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Based on Kogelnik’s coupled-wave theory, it is found that when a femtosecond pulse is incident on a transmitted
volume holographic grating, two transverse standing waves along the grating vector direction will be generated
inside the volume holographic grating (VHG). Due to field localization of two standing waves, they have two
different velocities along the propagation depth. On the output plane of the VHG, femtosecond dual pulses are
generated in both the diffracted and transmitted directions. Results show that the pulse interval is determined
by the refractive index modulation and thickness of the grating, while the waveform of the dual pulses is
independent of the grating parameters.

OCIS codes: 320.5540, 050.7330, 050.1940.
doi: 10.3788/COL201917.113201.

Femtosecond dual pulses, due to their short pulse duration
and high spectral resolution, have found applications in
various fields, such as femtosecond micromachining, ultra-
fast pump-probe spectroscopy, and coherent control of
quantum states[1–4].
The common method to generate femtosecond dual

pulses uses autocorrelators. However, due to material
dispersion and absorption, the beam splitter needs to be
as thin as 2 μm in some strict conditions, which signifi-
cantly limits its practical applications. Later, Zhou’s
group proposed several schemes to generate femtosecond
dual pulses based on diffraction of plane Dammann gra-
tings[5–7]. Volume holographic gratings (VHGs), compared
with plane gratings, have the advantages of high diffrac-
tion efficiency and strict Bragg selectivity. Based on these
properties, our group generated femtosecond dual pulses
in a VHG by adjusting refractive index modulation[8]. In
this Letter, based on transverse standing-wave distribu-
tion in the VHG, we propose a new scheme to generate
femtosecond dual pulses.
Using the general solutions of Kogelnik’s coupled-

wave equations[9], we found that when a femtosecond pulse
is incident on the VHG, four waves are coupled out and
coherently combine into two transverse standing waves
along the grating vector direction. Due to field localiza-
tion, two standing waves will propagate with two different
velocities along the propagation depth; thus, with the
increase of the depth in the VHG, two standing waves
will separate from each other. On the output plane of
the VHG, each standing wave is divided into a transmit-
ted pulse and a diffracted pulse. Thus, dual pulses are out-
put in both the transmitted and diffracted directions. It is
found that the waveform of each diffracted pulse is inde-
pendent of the VHG parameters, while the pulse interval
between dual pulses depends on the grating thickness and

refractive index modulation. Thus, interval modulated
femtosecond dual pulses are generated.

Temporal- and frequency-domain diffractions of a fem-
tosecond and nanosecond pulse by single-layer VHGs[10–18]

and multi-layer VHGs[19–21] have been discussed earlier, but
none of them touched on transverse standing-wave distri-
bution in the VHG. Moreover, previous work on temporal
diffraction of single-layer VHGs[10,11] found only one dif-
fracted pulse, with a waveform that can be modulated
by VHG parameters due to Bragg selectivity. However,
in this Letter, on conditions when diffracted dual pulses
emerge the waveform of each pulse is independent of the
VHG parameters. Moreover, Refs. [8,11] acquired dif-
fracted dual pulses, but the overmodulation effect is used
to depict its physical origin. Thismeans that the diffraction
of a femtosecond pulse by the VHGs needs in-depth study.

The discussed VHG is a static unslanted phase grating
whose grating planes are normal to the x axis, as shown in
Fig. 1. The refractive index of the VHG is

n ¼ n0 þ Δn cosðKxÞ; (1)

Fig. 1. Diffraction of a plane wave by a transmitted VHG.
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where n0 is the background refractive index of the VHG
material; Δn is the refractive index modulation; grating
vector K is parallel to the x axis, with wavenumber K ¼
2π∕Λ in which the grating period Λ ¼ λr∕ð2 sin θrÞ, with λr
and θr being the Bragg wavelength and the angle outside
the VHG, respectively.
A temporal femtosecond pulse is incident on the

recorded VHG at Bragg angle θr ,

er0ðtÞ ¼ exp
�
−jω0t −

t2

T2

�
; (2)

where ω0 ¼ 2πc∕λ0 is the central angular frequency, with
λ0 as the central wavelength; T is related to the full width
at half-maximum (FWHM) Δτ of the incident pulse
by T ¼ Δτ∕2

��������
ln 2

p
.

