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Based on the triangular lattice two-dimensional photonic crystal (PC), the lattice spacing along the transverse
direction to propagation is altered, and a gradient PC (GPC) flat lens is designed. The band structures and equal
frequency curves of the GPC are calculated; then, the imaging mechanism and feasibility are analyzed. The
imaging characteristics of the GPC flat lens are investigated. It is observed that the GPC can achieve multiple
types of super-resolution imaging for the point source. This GPC lens is allowed to be applied to imaging and
other fields such as filtering and sensing.
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A variety of artificial microstructure materials are
widely used in waveguides, imaging, sensing, and other
aspects[1–5]. The photonic crystal (PC) is an important ar-
tificial microstructure material, in which the permittivity
changes with the regularity of space and is constructed at
the optical wavelength scale. The PC is mainly divided
into period PC[6] and quasi-period PC[7], which is named
a photonic quasicrystal. The ordered structure arrange-
ment makes PCs have some interesting characteristics
such as photonic band gap, photon localization, negative
refraction, and self-collimation. Therefore, the PC is
widely used in optical communication and photonic devi-
ces, including fiber[8–12], filter[13], sensor[9,14–16], slow light de-
vice[17], topological photonic device[18–21], superlens[22–47], etc.
The superlens can achieve super-resolution imaging[28].

According to the size of the image distance, super-
resolution imaging can be divided into three types. Under
the condition that the object distance is set to half of the
thickness of the lens, if the image distance is less than one
wavelength, it can be regarded as near-field super-resolu-
tion[45,47]; if the image distance equals the object distance, it
is called perfect imaging[48]; if the image distance is larger
than three wavelengths, the imaging is far-field super-
resolution[33,45]. The three types of imaging have their
own advantages[28], but they usually cannot be achieved
by the same lens. If that can be achieved, the lens is ex-
pected to be used in medical and biological fields with dual
requirements for imaging resolution and distance.
The PC is a significant candidate for preparing the

superlens due to the properties of negative refraction
and low loss. The theory and experiments mechanism of
PCs are well established[22,27]. The second band of the PC
has a negative effective refractive index (NERI)[22,27], and
the imaging method is simple and can achieve super-
resolution, so it is the most favorable choice for imaging
achieved by PCs. However, most PCs can only achieve

near-field super-resolution in the second band[25,27,30] and
cannot focus the plane wave. For this reason, the gradient
PC (GPC)[26] has been proposed and has better focusing
and imaging quality than PCs in most cases. Therefore,
the GPC is more likely to achieve the above three types
of imaging, and the imaging quality may be better. There
can be many ways[26,32,45–47] of achieving a gradient along
certain directions to get a GPC, but using the lattice spac-
ing is more practical than the refractive index and radii of
rods[29].

Kurt et al.[29] have firstly, to the best of our knowledge,
reported a graded NERI PC, with a gradient of the lattice
spacing in the rectangular lattice. However, they focused
on plane wave focusing of that GPC, with little consider-
ation given to the requirement of resolution and focal
length in practical application. In addition, the initial
symmetry of the triangular lattice with six-fold symmetry
is higher than that of the square lattice with four-fold sym-
metry, which makes it easier to achieve imaging with the
triangular lattice[30–33]. Therefore, in our last work[45], a
GPC flat lens with triangular lattice was adopted to re-
search the negative refraction imaging of plane wave
and point source. However, only two types of imaging
are achieved by that GPC flat lens. In addition, the image
point of the perfect imaging in the fifth band is not obvious
enough, which limits the practical application of the lens.
Some scatterers of that GPC, like scatterers with refrac-
tive indices of 2.9 and 3.0, cannot achieve negative refrac-
tion in the fifth band due to the complex equal frequency
curves (EFCs) of the high band[33]. More importantly, the
preparation of that GPC with a gradient of index[45] has
great difficulties; it is difficult to obtain different materials
with precise refractive index gradients, and practical
applications are almost impossible.

