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Nonsequential double ionization (NSDI) of noble gas atoms in counter-rotating two-color circularly polarized
(CRTC) laser fields is investigated. A scaling law is concluded by qualitatively and quantitatively comparing the
momentum distributions of two electrons from NSDI in CRTC laser fields for different atoms with different
parameters. The scaling law indicates that the momentum distributions from an atom driven by CRTC laser
frequency ω1, ω2, and laser intensity I are the same as that from another atom irradiated by CRTC laser fre-
quency kω1, kω2, and laser intensity k3I . This study can provide an avenue in the research of two-color laser field
ionization.
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The scaling law has wide applications in intense laser
physics[1,2], which was firstly, to the best of our knowledge,
derived when studying the photoelectron angular distribu-
tion of atoms irradiated by single-mode laser field[3]. Sub-
sequent studies verified that the scaling law also exists in
the few-cycle fields[4]. Then, the research also proved that
there is a scaling law in the photoelectron spectra[5] and the
high-order harmonics generated with photoionization[6]. It
states that the three physical parameters of the single-
electron dynamics process in an intense laser field, that
is, the ponderomotive number up ¼ Up∕ℏω (the ponder-
omotive energy Up in units of laser photon energy), the
binding number ϵb ¼ Eb∕ℏω (the atomic binding energy
Eb in units of laser photon energy), and the absorbed-
photon number q during the ionization process remain
unchanged after the scaling transfer. The main processes
of photoionization, as well as many other electronic proc-
esses, are the same.
In recent years, two-color laser fields have been widely

concerned[7–12]. The two-color laser field has been used to
generate high-order circularly polarized harmonics[13–15].
Compared to the single-color laser fields, two-color laser
fields can provide more parameters to control the electron
motion in a two-dimensional plane. To form different com-
bined electric fields, the polarization direction of two elec-
tric fields[16], the amplitude ratio of laser fields[17], and the
relative phase[18] can be adjusted. Two-color circularly
polarized laser fields can be further divided into counter-
rotating and co-rotating circularly polarized lasers accord-
ing to the relative rotation of two circularly polarized
fields. The counter-rotating two-color circularly polarized
(CRTC) laser field allows electrons to move in a two-
dimensional plane and make a recollision, resulting in
more nonsequential double ionization (NSDI) events. The
co-rotating two-color circularly polarized laser field can
hardly cause electrons to collide with each other[19], and
the yield of NSDI is much less than that of the CRTC laser

field. Studies have shown that in two-color co-rotating cir-
cularly polarized lasers, the momentum distribution of
electrons exhibits a semi-circular arc structure[20], but, in
the CRTC laser field, the momentum distribution of elec-
trons exhibits a three-lobe structure. In the CRTC laser
field, the yield of NSDI strongly depends on the amplitude
ratio of the electric field, and, for Ar atoms, the yield of
NSDI is the largest when the amplitude ratio is 1.5[21]. Very
recently, studies have discussed that in the CRTC laser
field with a frequency ratio of 1∶3, the NSDI events of
O2 molecules have been significantly increased[22].

In 2014, Dong et al.[23] verified the scaling law in strong-
field NSDI using a full classical numerical simulation
method with the help of a correlated momentum distribu-
tion[24]. In a single-color linearly polarized laser field, there
is a scaling law for NSDI, but in a CRTC laser field, is
there also a scaling law for NSDI?

In this Letter, we use the two-dimensional full classical
numerical method to investigate the NSDI of Ar atoms in
the CRTC laser field. Numerical simulation results show
that the momentum distribution of Ar atoms in the polari-
zation plane has a clear three-lobed structure and presents
a triangular distribution, which is consistent with previous
experiments and simulations[25,26]. We also establish the
scaling law of NSDI in the CRTC laser field and calculate
the momentum distribution of different target atoms by
changing the laser intensity and laser frequency. The re-
sults of the simulation calculations show the scaling law,
which means that the scaling law is not only applicable to
the single-electron case and the single-color laser field two-
electron case, but also the two-electron case in the CRTC
laser field. The scaling coefficient k is also different from
the previous discussion[23], where k equals the ratio of the
second ionization potentials of two atoms.