By applying a Fourier transform on Eq. (2), we get

Er0ðωÞ ¼
1
2π

Z
∞

−∞
er0ðtÞ expðjωtÞdt

¼ T
2

���
π

p exp
�
−
T2ðω− ω0Þ2

4

�
: (3)

According to Fourier optics, the incident femtosecond
pulse can be assumed as a superposition of plane waves
with different frequencies; the complex amplitude of each
wave is represented by Eq. (3). Upon readout, each plane
wave component couples out two plane waves with the
same frequency inside the VHG, and the total field is

Eðω; z; xÞ ¼ E 0
rðω; z; xÞ þ E 0

sðω; z; xÞ
¼ Erðω; zÞ expð−jρ· rÞ

þ Esðω; zÞ exp ð−jσ · rÞ; (4)

where Erðω; zÞ and Esðω; zÞ are complex field amplitudes
of the transmitted and diffracted waves, respectively; ρ ¼
ðkx ; kzÞ and σ ¼ ðkx −K ; kzÞ are the corresponding propa-
gation vectors with kx ¼ k sin θ and kz ¼ k cos θ, k ¼
ωn0∕c is the wavenumber in crystal; θ is the readout angle
inside the VHG and is determined by Snell’s law
sin θr ¼ n0 sin θ. ρ and σ relate to the grating vector K
by the relation σ ¼ ρ− K.
The total field in the VHG satisfies the scalar wave

equation ∇2E þ k2E ¼ 0 ðk ¼ ωn∕cÞ. Considering the
slowly varying envelope approximation, the coupled-wave
equations describing the diffraction of a plane wave with
frequency ω by a VHG are:

dErðω; zÞ
dz

¼ −jκEsðω; zÞ
cos θ

;

dEsðω; zÞ
dz

þ jδEsðω; zÞ
cos θ

¼ −jκErðω; zÞ
cos θ

; (5)

where κ ¼ ωΔn∕2c is the coupling coefficient, c is the
speed of light in vacuum, and δ ¼ − cK2

2n0

�
1
ω −

1
ω0

�
is the

Bragg deviation.

Assuming that the general solutions of Eq. (5) are[9]:

Erðω; zÞ ¼ r1 expðjγ1zÞ þ r2 expðjγ2zÞ;
Esðω; zÞ ¼ s1 expðjγ1zÞ þ s2 expðjγ2zÞ; (6)

where

γ1;2 ¼ −
δ

2 cos θs
� 1
2

������������������������������������������������������
δ

cos θs

�
2
þ 4

κ2

cos θs cos θ

s
; (7)

r1 ¼ 1− r2 ¼
γ2

γ2 − γ1
Er0ðωÞ;

s1 ¼ −s2 ¼
κ

ðγ2 − γ1Þ cos θ
Er0ðωÞ; (8)

and θs is the diffraction angle in the VHG. Equation (7)
shows that for all spectral components of the incident fem-
tosecond pulse γ1 > 0 and γ2 < 0. Equations (7) and (8)
show that ri , si and γi ði ¼ 1; 2Þ are real numbers.

Combining Eqs. (6)–(8) with Eq. (4), the field and in-
tensity of the transmission and diffraction of the VHG can
be rewritten as

E 0
rðω; z; xÞ ¼ ½r1 expð−jqð1Þ0z zÞ þ r2 expð−jqð2Þ0z zÞ�

× expð−jq0xxÞ ¼ Er1 þ Er2;

E 0
sðω; z; xÞ ¼ ½s1 expð−jqð1Þ0z zÞ þ s2 expð−jqð2Þ0z zÞ�

× exp½−jðq0x −KÞx� ¼ Es1 þ Es2; (9)

I iðt; z; xÞ ¼
				 1
2π

Z þ∞

−∞
E 0

iðω; z; xÞ expð−jωtÞdω
				2; i ¼ r; s;

(10)

where qð1Þ0z ¼ kz − γ1, q
ð2Þ
0z ¼ kz − γ2, and q0x ¼ kx are real

functions representing the wave vector projections of
the transmitted and diffracted waves on the z and x axes
inside the VHG.