Based on the deep analyses of the previous works[29,45,48],
we propose a new GPC flat lens with a gradient of
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triangular lattice spacing to achieve three types of super-
resolution imaging only in the second band. Moreover, be-
cause of the lower second band, the probability of negative
refraction imaging will be greater[33], and the image point
may be more obvious. In this Letter, the effect of various
lattice spacing values on the bands and NERI is investi-
gated. The mechanism of point source imaging using the
GPC flat lens is explored in detail. Then, the imaging
types and characteristics of PC and GPC are discussed.
Lastly, the size optimization of the GPC flat lens is
researched.
In this Letter, taking a two-dimensional triangular lat-

tice PC without gradient as the basic model, the GPC
with a gradient of lattice spacing is obtained by modifying
the lattice spacing of the PC. The PC and GPC are com-
posed of dielectric rods in the air background. The geom-
etry of the GPC flat lens is shown in Fig. 1. The thickness
d ¼ 10a, where a is the lattice constant. The value of a is
1 μm. The width w ¼ 37.2a; the object distance u ¼
d∕2 ¼ 5a. The image distance v ¼ x − d∕2, assuming
the x coordinate of the image point is x. The rod radius
r ¼ 0.44a, and the material is AlmGa1−mAs. The refrac-
tive index of AlmGa1−mAs is approaching three[49] at the
operating wavelength in this Letter. The GPC flat lens
is symmetric about the X axis. Half of the GPC flat lens
that is surrounded by the blue dashed line in Fig. 1(a) is
enlarged and is shown in Fig. 1(b). The lattice spacing ayi
along the positive direction of the Y axis is altered, as
shown in Fig. 1(b), while keeping the lattice spacing ax
along the X direction constant, and ax ¼ a. Without loss
of generality, the change of ayi is commonly linear, and the
incremental step (ayiþ1 − ayi) is taken to be 0.01a. In or-
der to get better focusing effect, ay1 is set to the maximum
value to increase the transmission of light. It should be

noted that the value of ay19 is set as the lattice spacing
ay ¼

���

3
p

a∕2 ≈ 0.866a of the triangular lattice PC for con-
sidering engineering preparation and light coupling capa-
bilities[45–47].

The TM polarization is only considered in our study. To
precisely research the beam propagation characteristics of
EFCs of the GPC, the band structure of the GPC, and the
imaging characteristics of the GPC flat lens for point
source, COMSOL Multiphysics based on the finite
element method (FEM) is utilized for calculating the
bands and EFCs and monitoring the electric fields of
the flat lenses in this Letter.

Due to the aperiodicity of the lattice spacing ayi distri-
bution in our GPC, it is not possible to obtain the bands
and EFCs directly using FEM[45]. It is necessary to, respec-
tively, calculate the bands and EFCs of the Wigner–Seitz
(WS) primitive cells modified by various lattice spacing
ayi and study the effect of various lattice spacing values
on them. For the calculation of the bands and EFCs,
the boundary condition of the WS primitive cell is set
as a floquet-periodic boundary condition. The maximum
mesh element size is less than 6.81 × 10−8 m, and the total
number of mesh elements is 1616 in the WS primitive cell.

In order to calculate the band structure, a WS primitive
cell from the complete unit cell is needed. The unit cell
needs to be modified symmetrically by lattice spacing
ayi to get a complete unit cell, as shown in Fig. 2(a); from
left to right, the unit cell of the triangular lattice PC is
symmetrically modified, as shown by the black arrows.
This modification not only leads to the decrease of sym-
metry of the unit cell, but also affects the WS primitive
cell (surrounded by the red line) and the band structure.

Fig. 1. (a) Model of the GPC flat lens. The lattice spacing ayi
(the subscript i takes the value from 1 to 19) is decreased along
the positive and negative directions of the Y axis; the lattice
spacing ax is a, and it stays the same along the X direction.
(b) Half of the structure surrounded by the rectangular area with
the blue dashed line in (a).

Fig. 2. vg1(a) Unit cell of the triangular lattice PC and the unit
cell modified by lattice spacing ayi in real space. The WS primi-
tive cells are surrounded by red lines. (b) The band structure of
the WS primitive cell modified by lattice spacing ay1. Inset is
the first Brillouin zone, and the area around the letters is the
irreducible Brillouin zone. The light cone is marked by the blue
dotted line. (c) Analysis of the direction of beam propagation
by EFCs. vg1 and vg2, are negative and positive refractions,
respectively[45].
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Figure 2(b) shows the band structure of the WS primi-
tive cell modified by lattice spacing ay1. It can be found
that the changes of the second and third bands around
the Γ point in both the ΓM and ΓN directions are very
different, and a similar situation happens in both the
ΓK and ΓT directions. This indicates that the EFCs of
the two bands are not totally isotropic because of the de-
crease in symmetry caused by lattice modification.
According to the EFC theory, the beam propagation

direction can be analyzed by using EFCs, as shown in
Fig. 2(c). In the EFC theory, the relation between group
velocity vg and wave vector k is as follows[22]:

vg ¼ ∇kωðkÞ: (1)