Because the full quantum numerical simulation
method is to solve the time-dependent Schrödinger equa-
tion[27], it demands a huge computational condition for
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multi-electronic systems, and the full classical numerical
simulation method[28,29] is also very effective in the study
of electron dynamics. It numerically solves the time-
dependent Newton’s equation of motion. It can record
the trajectory of each electron from the beginning to the
end of the pulse so that the momentum process of the two
electrons can be back-analyzed, and the amount of calcu-
lation is relatively easy. Therefore, in recent years, this
method has been widely used in the research field of in-
tense laser field electron dynamics[30]. The full classical
method to study the scaling law of NSDI for noble gas
atoms in the CRTC laser field is also used in this Letter.
The Hamiltonian of a two-active-electron atom without

an electric field can be written as (in atomic units)

He ¼
X
i¼1;2

�
p2i
2
−

2����������������
r2i þ a2

p
�
þ 1�������������������������������

ðr1 − r2Þ2 þ b2
p ; ð1Þ

where it is usually the sum of the first ionization potential
and the second ionization potential, and ri and pi re-
present the position and momentum (i ¼ 1; 2) of the elec-
tron, respectively. The potential −2∕

����������������
r2i þ a2

p
represents

the ion–electron Coulomb interactions, and the potential

1∕
�������������������������������
ðr1 − r2Þ2 þ b2

p
represents the electron–electron Cou-

lomb interactions. Here, a and b are called softening
parameters; a is introduced here to avoid autoionization,
and b is included primarily for numerical stability. In our
calculations, a and b have different values for different
atoms. The specific parameters are shown in Table 1.
The nucleus is at the origin of the coordinates, and the

Hamiltonian of the two electrons in the laser field is
given by

H ¼ He þ ðr1 þ r2Þ·EðtÞ; ð2Þ

where EðtÞ ¼ ExðtÞ þ EyðtÞ is the electric field of the
CRTC laser pulse. It can be written as

ExðtÞ ¼
E0���

2
p ð1þ γEÞ

f ðtÞ½cosðω1tÞ�

þ γEE0���
2
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E0���

2
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f ðtÞ½sinðω1tÞ�

−
γEE0���

2
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f ðtÞ½sinðω2tÞ�; ð4Þ

where E0 is the combined electric field amplitude. ω1 and
ω2 are the fundamental laser frequency and second har-
monic laser frequency of two laser fields, respectively.
In this Letter, ω1 ¼ 0.0576 a:u: (corresponding wave-
length is 790 nm) and ω2 ¼ 0.115 a:u: (corresponding
wavelength is 395 nm). γE is the electric field amplitude
ratio of the second harmonic laser pulse and the funda-
mental laser pulse. f ðtÞ ¼ sin2ðπt∕NTÞ is the pulse
envelope function, whereN is the number of optical cycles,
and T is the period of the 790 nm laser field. In our sim-
ulation, N is equal to 10, and γE is equal to 1, which means
that the laser intensities of two laser pulses are the same.
In our calculations, the electric field shows a trefoil pat-
tern, and the negative vector potential traces out a tri-
angle structure. The motion of two electrons is
governed by Newton’s equations of motion as the follow-
ing:

dri
dt

¼ ∂H
∂pi

;
dpi
dt

¼ −
∂H
∂ri

: (5)

This equation can be solved by using the standard
fourth to fifth Runge–Kutta algorithm. The initial posi-
tion and momentum distribution of the two electrons sat-
isfy the Gaussian random distribution that ensures that
the total kinetic energy is positive. Then, the electrons
are allowed to evolve freely a long time (100 a.u.), where
the position and momentum distribution of the electrons
are stable. After a stable initial ensemble is obtained, the
laser field is added, and all electrons begin to evolve under
the collective effect of the Coulomb potential and electric
field until the end of the pulse. When the total energy of
both electrons is greater than zero at the end of the pulse,
it is recorded as a double ionization event.

We explored the scaling law of different noble gas atoms
in the CRTC laser field through a scaling method. Here,
we mainly study the electron momentum distribution of
NSDI of three atoms for Ar, Ne, and He in the CRTC laser
field. According to the scaling law, the photoelectron
momentum distribution is determined by the ponderomo-
tive parameter up ¼ Up∕ℏω, the binding number ϵb ¼
Eb∕ℏω, and the absorbed-photon number q. In previous
research, when studying the angular distribution of photo-
electrons in the above-threshold ionization[31], it was
found that the angular distribution of photoelectrons from
atoms with binding energy Eb irradiated by a linearly po-
larized laser pulse with a laser frequency ω and laser inten-
sity I and atoms with binding energy kEb irradiated by
the linearly polarized laser pulse with a laser frequency
kω and laser intensity k3I has a similar structure, which
indicates that there is a scaling law in the process of single
ionization.