It is clearly seen from Eq. (9) that when a plane wave is
incident on the VHG, four waves will be generated: the
pair of waves Er1 and Er2 with wave vectors

�
q0x ; q

ð1;2Þ
0z

�
propagating in the transmitted direction, while the
other pair of waves Es1 and Es2 with wave vectors�
q0x −K ; qð1;2Þ0z

�
propagating in the diffracted direction.

Figure 2 shows a wave vector diagram of the four
waves inside the VHG when a plane wave is incident
on the VHG.

In the following, based on different combinations of
wave fields Er1, Er2, Es1, and Es2, we will discuss the dif-
fraction inside and outside the VHG. Note, except for spe-
cial definitions, the simulated parameters are chosen as if
VHG is recorded in a photorefractive Fe∶LiNbO3 crystal.
To make a refractive index modulation of the VHG large
enough, the optical axis of the crystal should be parallel to
the grating vector when recording. The background
refractive index of the crystal is n0 ¼ 2.211, and the refrac-
tive index modulation is Δn ¼ 1.25 × 10−2; the grating
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thickness d ¼ 6 mm and period Λ ¼ 7.3 μm; the central
wavelength and duration of the incident femtosecond
pulse are λ0 ¼ 1.5 μm and Δτ ¼ 100 fs, respectively.
In Eq. (9), by combining two fields with the same wave

vector projection on the z axis together, we define two new
spectral fields Ers1 and Ers2:

Ers1ðω; z;xÞ ¼ Er1 þEs1 ¼ fr1 expð−jq0xxÞ
þ s1 exp½−jðq0x −KÞx�gexpð−jqð1Þ0z zÞ;

Ers2ðω; z;xÞ ¼ Er2 þEs2 ¼ fr2 expð−jq0xxÞ
þ s2 exp½−jðq0x −KÞx�gexpð−jqð2Þ0z zÞ: (11)

By applying an inverse Fourier transform on the sum
of the four fields, the temporal total intensity inside the
VHG is

I ðt; z; xÞ

¼
				 1
2π

Z
∞

−∞

h
Ers1ðω; z; xÞ þ Ers2ðω; z; xÞ

i
expð−jωtÞdω

				2:
(12)

Figure 3 shows five diagrams to describe the evolutions
of the total intensity with respect to x and time t when
the propagation depths z are, respectively, 1, 2, 3, 3.4,

and 4 mm. Note that when z is larger than 3 mm, for each
depth z, there are two sets of transverse standing waves
along the x axis, and they show strong spatial localization.
The peaks of the first (right) set of standing waves are
mainly localized in the lower refractive index layers of
the VHG, while peaks of the second (left) set are localized
in the higher refractive index layers. Each pulse in the
standing waves propagates along a specific grating layer
with a defined refractive index. The formation and loca-
tion of the two transverse standing waves can be explained
by Eq. (11).

In Eq. (11), Ers1 includes a pair of transmitted and dif-
fracted plane waves Er1 and Es1, wave vectors of which
have the same projections on the z axis, which means that
the two plane waves propagate along the z axis with the
same phase velocity. In addition, wave vector projections
of the two plane waves on the x axis show an equal mag-
nitude but opposite sign. As a result, the coherent super-
position of the two fields Er1 and Es1 forms a transverse
standing wave along the x axis, and the standing wave
propagates along the z axis with a phase velocity deter-
mined by the wave vector projection qð1Þ0z . Likewise, coher-
ent superposition of two other fields Er2 and Es2 forms
another transverse standing wave that propagates along
the z axis with a phase velocity determined by qð2Þ0z . When
two standing waves represented by Eq. (11) are trans-
formed into the time domain by Eq. (12), two temporal
transverse standing waves along the x axis will emerge,
just as what Fig. 3 shows.