In Fig. 2(c), the left plot shows the light cone, and the
right plot shows the EFC of the PC and two types of re-
fractions. In the process of beam propagation, the vertical
component of the wave vector is conserved, so the wave
vectors in the PC can be k1 or k2, and the corresponding
group velocities are vg1 and vg2, respectively. In the second
band, the frequency of the EFCs gradually decreases along
the radial outward direction, the actual group velocity is
vg1 according to Eq. (1), and vg1 is in the opposite direction
of the wave vector k1; then, the negative refraction occurs
and produces an NERI neff ¼ k1∕kair[50].
There is also an easy and quick way to determine if neg-

ative refraction has occurred. Unlike positive refraction,
when negative refraction occurs, the incident and re-
fracted (vg1) beams are on the same side of normal. The
incident beam is in the same direction as the wave vector
(kair) in the air. So, the negative refraction is determined
by kair and vg1 being on the same side of the normal.
Next, the EFCs modified by ayi under various wave-

lengths are calculated and used to analyze whether the
EFCs undergo negative refraction.
Taking the EFC of the second bands at a wavelength of

3.122 μm as an example to analyze the effect of various
lattice spacing values on EFCs, the result is shown in
Fig. 3. The shape and size of the EFC are sensitive to the
modification of ayi in Fig. 3, and the shape indeed is not
isotropic. According to the EFC theory, EFCs affect the

refraction angle, so different EFCs caused by different
lattice spacings play key roles in achieving negative refrac-
tion imaging. In addition, also according to the EFC
theory, it can be inferred that when ay19 is 0.866a, the
EFC is larger, and more beams of large angles can be
coupled into the flat lens, which improves the imaging
quality, compared with the values of ay1–ay18, that
is, 1.046a–0.896a.

By calculation and analysis, the negative refraction can
occur at wavelength λ ∈ ½3.076 μm; 3.390 μm� in our GPC
flat lens. Then, the imaging simulation of the point source
using the GPC flat lens is carried out at those wave-
lengths. A large number of numerical calculations show
that the GPC flat lens achieves three types of super-
resolution imaging. The near-field super-resolution imaging
is achieved at wavelength λ1 ∈ ½3.324 μm; 3.390 μm�. The
perfect imaging is achieved at wavelength λ2 ∈ ½3.220 μm;
3.238 μm�. The far-field super-resolution imaging is
achieved at wavelength λ3 ∈ ½3.076 μm; 3.136 μm�. For
each type of imaging, one wavelength is taken as an exam-
ple to analyze negative refraction in detail. The wave-
lengths λ1 ¼ 3.371 μm, λ2 ¼ 3.231 μm, and λ3 ¼ 3.122 μm
are taken as examples.

For our GPC, various ayi participates in the imaging
process at the same time, and ayi corresponds to incident
angle of the beam; the smaller i is, the smaller the incident
angle is. Hence, the imaging analysis of GPC flat lens is
very complicated. However, some incident beams with
small angles near the center of the flat lens are taken as
examples to analyze the negative refraction. Beams with
small incident angles are the main component of imaging
due to their short transmission distance and low evanes-
cent wave attenuation. To avoid the similarity of EFCs
modified by adjacent ayi , the EFCs of the WS primitive
cells modified by lattice spacing ay1 and ay3 are taken
as examples to analyze the negative refraction. As shown
in Figs. 4(a)–4(c), the EFCs of the WS primitive cells
modified by lattice spacing ay1 and ay3 are illustrated, re-
spectively, by red curves and blue curves.

The normalized frequency is defined as f ¼ ωa∕2πc, so
f 1 ¼ 0.297, f 2 ¼ 0.310, and f 3 ¼ 0.320. From the three
frequencies marked by different colors in Fig. 2(b), three
frequencies can be found across both the second and third
bands, so there are two EFCs. However, the frequency of
EFCs in the third band increases gradually along the
radial direction and can only produce positive refraction,
so only EFCs of the second band are plotted in
Figs. 4(a)–4(c). As shown in Fig. 4(c), at wavelength λ1
and in the EFC of the WS primitive cell modified by lat-
tice spacing ay1, when the beam is incoming at the corre-
sponding incident angle of α, the wave vector in the air
(black arrow) and the refracted beam (red arrow) in
the second band are on the same side of the normal line.
In other case, the same is true. Therefore, the negative re-
fractions are achieved in the second band.