Table 1. Values of Softening Parameters a, b and
Hamiltonian of a Two-Electron Atom Used in This Letter

Atoms Hamiltonian (a.u.) a (a.u.) b (a.u.)

He −2.9035 0.825 0.05

Ne −2.2980 1.000 0.10

Ar −1.5946 1.500 0.05
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In this Letter, we mainly study the momentum distri-
bution spectrum obtained by the CRTC laser on noble
gas atoms. In the double ionization process, energy conser-
vation is

Ek1 þ Ek2 ¼ Nω− ðI p1 þ I p2Þ− 2upω; ð6Þ

where Ek1 and Ek2 denote the final kinetic energy of the
first and the second photoelectron, respectively;N denotes
the number of photons absorbed during double ionization;
I pi denotes the ith ionization potential of the atom. It can
be known from Eq. (6) that to ensure the momentum dis-
tributions to show a similarity for different atoms, it is
necessary to keep up unchanged. The up is the individual
and total ponderomotive energies divided by the photon
energies. We define the average frequency ω̄[32–34], and
the scaling can be reduced to the average frequency ω̄ ¼
ðω1 þ ω2Þ∕2 and one ponderomotive energy. The ponder-
omotive parameter is up ¼ I∕4ω̄3. Then, increase ω̄ by k
times, and increase I by k3 times, so we have

up ¼ Ik3∕4ω̄3k3 ¼ I∕4ω̄3; ð7Þ

which shows that up does not change. When increasing I
by k2 times, the ponderomotive parameter is up ¼ I∕4kω̄3,
which indicates that up has changed. So, up, which scales
as k3, is more useful.
Subsequently, we need to determine the scaling ratio

k. In the research of Ref. [23], three k values were
determined, which are k1 ¼ I p1∕I 0p1, k2 ¼ ðI p1 þ I p2Þ∕
ðI 0p1 þ I 0p2Þ, and k3 ¼ I p2∕I 0p2, where I 0p1 and I 0p2 are the
first and second ionization potentials of another atom,
respectively. When k ¼ k3, the momentum distribution
spectra obtained by different atoms have a similar struc-
ture. However, in our research, taking the above three k
values do not yield an effective similar structure, which
may be due to the two-color laser interaction on the atom,
and it has a more complex and changeable electrodynamic
process. We consider that the two-color field has greater
ponderomotive energy than the single-color field, so we
preferentially consider the value of k in the two-color field
to be greater than the ratio of the second ionization en-
ergy. Then, we accumulate the second ionization energy
ratio by 0.005 as the value of k. We take multiple test val-
ues and obtain the momentum distribution through many
calculations. We compared the similarity of the momen-
tum distribution spectrum and the momentum distribu-
tion probabilities (MDPs) and finally determined the
optimal k value.
The momentum distributions of NSDI for Ar atoms are

shown in Fig. 1. In calculation, the wavelengths of CRTC
are chosen as λ1 ¼ 790 nm and λ2 ¼ 395 nm. The laser
intensities are chosen as I 0 ¼ 2 × 1014 W∕cm2 [Fig. 1(a)]
and 4 × 1014 W∕cm2 [Fig. 1(b)], respectively. The red
and yellow areas in the figure are the low-energy structure
distribution, and we can see that the distribution of the
low-energy structure is different for different laser inten-
sities. When the laser intensity is at 2 × 1014 W∕cm2, the

low-energy structure is from the fourth quadrant to the
third quadrant, as shown in Fig. 1(a). For Fig. 1(b),
the momentum distribution has a low-energy structure
like the number “7”. The low-energy structure spans the
third quadrant and the second quadrant but is mainly in
the second quadrant.

In order to verify the scaling law, the NSDI momentum
distribution is calculated for Ne and He. In the calculation
for Ne atoms, we take k ¼ 1.587 and k ¼ 2.154 for
He atoms.

Figure 2 shows the momentum distribution of Ne
atoms and He atoms in laser pulses with varying laser
frequencies and laser intensities. Figures 2(a)–2(c) show

Fig. 1. Momentum distributions of two electrons at different la-
ser intensities for an Ar atom irradiated by CRTC laser wave-
lengths of 790 nm and 395 nm. For (a) and (b), the laser
intensity is chosen as I 0 ¼ 2 × 1014 W∕cm2 and 4 × 1014 W∕cm2,
respectively. The two colors are of equal intensity.