Now based on Eq. (11), we depict the locations of the
two transverse standing waves. Figure 4 shows that the
intensity distributions of the two transmitted and two dif-
fracted waves are the same; according to Eq. (8), we fur-
ther have −s1 ¼ s2 ¼ r1 ¼ r2. Moreover, for the central
spectral component, q0x ¼ 1∕2K . Substituting these

Fig. 2. Wave vector diagram inside the VHG with a plane wave
reading out the VHG.

Fig. 3. Temporal total intensity inside the VHGwhen the propa-
gation depth z ¼ 1, 2, 3, 3.4, and 4 mm. The refractive index dis-
tribution of the VHG is also shown at the end of the diagram.

Fig. 4. Dependence of diffracted dual pulses on VHG parame-
ters: (a) thickness, (b) refractive index modulation, and
(c) period. Pulse interval with respect to (d) thickness and
(e) refractive index modulation of the VHG.
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values into Eq. (11), expressions of the two standing waves
near the Bragg condition can be acquired:

Ers1 ∝ −j2 sin
�
1
2
Kx

�
exp



−jqð1Þ0z z

�
;

Ers2 ∝ 2 cos
�
1
2
Kx

�
exp



−jqð2Þ0z z

�
: (13)

Accordingly, intensities of the two standing waves are,
respectively,

I rs1 ∝ 1− cosðKxÞ; I rs2 ∝ 1þ cosðKxÞ: (14)

Comparing Eq. (14) with Eq. (1), we know that the two
intensities have the same oscillation frequency as the re-
fractive index of the VHG. The standing wave represented
by I rs1 is out of phase with that of the refractive index;
hence, peaks of the first standing wave are located on
layers with a lower refractive index, while the standing
wave represented by I rs2 is in phase with the refractive
index; hence, peaks of the second standing wave are
located on layers with a higher refractive index.
Two standing waves propagate along different grating

layers; therefore, their propagating velocities are different.
According to the group velocity expression, the velocities
of the two standing waves along the z axis are

vð1;2Þgz ¼ ∂ω

∂qð1;2Þ0z

				
ω¼ω0

¼ 2c · cos θ
2nðcos θÞ2 ∓ Δn

; (15)

where “−” is chosen for the first standing wave, and “+” is
for the second standing wave.
Equation (15) shows that the standing wave formed by

Ers1 propagates faster than that of Ers2. When z is small,
two standing waves will overlap and coherently superpose
along the z axis. When z is larger than 3 mm, the two
standing waves will separate from each other.
On the output plane of the VHG, the faster standing

wave arrives first. According to momentum conservation,
it will break up into two pulses: the transmitted pulse
propagating in the transmitted direction, and the dif-
fracted pulse propagating in the diffracted direction. If
the VHG is thick enough, the slower standing-wave pulse
will arrive at the output plane with a certain time delay,
where it will also break up into one transmitted pulse and
one diffracted pulse. Thus, both transmission and diffrac-
tion will comprise femtosecond dual pulses.
Figures 4(a)–4(c) show diffracted dual pulses. It is seen

that the duration and peak intensity of the diffracted dual
pulses are similar and independent of the VHG parame-
ters, while the pulse interval between the dual pulses is
proportional to the thickness and refractive index modu-
lation of the VHG, shown in Figs. 4(d) and 4(e).
In the following, we use the group velocity expression to

deduce the relation between the pulse interval and VHG
parameters.

Equation (15) shows that the two transverse standing
waves have different group velocities along the z axis; as a
result, a time delay will emerge when they output on the
VHG with thickness d:

Δt ¼ d

vð2Þgz

−
d

vð1Þgz

¼ d · Δn
c cos θ

: (16)

This time delay is the pulse interval between the dual
pulses. Equation (16) shows that the pulse interval is lin-
early proportional to grating thickness and refractive in-
dex modulation, but independent of the grating period.
The results are consistent with those of Fig. 4.

