eigenvalue calibration method is proposed. A wide-view-angle Mueller polarimeter
(WMP) is exemplified to demonstrate the capability of the proposed calibration method, which can calibrate
the polarimeter and determine the error budget of polarizing elements in the polarimeter. In addition, an
experimental setup and a WMP are developed in-house to implement the hybrid calibration method.
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The impact of polarization aberration on imaging
performance is becoming more significant, especially in
hyper-numerical-aperture (NA) systems[1–4]. Polarization
aberration can be represented by the Jones pupil and
the Mueller pupil[5], which can also be decomposed into di-
attenuation, retardance, and depolarization[6]. It is impor-
tant to measure the polarization aberration accurately in
order to control it reasonably and ensure good imaging
performance[7,8]. However, the polarization aberration
measurement with instrument calibration has not been
mentioned.
Previous polarization aberration measurement methods

based on scalar and vectorial aerial images can only ex-
tract the partial polarization aberration[9–11]. Recently, a
full polarization aberration measurement method based
on the aerial image has been published without taking the
systemic measurement errors into account[12]. An in situ
measurement method of polarization aberration was pro-
posed by Furutono and Nomura, where the Mueller
polarimeter was composed of a polarization mask as a
polarization state generator (PSG) and a polarization
monitor at the wafer side[13–15]. The monitor comprises col-
limating optics, a polarization state analyzer (PSA) com-
posed of a rotating quarter-wave plate (QWP) and a fixed
prism polarizer, as well as an image detector[15]. The pupils
of collimating optics and projection optics are conjugated
so that the variation of the light polarization state across
the exit pupil of the projection optics, that is, polarization
aberration, can be detected by the detector. However, the
introduction of collimating optics leads to some measure-
ment errors in the polarization aberration of the projection
optics; hence, the polarization aberration of collimating
optics should be calibrated. Many works have been done
to calibrate high NA imaging systems[3,7]; these works need

the normal or small angle incidence on the QWP. How-
ever, it is difficult to provide parallel light on the QWP
under high NA measurement conditions, where the tradi-
tional calibration method is not applicable.

The schematic diagram of a wide-view-angle Mueller
polarimeter (WMP) for measuring the Mueller pupil of
projection optics is shown in Fig. 1. The WMP is mainly
composed of a PSG, collimating optics, a PSA, and a
charge-coupled device (CCD) camera[16]. The WMP is
based on the dual-rotating-retarder polarimeter[16]. The
PSG is composed of a fixed polarizer P1 and a rotatable
wide-view-angle QWP, Q1. The PSA consists of a
rotatable QWP, Q2, and a linear polarizer, P2. Usually,
the retardance of the wave plate depends on the incident
angle; a large incident angle will cause large retardance.
The traditional wave plate is only suitable for small
incident angles. Therefore, it is necessary to use the
wide-view-angle QWP, which is insensitive to the inci-
dence angle. The wide-view-angle QWP consists of paired
positive and negative birefringent plates to compensate
the retardance variations. Since the WMP is based on
the dual-rotating-retarder method, we need to rotate
Q1 and Q2 four times, respectively, when measuring the

Fig. 1. Schematic diagram of a wide-view-angle Mueller polarim-
eter for measuring the Mueller pupil of projection optics.
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Mueller matrix of the projection optics. In order to reduce
the measurement error sensitivity, the rotation angles of
the QWPs are optimized by minimizing the condition
number of the instrument matrix[17]. The instrument errors
of the WMP are mainly caused by PSG, PSA, and colli-
mating optics, which should be calibrated before measur-
ing the polarization aberration of projection optics.
In order to calibrate the WMP, especially for the colli-

mating optics, a hybrid calibration method is proposed in
this Letter. The calibration procedure includes two steps:
the PSG and PSA are calibrated by the Fourier analysis
method in the first step, while the collimating optics is
calibrated by the eigenvalue calibration method (ECM)
in the second step.
The Fourier analysis method is applied to calibrate five

systematic errors in PSG and PSA with the absence of
projection optics and collimating optics. The five system-
atic errors are the retardance errors ε1 and ε2 of Q1 and Q2,
the fast-axis azimuthal angle errors ε3 and ε4 of Q1 and Q2,
and the transmission axis azimuthal angle error ε5 of P2

with respect to the transmission axis of P1. The QWPs
should be rotated while calibrating these errors, where
the rotation rates of Q1 and Q2 are 1:5, and the intensity
I can be given by[18]