Then, we calculated the variation of the NERI of half
of the GPC with the lattice spacing ayi , as shown in
Fig. 4(d). It can be found that the GPC corresponds to

Fig. 3. EFCs of the second band affected by lattice spacings at
the wavelength of 3.122 μm.
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a kind of gradient NERI structure, respectively, at λ1, λ2,
and λ3.
This is in good agreement with Ref. [29]. It should be

noted that the NERI corresponds to the incident angle be-
cause of the non-isotropic EFCs, and the NERI only works
when light travels in the direction of ΓT . From Fig. 4(d),
the three gradient NERI structures are not identical in
gradient refractive index, which makes it possible to con-
trol the wide range of image distance variation using point
sources in a small range of wavelength.
The imaging behavior of the flat lens is researched next.

For the integrity of the research, the imaging character-
istics of the GPC and that of the PC are compared. Each
layer of the PC being compared has the same lattice spac-
ing, i.e., 0.866a, and other parameters except w related to
lattice spacing are the same as that of the GPC. In the
simulation of imaging, the GPC or PC flat lens is placed
in a rectangular frame whose boundary condition is set as
the scattering boundary condition. The two-dimensional
targeted region is computed with an auto triangular mesh
subdivision method. The maximum mesh element size is
less than 5.45 × 10−7 m, and the total number of mesh el-
ements is more than 105 in the targeted region. Then, set-
ting the incident wavelength of the point source as λ1, λ2,
and λ3 to traverse the PC and GPC flat lenses, respec-
tively, the electric fields of the GPC and PC flat lenses
are monitored. The positions of the image points and

the full width at half-maximum (FWHM) values of the
beam at the image points of the flat lenses are recorded.

The imaging fields of the PC and GPC flat lenses are
shown in Figs. 5(a)–5(c) and 5(d)–5(f), respectively. In
all imaging fields, the image points are marked by white
arrows. The intensities of the axial plane of the image
point are shown in Figs. 6(a)–6(c), respectively. The
intensities of the image plane of image point are shown
in Figs. 6(d)–6(f), respectively.

In the imaging system, the diffraction limit is 0.5λ[51], so
if FWHM < 0.5λ, the flat lenses break through the diffrac-
tion limit to achieve super-resolution imaging.

From Figs. 6(a) and 6(d), it can be seen that the image
distance vP1 ¼ 1.7 μm (i.e., xP1 ¼ 6.7 μm), FWHMP1 ¼
0.52λ1, the image distance vG1 ¼ 2.8 μm (i.e., xG1 ¼
7.8 μm), and FWHMG1 ¼ 0.42λ1. That is to say, the
GPC flat lens achieves near-field super-resolution imaging
at wavelength λ1, while the resolution of the PC flat lens is
close to the diffraction limit but does not exceed it under a
fitting accuracy of 0.1 nm. From Figs. 6(b) and 6(e), the
image distance vP2 ¼ 2.4 μm (i.e., xP2 ¼ 7.4 μm),
FWHMP2 ¼ 0.56λ2, the image distance vG2 ¼ 4.6 μm
(i.e., xG2 ¼ 9.6 μm), and FWHMG2 ¼ 0.44λ2; that is, the
super-resolution imaging is achieved by the GPC flat lens
at wavelength λ2. Moreover, vG2 ≈ u, so the imaging
achieved by the GPC flat lens is approaching perfect
imaging. In Figs. 6(c) and 6(f), it can be known that
the image distance vP3 ¼ 7.3 μm (i.e., xP3 ¼ 12.3 μm),
FWHMP3 ¼ 0.62λ3, the image distance vG3 ¼ 10.7 μm

Fig. 4. EFCs of the second bands of WS primitive cells modified
by lattice spacing ay1 (red curves, corresponding to α ¼ 6°) and
ay3 (blue curves, corresponding to γ ¼ 27.4°) at specific wave-
lengths: (a) λ1, (b) λ2, and (c) λ3. The black dashed circles are
the light cones. The black arrows represent wave vectors (kair)
in the air, and the red and blue arrows represent group velocities
(vg1). (d) The variation of NERI with ayi at the wavelengths of
λ1, λ2, and λ3.

