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The full aperture complex amplitude transmittance function of a multi-level diffraction lens with mask-
alignment errors was derived based on scalar diffraction theory. The point spread function (PSF) was calculated
by the Kirchhoff diffraction integral. It is found that the radius of the Airy disk increases with the increase of the
error in the direction of misalignment, and the image center shifts along the direction of misalignment. A four-
level diffractive lens with a diameter of 80 mmwas fabricated, and its PSF and diffraction efficiency ofþ1st order
were calculated and measured. The distribution of PSF is consistent with the calculated results, and the tested
diffraction efficiency is slightly smaller than the calculated value; the relative error is 5.71%.
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Recently, some institutes have evaluated diffractive lenses
as primary lenses for telescopes[1–4]. These studies are ex-
ploring the novel technology to build space and airborne
telescopes with an aperture larger than 10 m. At present,
the main surface microstructures of Fresnel diffractive lens
include the Fresnel zone plate (FZP), photon sieve, and
Fresnel array[5]. The diffraction efficiency of the FZP is
higher than that of the other two microstructures and
can be improved by being fabricated into multi-level.
The diffraction efficiency of a eight-level structure can
reach 95% according to the scalar theory[6]. While, due
to the inevitable fabrication errors, the performance of
the Fresnel zone lens (FZL) will degrade, some articles
have reported the fabrication of large-aperture four-level
FZL, but the diffraction efficiency has not reached the
expected value[7–9]. For example, Britten et al. reported
that the diffraction efficiency of a four-level FZL with
an aperture of 300 mm was only 62%[8], while the theoreti-
cal value is 81.06%. Several authors have studied the
effects of fabrication errors on the diffraction efficiency
of binary optical elements based on the linear grating
model[10–12]. They found that mask-alignment errors se-
verely degrade the diffraction efficiency. However, the
imaging quality of FZLs cannot be simply evaluated by
diffraction efficiency. To assess the effects of mask-
alignment errors on the imaging quality of four-level dif-
fractive lenses, Unno studied the point spread function
(PSF) of binary diffractive lenses with mask-alignment
error[13]. In his Letter, the PSF is calculated by the Debye
integral in the research. It is accurate under the condition
D2∕4λf ≫ 1[14] or expressed asD∕4λF ≫ 1. If the F number
(F) of the diffractive lens is a constant, the approximation
condition is gradually invalidated as aperture D is in-
creased. On the other hand, the derivation of pupil func-
tion is complicated, and locally periodic approximation is

used in his model. In this Letter, the influence of the
mask-alignment error on the complex amplitude transmit-
tance of the diffractive lens is derived. Then, the PSF is cal-
culated by the Kirchhoff diffraction integral without
paraxial approximation. To solve the problem of the large
size of diffractive lens, the idea of sub-aperture synthesis is
applied in the calculation. Through numerical calculation,
the PSF of the four-level diffractive lens with an aperture of
80 mm is studied under different mask-alignment errors.
At the end, the PSF and the diffraction efficiency in the
þ1 order of an experimental diffractive lens were tested
and compared with the calculated results.

Lithography is a common method for processing binary
optics[15]. The key is to transfer the pattern position of the
mask to the substrate. Figure 1 shows the relative configu-
ration between the two mask patterns and the final sur-
face profile in the radial direction. The black zone of
each mask is opaque, and the white zone is transparent.

By use of N mask patterns, a 2N -level FZL can be fab-
ricated. For an FZL with focal length of f and the design
wavelength of λ, the position of transition points of the jth
mask is decided by

��������������������������
PjðmÞ2 þ f 2

q
− f ¼ mλ

2j
; (1)

where PjðmÞ is the radius of themth zone of the jth mask.
In the actual design, the diffractive lens is described by a
phase polynomial for tracing the rays passing through the
element[16]. Equation (1) is usually written as

M
XN
i¼1

AiPjðmÞ2i ¼ mλ

2j
; (2)

where M is the diffraction order, N is the number of poly-
nomial coefficients in the series, and Ai is the coefficient.
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It is necessary to etch the substrate once during the
pattern transfer process of each mask. The etching depth
in relation to the jth mask is

hj ¼
λ

2jðn − 1Þ : (3)

According to the scalar diffraction theory, the com-
plex amplitude transmittance function of the FZL can
be expressed as tðx; yÞ ¼ Aðx; yÞ·exp½iφðx; yÞ�, where
Aðx; yÞ is the amplitude function and is generally uniform;
φðx; yÞ is the phase function and depends on