I ¼ a0 þ
X12
n¼1

ðan cos 2nθ þ bn sin 2nθÞ; (1)

where θ is the rotation angle of Q1. The Fourier coeffi-
cients an and bn can be obtained from the measured inten-
sities. According to the relationship with an and bn, five
systematic errors can be calculated[18]. Then, we could de-
rive the calibrated Mueller matrices G and A of PSG and
PSA, respectively.
After calibrating the PSG and PSA, the Mueller matrix

M, including the projection optics and collimating optics,
can be acquired[17]:

M ¼ Mc·Mp ¼ A−1·I·G−1; (2)

where I is the measured intensity, and Mp and Mc are the
Mueller matrices of projection optics and collimating
optics, respectively.
The ECM is used to calibrate the collimating optics,

which is based on the measurement of a set of reference
samples with well-known Mueller matrices[19]. The refer-
ence samples should be placed between the projection
optics and collimating optics. The common reference sam-
ples are air, a linear polarizer at 0° and 90°, and a QWP
oriented at 30°[19,20]. In this step, a wide-view-angle QWP
is used as the reference sample rather than a traditional
QWP, which could satisfy the condition of ECM for
obtaining the unique solution, as described in detail
in Ref. [19].
In this step, theWMP can be divided into two groups in

which the PSG is combined with projection optics as
group 1 (called new PSG, with Mueller matrix G1), and

the collimating optics is combined with PSA as group 2
(called new PSA, with Mueller matrix G2). The Mueller
matrices G1 and G2 can be represented as

G1 ¼ Mp·G; (3)

G2 ¼ A·Mc: (4)

The Mueller matrices G1 and G2 can be calculated
through ECM by solving equations of a couple of linear
systems[19]. According to the derived G and A using the
Fourier analysis method and Eqs. (3) and (4), Mp and
Mc can be calculated as follows:

Mp ¼ G1·G−1; (5)

Mc ¼ A−1·G2: (6)

After performing the above steps, the collimating optics
can be calibrated, and a high-accuracy measurement of
projection optics can be achieved.

The proposed method is demonstrated by an experi-
mental setup integrated withWMP, including collimating
optics. The experimental setup for measuring the Mueller
pupil of the projection optics is shown in Fig. 2. A He–Ne
laser (632.8 nm) is used as the light source. The light beam
is expanded by the beam expander and is then uniformly
distributed using the uniformizer. A pinhole placed at the
object plane produces the standard spherical wave. Then,
the beam passes through the PSG, which is composed of
a fixed polarizer (10LP-VIS-B polarizer, Newport) and a
wide-view-angle QWP[21]. The retardance variation of
the wide-view-angle QWP is maintained to 90°� 0.8°
within the �30° angle of incidence. The beam with
controlled polarization states illuminates the projection
optics. Since the imaging beam emitted from the projec-
tion optics has a large NA, collimating optics matching
the NA of projection optics is introduced to collimate
the high-NA beam into a parallel beam. The parallel beam

Fig. 2. Experimental setup for measuring Mueller pupil of
projection optics: 1, laser; 2, reflector; 3, beam expander; 4, uni-
formizer; 5, PSG; 6, projection optics; 7, focal plane; 8, collimat-
ing optics; 9, PSA; 10, CCD; 11, controller.
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then passes through the PSA, which consists of a QWP
(10RP04-24 waveplate, Newport) and a fixed polarizer
(10LP-VIS-B polarizer, Newport). Finally, the modulated
light is detected by a 14 bit CCD detector (Manta G-609
AVT). The projection optics is the Schwarzschild configu-
ration, its NA is 0.5, and the reduction ratio is 40:1. The
collimating optics is the catadioptric configuration. The
transmission axes of the two polarizers are parallel, and
the two QWPs of PSG and PSA are mounted on com-
puter-controlled rotational stages (Newport URS100BCC
and URS50BCC), respectively. In addition, the intensity
measurements of CCD and the data process of calculating
the Mueller pupils are automated using LabVIEW. The
whole setup is installed on the anti-vibration table.
The proposed hybrid calibration method is used to cal-