Fig. 5. Imaging fields of the PC and GPC flat lenses for the point
source at specific wavelengths. PC: (a) λ1, (b) λ2, (c) λ3; GPC:
(d) λ1, (e) λ2, (f) λ3.
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(i.e., xG3 ¼ 15.7 μm), and FWHMG3 ¼ 0.48λ3. The GPC
flat lens achieves far-field super-resolution imaging at
wavelength λ3. Therefore, three types of super-resolution
imaging are achieved by the GPC flat lens.
Next, the GPC flat lens was analyzed using two point

sources with the wavelength of 3.231 μm, and the result is
shown in Fig. 7. As can be seen from Fig. 7, the GPC flat
lens achieves off-axis point source imaging. It is known to
all that the imaging achieved by traditional lens is in-
verted, while the GPC flat lens uses negative refraction
imaging, so the imaging achieved by it is not inverted; that
is, imaging 1 and imaging 2 are the imaging of sources 1

and 2, respectively. It is worth noting that, since the GPC
flat lens follows the imaging rule of u þ v ≈ d under perfect
imaging, the relative distance between the two image
points should be close to that between the two source
points[52]. This result strongly proves the perfect imaging
characteristics of the GPC flat lens.

Next, the relationship between FWHM and the flat lens
thickness (represented by the number of scatterers on the
X axis) was investigated to optimize the flat lens.

The results are shown in Table 1. The slashes indicate
that the PC flat lens cannot achieve the imaging. From
Table 1, it can be seen that the imaging performance of
the GPC flat lens is generally better than that of the
PC flat lens.

For the GPC flat lens, the overall imaging effect is
the best when the number of scatterers on the X axis is
set to nine (i.e., the GPC structure in this Letter). In ad-
dition, the GPC flat lens can adjust the interval between
different types of imaging wavelengths by increasing the
lattice constant a, so as to meet the requirements of prac-
tical application and reduce the difficulty of structure
preparation.

Finally, the fabrication method and the plane wave fo-
cus of the GPC lens are discussed extensively. Firstly, the
GPC is small in size, so the preparation technology can be
considered as a focused ion beam[53], electron beam lithog-
raphy[54], and nanoimprint lithography[55]. Secondly, in or-
der to make the GPC lens focus the plane wave, the flat

Fig. 6. Magnitudes of the axial plane of imaging fields: (a) λ1,
(b) λ2, (c) λ3. Magnitudes of the image plane of imaging fields:
(d) λ1, (e) λ2, (f) λ3.

Fig. 7. Off-axis point source imaging of the GPC flat lens at a
wavelength of 3.231 μm.

Table 1. The FWHM of Image Points Under the
Different Thicknesses of GPC and PC Flat Lenses at
Wavelengths λ1, λ2, and λ3

Number of
Scatterers
on the
X Axis

FWHM of PC
Flat Lens

FWHM of GPC
Flat Lens

λ1 λ2 λ3 λ1 λ2 λ3

5 / 0.38 / 0.44 0.56 0.64

7 0.52 0.41 / 0.40 0.49 0.66

9 0.52 0.56 0.62 0.42 0.44 0.48

11 / 0.37 / 0.46 0.47 0.50

13 / / / 0.48 0.61 0.61

Fig. 8. (a) GPC plano-concave lens model. (b) Focus field of the
GPC plano-concave lens for the plane wave.
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lens can be converted into a plano-concave lens with lat-
tice spacing of ay1 to ay6 simply, as shown in Fig. 8(a).
Then, a plane wave of wavelength λ2 is set to traverse
the plano-concave lens, and the focus field is shown in
Fig. 8(b). It can be clearly seen that the plane wave is fo-
cused after traversing the plano-concave lens. The FWHM
of the image point is 0.45λ2, breaking through the diffrac-
tion limit.
In conclusion, we performed the lattice spacing modu-

lation of the triangular lattice PC in order to obtain a
GPC with a gradient of lattice spacing. The negative re-
fraction imaging behavior of the designed device was an-
alyzed theoretically and indicated that the modification of
lattice spacing is sufficient to achieve multiple types of
high-quality imaging for the point source in the second
band, that is, the near-field super-resolution, perfect im-
aging, and far-field super-resolution. In addition, the
GPC lens also focuses the plane wave by changing the flat
shape of lens to a plano-concave shape simply. The lens
may replace conventional PC and GPC lenses and become
one of the important devices in medicine, biology, and
optics imaging fields.
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