Fig. 2. Momentum distributions of two electrons from a Ne atom
irradiated by CRTC laser wavelengths of 498 nm and 249 nm,
with laser intensities (a) 5.04 × 1014 W∕cm2, (b) 7.99 ×
1014 W∕cm2, and (c) 1.27 × 1015 W∕cm2, respectively. The He
atoms are irradiated by CRTC laser wavelengths of 366 nm
and 183 nm, with laser intensities (d) 9.28 × 1014 W∕cm2,
(e) 1.99 × 1015 W∕cm2, and (f) 4.31 × 1015 W∕cm2, respectively.
The two colors are of equal intensity.
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the momentum distribution of Ne atoms driven by laser
wavelengths λ1∕k, λ2∕k and laser intensities k2, k3, and
k4 times of I 0, respectively. At the laser intensity of 5.04 ×
1014 W∕cm2 ðk2I 0Þ, the low-energy structure in the calcu-
lated momentum distribution takes over four quadrants,
which are highlighted with the accumulation of more elec-
trons. This is different from the momentum feature shown
in Fig. 1(a). The momentum distribution calculated at la-
ser intensity 1.27 × 1015 W∕cm2 ðk4I 0Þ also differs much
from Fig. 1(a). The electrons distribute dispersively in
the second and the third quadrants, and thus the bright
areas are large. These discrepancies disappear when the
laser intensity is set as 7.99 × 1014 W∕cm2 ðk3I 0Þ, and
its momentum distribution [Fig. 2(b)] is very similar to
Fig. 1(a). It is found that the low-energy structure distrib-
utes mainly in the third quadrant of Fig. 2(b), which is the
same as that in Fig. 1(a). But, the low-energy structure in
Figs. 2(a) and 2(c) is different from Fig. 1(a). So, there is a
scaling law for the Ne atoms. Figures 2(d)–2(f) show the
momentum distribution spectrum of He atoms for laser
wavelengths of 366 nm and 183 nm. The laser intensities
are chosen as k2, k3, and k4 times of I 0, respectively.
According to the features of the low-energy structure in
Fig. 1(a), it is easy to find that the momentum distribu-
tion in Fig. 2(e), which is the one most similar to the refer-
ential momentum distribution, while the momentum
distributions of the low-energy structure in Figs. 2(d)
and 2(f) differ greatly from the referential one. Hence,
we judge that the momentum distribution calculated at
laser intensity k3I 0 is the one most like the referential
one. This comparison indicates that the scaling law holds
for the He atom.
The above simulation results prove that the scaling law

does exist in our calculation. The theoretical explanation
produced by the scaling law is that although the intensity
and angular frequency of the laser field are changed, the
ponderomotive parameter of the laser is not changed; so,
under two laser fields, the photoelectrons of different
atoms will have the same dynamic process.
Subsequently, we calculate the momentum distribu-

tions of NSDI for Ne and He atoms with different laser
intensities when the laser wavelength and the scaling ratio
k are unchanged, as shown in Fig. 3. Figures 3(a)–3(c) are
the momentum distribution spectra of Ne atoms at
CRTC laser intensities k2I 0, k3I 0, and k4I 0, respectively.
Figures 3(d)–3(f) are for that of He atoms. It shows that
Figs. 3(b) and 3(e) have low-energy structures like the
number “7”. They are very similar to low-energy struc-
tures in Fig. 1(b). However, the low-energy structure is
not the same as that in other figures. This comparison in-
dicates that the scaling law holds for higher laser intensity
situations. The intensities of the two lasers are different,
resulting in different recollision times, subsequently induc-
ing different low-energy structures. In the scaling law,
although we change the laser intensity, the ponderomotive
parameters are unchanged, and different atoms have the
same recollision time, so they have the same low-energy
structure.

To quantitatively analyze the momentum distribution
of the ionized electrons, we calculate the ratio of the
momentum distribution in different quadrants. Figure 4
depicts MDPs of ionized electrons in different quadrants.

Fig. 3. Momentum distribution of two electrons from a Ne atom
irradiated by CRTC laser wavelengths of 498 nm and 249 nm,
with laser intensities (a) 1.01 × 1015 W∕cm2, (b) 1.59 ×
1015 W∕cm2, and (c) 2.54 × 1015 W∕cm2, respectively. The He
atom irradiated by CRTC laser wavelengths of 366 nm and
183 nm, with laser intensities (d) 1.86 × 1015 W∕cm2,
(e) 3.99 × 1015 W∕cm2, and (f) 8.62 × 1015 W∕cm2. The two
colors are of equal intensity.

