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Orbital angular momentum (OAM), as a fundamental parameter of a photon, has attracted great attention in
recent years. Although various properties and applications have been developed by modulating the OAM of
photons, there is rare research about the non-uniform OAM. We propose and generate a new kind of contin-
uously tunable azimuthally non-uniform OAM for the first time, to the best of our knowledge, which is carried by
a hybridly polarized vector optical field with a cylindrically symmetric intensity profile and a complex polari-
zation singularity. We also present the perfect vector optical field carrying non-uniform OAM with a fixed radius
independent of topological charges, which can propagate steadily without radial separation, solving the problem
of the unsteady propagation due to the broadened OAM spectrum of the non-uniform OAM. This new kind of
tunable non-uniform OAM with a cylindrical symmetric intensity profile, complex polarization singularity, and
propagation stability enriches the family of OAMs and can be widely used in many regions such as optical
manipulation, quantum optics, and optical communications.
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Light can carry both spin angular momentum (SAM) and
orbital angular momentum (OAM), which are associated
with circular polarizations and the spiral wave front, re-
spectivelyZ. As predicted by Allen et al. in 19922, a scalar
vortex field with a helical phase of exp(+ime) can carry
an optical OAM of +mh per photon, where ¢ is the azi-
muthal angle, and m is the topological charge. The pho-
tonic OAM, as a fundamentally new optical degree of
freedomZ, has attracted extensive attention and aca-
demic interest due to its practical and potential applica-
tions in various realms, such as quantum optics and
quantum information®$%) optical communications™<¥

optical trapping and manipulation2, optical imaging®

nonlinear Opthb[—], and abtronomy[—].

Along with the wide study and application of the OAM,
novel OAM different from the traditional OAM carried
by the vortex field also attracts great attentionZ2J.
Meanwhile, as a new kind of OAM, the azimuthally
non-uniform OAM is rarely researched, which is mainly
designed and generated by modulation of non-uniform in-
tensity distributions®2Y and cannot keep propagation
stability. Recently, new kinds of azimuthally uniform
OAM carried by vector optical fields (VOFs) have been
proposed 223 which provide inspiration and ideas to
further design the non-uniform OAM. In this work, we

propose a new kind of azimuthally non-uniform OAM
(ANU-OAM) carried by VOFs with a cylindrical
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symmetric intensity profile and a complex polarization
singularity, and the OAM is arbitrarily tunable in certain
intervals. The VOFs carrying this new kind of ANU-OAM
are superposed by a pair of orthogonally polarized compo-
nents with opposite helical phases of exp(Zimg¢) and com-
plementary intensity distributions. We also present the
perfect VOFs carrying the ANU-OAM that can be physi-
cally realizable, which exhibit the fixed radius and propa-
gation stability with unseparated OAMs in the radial
direction.

Under the Lorentz gauge and the paraxial approxima-
tion, an optical field can be expressed as E = iwA+
i(w/k))V(V - A)=[Er + (i/k)(V - Ep)e,] exp(ikz — iwt),
where A is the vector potential, and E; = U(av, +
pvg) exp(ikz) is the transverse electric field. U is the am-
plitude of the optical field, and the unit vector av, + vy
describes the distribution of state of polarization (SoP) of
E, with the restriction of |a|* 4 |f> = 1. v, and vj are a
pair of unit vectors with the orthogonal polarizations rep-
resented by any pair of antipodal points on the Poincaré
spherel!. In this case, the OAM per photon associated
with the azimuthally variant SoP is2

@ _ 11 ﬁﬂ)
L hI( ¢+ﬁ o (1)

We should state that we choose this equation to calculate
the OAM because the optical field we would study is VOF
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with azimuthally variant SoP. In addition, there are other
equations to calculate OAM corresponding to the azimu-
thally variant phase distribution and radially variant polari-
zation distribution, which we will not discuss in detail.

To achieve the ANU-OAM with a cylindrical symmetric
intensity profile, let us refocus on the azimuthally varying
hybridly polarized VOF2Y, whose two orthogonally polar-
ized components carry the opposite helical phases and the
same uniform intensities profiles. This brings us an inspi-
ration that if the intensie of two orthogonally polarized
components are complementary instead of azimuthally
uniform, what would the OAM carried by the VOFs
be? We consider the case where the incident transverse
VOFs can be represented as