ibrate the WMP. Firstly, the Fourier analysis method is
performed without the projection optics and collimating
optics. In this procedure, Q1 and Q2 rotate every 5°
and 25°, simultaneously, and 36 intensity images are ob-
tained. Then, we will derive the five errors, by which the
calibrated PSG and PSA can be obtained. Table 1 shows
the mean value corresponding to each error. It is noted
that the calibrated results of PSG can be used in the fol-
lowing procedure because the retardance of the wide-view-
angle QWP is insensitive to the incidence angle.
We use air as the sample to verify the calibrated PSG

and PSA. In the measurement process of the air, 16 inten-
sity images are measured while rotating the two QWPs.
The rotation angles are �15.0° and �50.3°, which are
optimized by minimizing the condition number[16]. The
measured results of the air before and after calibration
are shown in Fig. 3, and the mean values of each element
are given in Eqs. (7) and (8). The root mean square (RMS)
error of each matrix element is chosen to estimate the mea-
surement errors of the Mueller matrix[22]. The measure-
ment errors of air before and after calibration are 2.20%
and 0.71%, respectively. After calibration, the measure-
ment accuracy of air has been enhanced.

M̄b ¼

2
666664

1 −0.0173 −0.0056 0.0027

−0.0304 1.0367 −0.0261 −0.0174

0.0182 0.0062 1.0570 0.0016

0.0029 −0.0218 −0.0055 0.9999

3
777775
; (7)

M̄a ¼

2
666664

1 −0.0020 0.0014 0.0009

−0.0082 1.0002 −0.0116 −0.0067

0.0050 −0.0062 1.0214 0.0018

−0.0002 −0.0022 −0.0053 1.0007

3
777775
: (8)

The QWP (Newport 10RP24-04) with its fast axis at
30° is also measured as a sample. Figure 4(a) gives the
two-dimensional distribution of the Mueller matrix, which
is consistent with the 30° QWP Mueller matrix form.
In order to analyze the polarization properties of the
QWP more intuitively, the matrix polar decomposition
method[6] is applied to derive the individual properties,
namely, diattenuation d, total retardance R, depolariza-
tion coefficientΔ, linear retardance δ, fast-axis orientation
θ, and circular retardance ψ . The decomposition results
are shown in Fig. 4(b). Meanwhile, we can also see from
Fig. 4(b) that the QWP is a linear retarder, and the mean
value of the linear retardance is 89.3069° (1.5587 rad),
which is in agreement with its theoretical value of
90°� 1.2°.

The Mueller matrix M, combining the projection optics
and collimating optics, can also be measured by the same
procedure as above. The ECM is employed to calibrate the
collimating optics. The reference samples are placed

Table 1. Parameter Errors of PSG and PSA

Errors Mean Value (°)

ε1 1.2034

ε2 0.8425

ε3 −0.3839

ε4 −1.3407

ε5 −1.5470

Fig. 3. Mueller matrices over two-dimensional distribution of air
(a) before calibration and (b) after calibration.

Fig. 4. Mueller matrix over two-dimensional distribution of a
QWP with its fast axis at 30° using the calibrated PSG and PSA.
(a) The corresponding polarization parameters. (b) d, diattenua-
tion; R, total retardance; Δ, depolarization coefficient; δ, θ, linear
retardance and fast-axis orientation; and ψ , circular retardance.
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between the projection optics and collimating optics in
sequence, and 16 intensity images are obtained for each
reference sample. The Mueller matrices G1 and G2 of
new PSG and new PSA can be obtained by using the
ECM. The Mueller matrices Mc andMp of the collimating
optics and projection optics can be calculated according to
Eqs. (5) and (6). The calculated M, Mc, and Mp are also
shown in Fig. 5.
Through the proposed hybrid calibration method, the