Fig. 4. MDP in four quadrants for Ar atoms, Ne atoms, and He
atoms. (a) and (c) show the MDP of Ar atoms at CRTC laser
intensities I 0 ¼ 2 × 1014 W∕cm2 and 4 × 1014 W∕cm2, respec-
tively, compared with Ne atoms at laser intensities k2I 0, k3I 0,
and k4I 0, respectively. (b) and (d) show the MDP of He atoms
with the same parameters as (a).
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In Fig. 4(a), the red line represents the MDP of Ar atoms
at CRTC laser wavelengths of 790 nm and 395 nm, with
laser intensity of 2 × 1014 W∕cm2, and the green, blue, and
pink lines represent the MDP of Ne atoms at CRTC laser
wavelengths of 498 nm and 249 nm, with laser intensities
of 5.04 × 1014 W∕cm2, 7.99 × 1014 W∕cm2, and 1.27 ×
1015 W∕cm2, respectively. The red line in Fig. 4(b) is
the same as that in Fig. 4(a), and the green, blue, and pink
lines represent the MDP of He atoms at CRTC laser wave-
lengths of 366 nm and 183 nm, with laser intensities
of 5.04 × 1014 W∕cm2, 7.99 × 1014 W∕cm2, and 1.27 ×
1015 W∕cm2, respectively. Figures 4(c) and 4(d) show
the MDP when I 0 is changed to 4 × 1014 W∕cm2. In each
panel, the blue line is closer to the red line, which means
that they have similar MDPs in different quadrants. The
above phenomenon indicates that the target atom and the
original atom have the same dynamic process after chang-
ing the laser parameters according to the scaling law. This
qualitatively proves the existence of a scaling law in the
CRTC laser field.
Finally, we test the scaling law for the generality of the

laser frequency of the laser field. Figures 5(a) and 5(b)
show the momentum distribution of Ne atoms and He
atoms in the CRTC laser field of intensity k3I 0. The laser
wavelengths are chosen as λ1, λ2 [Fig. 5(a)] and λ1∕k2,
λ2∕k2 [Fig. 5(b)], respectively. We compare the momentum
distribution of the Ar atom at the laser intensity of
2 × 1014W∕cm2 and laser wavelengths of 790 nm and
395 nm [Fig. 1(a)] with the momentum distribution for
the Ne atom [Figs. 5(a) and 5(b)]. The dissimilarity in
the momentum distribution shows that the optimal laser
wavelength is λ∕k, i.e., the frequency is kω. Figures 5(c)
and 5(d) show the momentum distribution of He atoms
at laser intensity k3I 0. The laser wavelengths are chosen
as λ1, λ2 [Fig. 5(c)] and λ1∕k2, λ2∕k2 [Fig. 5(d)], respectively.

These momentum distributions differ greatly from the
referential one [Fig. 1(b)]. Wavelengths of the two lasers
are different, resulting in different recollision times, sub-
sequently inducing different low-energy structures. In the
scaling law, although we change the laser wavelength,
the ponderomotive parameters are unchanged, and differ-
ent atoms have the same recollision time, so they have the
same low-energy structure. This illustrates that the best
laser frequency conversion is ω to kω.

Compared with the case of the single-color laser, the
value of k we give in the scaling law of the two-color field
is obtained by summing up the results of numerical calcu-
lations. For different atoms, the value of k is different. Our
present scale parameter k is not a general formula appli-
cable to all noble gas atoms. For atoms that we have not
calculated, such as Xe atoms and Kr atoms, we need to
calculate the value of k separately. Our calculation results
also provide a direction for finding the value of k for other
noble gas atoms and indicate that the value of k is greater
than the ratio of the second ionization energy. The value
of the k factor given by our calculation is general for the
electric field ratio of the two-color laser field. When we
change the electric field ratio, the value of k is still the
same, which shows that the value of k taken by our
method is very effective.

In conclusion, we have investigated the momentum dis-
tribution spectrum of NSDI for the three noble gas atoms
Ar, Ne, and He in CRTC laser fields. Through qualita-
tively and quantitatively comparative research, we pro-
pose the scaling law of CRTC laser fields. When we
change the laser intensity and laser frequency of the laser
pulse according to the scaling law at the same time, the
ponderomotive parameters remain unchanged, and most
of the electron dynamics processes and ionization proc-
esses will remain the same. Different atoms have the same
momentum distribution in different laser fields. Because
the ponderomotive parameters of a two-color laser field
are constant, the electrons’ recollision times are the same,
subsequently inducing the same low-energy structures.
The conclusion of the study can provide an avenue for
the research of two-color laser field ionization.

This work was supported by the Natural Science Foun-
dation of Shanghai (No. 18ZR1413600).
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