Er = [Us($)e" 7€, + Up(p)e Ve, |e™, (2)

where Ujy(¢) and Ugp(¢p) are functions of ¢, and
[UA(¢)> + |Up(¢)|* = 1, meaning that the total intensiy
is azimuthally invariant. The pair of unit vectors is
chosen to be linearly polarized unit vectors (e,,e,) in this
work without losing generality. The two components
Upr(¢p)e™Pe, and Ug(p)e ™€, are the +1st and
—1Ist-order diffractions from the holographic grating used
in experiment. These two orders are two components of
the VOF, which can be experimentally measured sepa-
rately. It should be pointed out that though designing
VOF's with the superposition of a pair of orthogonal vector
bases carrying opposite optical vortices is a common
method®24 this is the first time, to the best of our knowl-
edge, to superpose the two bases with azimuthally non-
uniform intensity distributions to design the OAM. In this
case, the average OAM per photon should be

@) a0 2
L = nl L) = maf2 — 1],
pin(a 5545 00 ) = mARIUA@F 1, (3)
which indicates that the OAM has a range of
[mh[2| UA(¢) 1211111 - 1]3 mh[2| UA(¢) 12nax - 1]] and is arbi-

trarily changable within [—m#, m#]. For simplicity, here
we take Uy (¢p) and Ug(¢) as

Ua(d) = ﬁ atco(ng),  (da)
UB (¢) = \/ﬁ b —+ Sin2(’ﬂ¢)7 (4b)

where ¢ and b are non-negative numbers controlling the
range, and the OAM per photon can be writtern as

a— b+ cos(2n¢)
a+b+1

'Y = mn , (5)
meaning that the OAM has a range of [mh(a—b—1)/
(a+b+1),ma(a—b+1)/(a+ b+ 1)] and can be con-
trolled by the parameters ¢ and b within the maximum
change range of [—m#h, +mh]. For instance, when (a, b) =
(0,0), LY s mhcos(2ng) with a range of [—mh, mh];

when a = 3/5 and b = 4/5, the change range of the OAM
is [-mh/2, mh/3].

Figure 1 shows the scheme of generating the VOF car-
rying ANU-OAM with (a, b) = (0,0) and (m,n) = (2,2).
Figure 1(a) shows the intensity and phase of the +1st or-
der of | cos(2¢)|e*”€,, where the blue arrows indicate the
direction of the energy flow induced by the OAM. The
green and gray-scale patterns represent the intensity
and phase distributions of the optical fields, respectively.
Figure 1(c) shows the intensity and phase of the —1st or-
der of |sin(2¢)|e ?€,. The intensity modulated OAMs
per photon corresponding to the two orders are depicted
in Figs. 1(b) and 1(d), respectively. Obviously, the inten-
sity distributions of the two orders are azimuthally non-
uniform and complementary. As a result, the intensity
of the VOF, which is generated by superposing the two
orders, is azimuthally uniform, as shown in Fig. 1(e).
We also find that the VOF we design is in fact hybridly
polarized with linear and elliptic polarizations in the wave-
front of the field simultaneously. The OAM per photon of
the VOF changes from —2# to 24 with a period of z/2, as
shown in Fig. 1(f). Obviously, we can find from the above
discussion that the ANU-OAM carried by the VOF with a
cylindrical symmetric intensity profile can be generated in
this superposing method. Moreover, we can see from
Fig. 1(e) that a singularity of polarization exists at the
center of the total intensity pattern. As is well known,
the polarization singularity has attracted interest in re-
cent years® 2. The V-point is defined as the point where
the direction of the linear polarization vector is undefined
at the beam center, and the C-point is the isolated point
of circular polarization, where the orientation of the
major axis of polarization ellipse is undefined. The L-line
(line of linear polarization) is where the handedness of lin-
ear polarization is undefined. The polarizations around

OAM(h)
<

2\ | P [2n ¢

AR

(f)

2 T 3n2 2n ¢

(b)

Fig. 1. Scheme of the ANU-OAM with (a,b) = (0,0) and
(m,n) =(2,2). (a), (c), and (e) The intensity, phase, polariza-
tion, and energy flow direction for the +1st order, —1st order,
and the superposed VOF, respectively. (b) and (d) Dependence
of the intensity modulated OAM per photon on the azimuthal
coordinate ¢ for the +1st orders. (f) Dependence of the average
OAM per photon on the azimuthal coordinate for the superposed
VOEF. The blue and red arrows represent the directions of the
energy flow, and the white arrows represent the polarization di-
rections. The green and gray-scale patterns represent the inten-
sity and phase distributions of the optical fields, respectively.
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this point contain linear, elliptical, and circular polariza-
tions, which lead to the results that this point is not in
accordance with any named singularity. Thus, we call this
singularity a complex singularity, where the orientation,
ellipticity, and handedness of the polarization are all
uncertain simultaneously, and this kind of singularity al-
ready exists in the VOF with hybrid SoP%2Y, Compared
with the phase singularity at the center of the vortex field,
the complex singularity of the ANU-OAM we design is an
obvious feature that is different from the traditional OAM.