Mueller pupil of the projection optics can be measured
accurately by eliminating the impact of the collimating
optics. It can be seen from Fig. 5 that the polarization
aberrations of the projection optics and collimating optics
Mp and Mc are mainly represented by the retardance,
which can be deduced from the 3 × 3 sub-pupil in the
lower right corner. However, the polarization aberration
of the combination of the projection optics and collimating
optics M is relatively small. This is because the m12, m21,
m32, and m23 of the projection optics are similar to the
collimating optics, but the signs are opposite.
The corresponding mean values, RMS, and peak-to-

valley (PV) values of each sub-pupil of the Mueller pupil
of projection optics Mp are listed in Table 2. For compari-
son, the corresponding mean values, RMS, and PV values
of each sub-pupil of M are also shown in Table 2. Usually,

the PV values could reveal the uniformity of the lens, and
the larger the PV value, the more non-uniformity of the
lens. It is noted that in Table 2, the element m33 of Mp

has a larger PV value, which is mainly caused by the dam-
age of the lens or the dust in the projection optics. The
damaged point or the dust mainly introduces the depolari-
zation of polarized light.

The polar decomposition method is also applied to an-
alyze the polarization aberration of the obtained M, Mc

Fig. 5. (a) Product of Mueller pupils of projection optics and col-
limating optics, M; (b) the Mueller pupil of collimating optics,
Mc; (c) the Mueller pupil of projection optics, Mp.

Table 2. Corresponding Mean Values, RMS, and PV Values of Each Sub-Pupil of Mp and M in Fig. 5

Mp M

Mean

2
664

1.0000 0.0175 0.0010 −0.0029
0.0235 0.9578 −0.1266 −0.0005
0.0128 0.1062 1.0077 0.0607
−0.0040 −0.0189 −0.0805 0.9770

3
775

2
664

1.0000 −0.0166 0.0020 0.0035
−0.0052 0.9490 −0.0066 −0.0092
−0.0003 −0.0024 0.9379 0.0027
0.0021 0.0013 −0.0124 0.9222

3
775

RMS

2
664

0 0.0300 0.0222 0.0078
0.0342 0.0464 0.1327 0.0515
0.0404 0.1105 0.0597 0.1098
0.0150 0.0470 0.1143 0.0373

3
775

2
664

0 0.0225 0.0216 0.0103
0.0137 0.0507 0.0255 0.0045
0.0125 0.0198 0.0616 0.0445
0.0106 0.0390 0.0481 0.0777

3
775

PV

2
664

0 0.6963 1.0862 0.1844
0.9258 1.9379 2.2826 0.4279
1.0584 2.4325 3.7350 1.3179
0.4304 0.5149 1.0690 2.7689

3
775

2
664

0 0.1333 0.2079 0.1530
0.1314 0.6215 0.2149 0.3578
0.1462 0.2095 0.6433 0.3139
0.1431 0.2985 0.3164 0.5632

3
775

Fig. 6. Comparison of polarization parameters extracted from
obtained M, Mc, and Mp shown in Fig. 5.
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and Mp, as shown in Fig. 6. It can be seen that the polari-
zation properties ofM,Mc, andMp are mainly represented
by the total retardance R. The diattenuation d and depo-
larization coefficient Δ are relatively small. Mc mainly
includes the linear retardance [Fig. 6(i)] and right circular
retardance [Fig. 6(j)], and Mp mainly consists of the
linear retardance [Fig. 6(n)] and left circular retardance
[Fig. 6(o)]. For M, the primary retardance property is
the linear retardance δ [Fig. 6(d)], because the circular
retardance of projection optics [Fig. 6(j)] and collimating
optics [Fig. 6(o)] have similar magnitudes but opposite ori-
entation. The same trend can also be seen in the lower
right 3 × 3 sub-pupil in Fig. 5. It can be concluded that
collimating optics has an effect on the measurement accu-
racy of projection optics. The proposed hybrid calibration
method could calibrate the collimating optics and elimi-
nate the influence of collimating optics.
In conclusion, we have proposed a hybrid calibration

method for calibrating the WMP. The proposed method
can calibrate the collimating optics as well as each polar-
izing element in the polarimeter. AWMPwith collimating
optics developed in-house is exemplified to demonstrate
that the proposed method can provide a complete calibra-
tion and the polarization aberration measurement of the
projection optics with high accuracy. This method can be
extended to polarimetric measurements of other hyper-
NA imaging systems, where the wide-view-angle QWPs
need to be redesigned according to the wavelength and
the NA.
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