From above discussions, we know that by adjusting
thickness and refractive index modulation of the VHG,
we can generate femtosecond dual pulses with a variable
pulse interval.

Figure 4 shows that the duration and peak intensity of
the diffracted dual pulses are independent of the VHG
parameters, while in Refs. [10,11], the diffraction includes
only one pulse, the duration and peak intensity of which
are strongly affected by the VHG parameters. In the fol-
lowing, we will give explanations of these phenomena and
discuss the conditions to diffract out one or dual pulses.

According to former discussions, we know that the dual
pulses originate from two separate transverse standing
waves, so waveforms of the diffracted dual pulses are de-
termined by standing waves’ waveforms. When the thick-
ness or refractive index modulation of the VHG is large
enough, the two transverse standing waves will separate.
In this case, each standing wave propagates along specific
VHG layers, just as it propagates along a uniform
medium, therefore increasing VHG thickness will not af-
fect waveforms of the two standing waves and also have no
effect on the waveforms of diffracted dual pulses. When
the refractive index modulation changes, according to
Eq. (15), velocities of two standing waves will change,
while according to Eq. (14) localization remains un-
changed. Thus the waveforms of the two standing waves
and diffracted dual pulses are not affected by the refrac-
tive index modulation of the VHG.

Figure 5 shows that the grating period determines the
oscillation period of the two standing waves along the x
axis, while waveforms of the two standing waves along
the time axis are unchanged. The dual pulses we discussed

Fig. 5. Temporal total intensity inside the VHG when the
grating periods are 7.3 and 13 μm.
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in Fig. 5(c) are along the time axis, so the waveforms are
independent of the grating period.
When the refractive index modulation or thickness of

the VHG decreases, according to Eq. (16), the pulse inter-
val will decrease as well. If the pulse interval is smaller
than the duration of each diffracted pulse, the diffracted
dual pulses will overlap and coherently superpose. In this
case, the diffracted dual pulses may converge into one
pulse. Figure 6 further shows that the duration and peak
intensity of the diffracted one pulse can be modulated by
VHG parameters. The evolutions are consistent with
those in Refs. [10,11] and can be explained by VHG Bragg
selectivity. Therefore, to observe the pulse splitting or
dual pulses in the diffraction of the VHG, products of re-
fractive index modulation and thickness of the VHG must
be large enough.
Figure 4 shows that the durations of the diffracted dual

pulses are independent of VHG parameters. Figure 7
shows that they can be modulated by the duration of the
incident femtosecond pulse. Note that the duration of each
diffracted pulse is the same as that of the incident pulse.
Actually, as the femtosecond pulse is incident on the

VHG, the dispersion of the material will have an influence
on the diffraction. However, we do not consider it here.
The reason is that, according to the discussions of Fig. 7
and Eq. (16), the dispersion will affect the duration of each
diffracted pulse, but have no effect on the emergence and
pulse interval of the diffracted femtosecond dual pulses, in
which we are interested here.

In conclusion, diffraction-induced pulse splitting in a
VHG and its underlying physical mechanisms are dis-
cussed. It is found that when a temporal Gaussian femto-
second pulse is incident on the transmitted VHG, four
pulses are generated, which further combine into two
transverse standing waves inside the VHG. Spatial locali-
zation of the two transverse standing waves in the VHG
results in a different longitudinal group velocity. On the
output plane, both diffraction and transmission include
dual pulses with a pulse interval determined by the thick-
ness and refractive index modulation of the VHG, while
pulse waveforms are not affected by the VHG parameters.

This work was partly supported by the National Natu-
ral Science Foundation of China (Nos. 61735010,
11674213, 11574195, and 11774220).
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Fig. 6. Temporal diffracted intensity under a smaller Δn · d
and grating period: (a) refractive index modulation Δn ¼
1.25 × 10−4; (b) d ¼ 3 mm and Δn ¼ 1.25 × 10−4.

Fig. 7. Dependence of temporal diffracted intensity on the
duration of incident femtosecond pulses.
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