The experimental setup for generating the VOFs carry-
ing ANU-OAM is shown in Fig. 2(a), which is a common-
path interferometric configuration with the aid of a 4f sys-
tem composed of two lenses, similar to Refs. [41,42]. The
linearly polarized light delivered from a laser (Verdi-5,
Coherent Inc.) is incident on the spatial light modulator
(SLM, Pluto-Vis, Holoeye System Inc.) with 1920 x 1024
pixels (each pixel has a dimension of 8 pm x 8 pm). The
two-dimensional holographic grating in the inset of
Fig. 2(a) is loaded on the SLM and then diffracts the input
light. The +1st order in the z direction and the —1st order
in the y direction are chosen and then converted into the
horizontal and vertical polarized fields by two 1/2 wave
plates located at the Fourier plane of the 4f system, re-
spectively. The two orthogonally polarized orders of
Ua(¢p)e™Pe, and Ug(¢)e ™€, are recombined by the
Ronchi phase grating placed in the output plane of the
4f system. The interference setup shown in Fig. 2(b) is
used to measure the interference patterns between the
+1 orders and the reference beam.

Figure 3 shows the VOFs carrying ANU-OAM with
(a,b) =(0,0) and (m,n)=(2,2). The total intensity
and the simulated SoP distribution of the VOF are shown
in Fig. 3(a). A zero-intensity dark spot exists in the center
of the field due to the complex singularity the VOF carries.
The interference pattern between the +1st (—1st) order

Fig. 2. Schematic of the experimental setup for generating and
measuring the desired VOFs carrying ANU-OAM. (a) The gen-
erating setup. SLM, spatial light modulator; L1 (f = 300 mm)
and L2 (f = 200 mm), a pair of lenses; /4, quarter-wave plate;
SF, spatial filter; G, Ronchi phase grating; CCD, charge-coupled
device; inset, two-dimensional holographic grating. (b) The in-
terference setup. BS, beam splitter; M, mirror. The white cuboid
in (b) represents the setup in (a).

and the horizontally (vertically) polarized reference beam
is shown in Fig. 3(b) [Fig. 3(c)]. The forked shape in the
interference pattern indicates the topological charge
(m=2) embedded in +1st orders of the generated
VOF. Furthermore, the number of sector-shaped half-
extinctions in the interference pattern is equal to 2n.
Thus, the OAM of the VOF generated by the superposi-
tion of the +1st orders can be determined by LZQ) =
2h cos(4¢p) with a change range of [—2#, 2A]. The experi-
mentally measured Stokes parameters shown in the second
row of Fig. 3 are in good agreement with the simulated
results shown in the insets. As the Stokes parameter S;
shown in Fig. 3(f), the ellipticity of polarization is azimu-
thally variant, which illustrates that the generated field is
a hybridly polarized VOF.

Besides the VOF carrying ANU-OAM with a cylindrical
symmetric intensity profile, the +1st orders of the VOF
can also carry ANU-OAM, which is shown in Figs. 1(b)
and 1(d) as the intensity modulated OAM. In fact, a kind
of fractional OAMZ2 is also ANU-OAM with the ANU
intensity distribution. However, as a combination of a
series of weighted integer OAMs, the ANU-OAM con-
trolled by ANU intensity distribution will in general
undergo a separation in radial direction during propaga-
tion. In order to gain insights into this phenomenon, we
numerically simulate the OAM spectrum of the +1st order
with (a,b) = (0,0) and (m,n) = (4,2) by the Fourier

transform/ 44

1 (= o
U= | Ual@)emie g, ©)

The numerically simulated OAM spectrum |U;|? of the
+1st order for Uy (¢) = | cos(2¢)| is shown in Fig. 4(a).

Fig. 3. VOFs carrying ANU-OAM with (a,b) = (0,0) and
(m,n) = (2,2). (a) The total intensity pattern and the simulated
SoP distribution with linear (white), left-handed (red), and
right-handed (yellow) polarizations, respectively. (b) The inter-
ference pattern between the +1st order and the horizontally po-
larized reference beam. (c) The interference pattern between the
—1st order and the vertically polarized reference beam. The mea-
sured Stokes parameters of (d) Sy, (e) Sy, and (f) Sy are shown in
the second row. The corresponding simulated Stokes parameters
are shown in the insets, respectively.
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We can see that the OAM is broadened to three primary
angular momentum states as 0, 44, and 87, respectively.
The relative weights of the OAMs of 47 and 0 are
0.407:0.046. As a contrast, the simulated OAM spectrum
of the optical field with Uy (¢) = cos(2¢) is shown in
Fig. 4(b). The OAM spectrum has two sidebands of 2 and
67, which have the relative weights of 0.25 normalized by
the maximum intensity of the initial mode. The traditional
ANU-OAM carried by the vortex field with ANU intensity
can be expressed as a series of weighted integer OAMs.
As a result, the ANU-OAM modulated by intensity cannot
propagate steadily and will separate in the radial direction
during propagation. Meanwhile, as the superposition of two
vortex fields with complementary intensity distributions,
the VOF carrying ANU-OAM we presented cannot propa-
gate steadily, because it is the superposition of a series of
eigenmodes of the paraxial wave equation.

To overcome the above-mentioned drawback of propa-
gation instability, we introduce the concept of the perfect
vortex beam to create the VOFs carrying ANU-OAM.
Here, we design and generate the perfect VOFs carrying
ANU-OAM, whose cylindrical symmetric intensity profile
is independent of the topological charges (m, n) within a
certain propagation distance. To generate the perfect
VOFs carrying ANU-OAM, we combine techniques for
generation of perfect vortex beams® with the methods
of generating the arbitrary VOFs2%, In experiment, a
two-dimensional holographic grating with an axicon phase
is encoded on an SLM to generate the Bessel-Gaussian
VOF. Then, a convex lens can realize the transformation
from the Bessel-Gaussian VOF into the perfect VOF.
Figure 5 shows the perfect VOFs carrying ANU-OAM
with m =1,2,3 and n = 1,2, which illustrates that the
ring radius of the perfect VOFs remains a constant of
~0.47 mm for different values of (m,n). That is to say,
the diameters of the perfect VOFs are independent of
the parameters m and n.

We further explore the dependence of the radius of the
generated perfect VOFs carrying ANU-OAM with
(m,n) =(1,2), (2,1), and (5,2) on the propagation dis-
tance z, as shown in Fig. 6. We define the z = 0 plane
as the focal plane of the lens, which is used to implement
the Fourier transform of the Bessel-Gaussian VOF for

o
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Fig. 4. Numerically simulated OAM spectra of two vortex opti-
cal fields with non-uniform amplitude profiles expressed as
(a) | cos(2¢)|e™?v, and (b) cos(2¢)e?v,, respectively. The spec-
tral intensities are normalized by the maximum intensity of the
initial mode.

m=1 m=3

n=1

n=2

Fig. 5. Intensity of the perfect VOFs carrying ANU-OAM with
m=1,2,3 and n = 1,2. All of the pictures have the same size of
1.2mm x 1.2 mm.

generating the perfect VOF. As the propagation distance
increases, the radius of the perfect VOF gradually de-
creases from ~0.55 to ~0.4 mm. However, the three VOFs
have approximately the same radius at the same propaga-
tion distance z, meaning that the radius of the perfect
VOF we generated is independent of the topological
charge (m, n). The most important advantage of the per-
fect VOF's carrying ANU-OAM is that in our method the
+1st orders do not separate during propagation, implying
that the ANU-OAM we generated can propagate steadily
within a distance of ~100 mm, which is much longer than
the depth of focus of the focal lens used in the experi-
ment (24/NA% ~ 10 mm).

In summary, we propose a new kind of ANU-OAM car-
ried by the VOFs for the first time, to the best of our
knowledge. We design and generate the VOFs by super-
posing two orders of vortex optical fields with complemen-
tary intensity distributions. Meanwhile, we show the
Stokes parameters of the VOFs and measure the intensity
and interference patterns of the two orders. To overcome

R (mm)

0.3

T T T T T T T T T T T T T T T
40 -30 -20 -10 O 10 20 30 40
z (mm)

Fig. 6. Dependence of the radius R of the experimentally gener-
ated perfect VOFs carrying ANU-OAM with (m,n) = (1,2),
(2,1), and (5,2) on the propagation distance z within a propa-
gation range of z € [—40,40] mm.
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the drawback of propagation instability, the perfect VOFs
carrying ANU-OAM are experimentally generated. The
ANU-OAM we propose has novel and unique natures:
(i) it is azimuthally tunable within the arbitrary range
of [—m#, mh], (ii) it has the cylindrical symmetric inten-
sity profile and a complex polarization singularity, (iii) the
radius of the perfect VOF carrying ANU-OAM is indepen-
dent of the topological charges, and (iv) the perfect VOF
retains the stability without radial separation of the OAM
during propagation. These novel properties can guarantee
steady non-uniform OAM in space, which can be applied
in realms such as optical manipulation, quantum optics,
and optical communications. In addition, this new kind
of ANU-OAM carried by the VOFs enriches the family
of OAMs.
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