φðx; yÞ ¼
XJ
j¼1

φjðx; yÞ; (4)

where

φjðx; yÞ ¼
�
0; ðx; yÞ located in odd zones of the jth mask;
2πhjðn−1Þ

λ ; ðx; yÞ located in even zones of the jth mask;

(5)

where n is the refractive index of the substrate. It can be
seen from Eq. (5) that there are two types of errors affect-
ing the phase distribution function. One is the etching
depth error, which determines the value of phase delay.
The other is the lateral error, which determines whether
φðx; yÞ is zero or not.
When there is an alignment error, the coordinate system

of the mask is shifted relative to the coordinate system of
the diffractive lens, which is overlapped with the coordi-
nate system of the first mask. The position (xjm, yjm) of
the mth zone of the jth mask should be transformed into
(xjm þ Δxj , yjm þ Δyj) in the coordinate system of the
diffractive lens. Δxj and Δyj represent the absolute offset
between the center of the jth mask and the first mask in
the x and y directions. Figure 2 shows the phase distribu-
tion function of a four-level diffractive lens with misalign-
ment. The direction of the red arrow is the direction in
which the error occurs.
Based on the above description, the complex amplitude

transmittance function of the multi-level diffractive lens
with mask-alignment errors can be obtained. Suppose that
the complex amplitude of the incident wave is U 0ðx; yÞ,

and the diffractive field behind the FZL is
U 0ðx; yÞ·tðx; yÞ. So, the light field distribution Uðξ; ηÞ
at the focal plane of the lens can be calculated according
to the famous Kirchhoff diffraction integral:

Uðξ; ηÞ ¼ 1
iλ

ZZ
U 0ðx; yÞ·tðx; yÞ

·
exp½ik

���������������������������������������������������
z2 þ ðξ− xÞ2 þ ðη− yÞ2

p
�

2½z2 þ ðξ− xÞ2 þ ðη− yÞ2�
·½

���������������������������������������������������
z2 þ ðξ− xÞ2 þ ðη− yÞ2

q
þ z�dxdy; (6)

where i ¼ �������
−1

p
, λ is the wavelength with k ¼ 2π∕λ, and

z is the diffractive distance. According to the convolution
theorem, Eq. (6) can be written as[17]

U ðξ; ηÞ ¼ IFFTfFFT½U 0ðx; yÞ·tðx; yÞ�·H ðf x þ f yÞg;
(7)

where FFT and IFFT are the fast Fourier transform and
inverse fast Fourier transform; the transfer function is

H ðf x þ f yÞ ¼ FFT
�
expðik

��������������������������
z2 þ x2 þ y2

p
Þ

i2λðz2 þ x2 þ y2Þ

·ð
��������������������������
z2 þ x2 þ y2

p
þ zÞ

�
: (8)

During the numerical calculation, the entire function’s
sampling needs to meet the sampling theory[18], that is,

Δx ≤
λ

���������������������
z2 þ L2∕2

p
L

; (9)

where Δx is the spatial sampling interval, and L is the
width of the diffraction field.

For a large-aperture diffractive lens, the required sam-
pling number is too large to store and calculate. To solve
this problem, the diffraction lens is divided into a number of

Fig. 1. Surface structure of four-level in relation to the two mask
patterns.

Fig. 2. Phase distribution of a four-level diffractive lens with
misalignment.
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rectangular sub-apertures according to the principle of lin-
ear superposition of diffraction. Let the center coordinate of
each sub-aperture be (xs, ys), and the widths of each sub-
aperture along the X and Y directions be ωx , ωy. Then, at
the focal plane, the optical field can be expressed as

Uðξ; ηÞ ¼ 1
iλ

XS
s¼1

ZZ
aperture

�
rect

�
x − xs
ωx

þ y − ys
ωy

�

·U 0ðx; yÞ·tðx; yÞ

·
exp½ik

���������������������������������������������������
z2 þ ðξ− xÞ2 þ ðη− yÞ2

p
�

2½z2 þ ðξ− xÞ2 þ ðη− yÞ2�
·½

���������������������������������������������������
z2 þ ðξ− xÞ2 þ ðη− yÞ2

q
þ z�dxdy: (10)

In this Letter, we designed and fabricated a four-level
diffractive lens with the aperture of 80 mm. The
focal length is 800 mm at the wavelength of 550 nm.
The first five coefficients of the phase polynomial
are A1 ¼ −7.1399833, A2 ¼ 2.7890561 × 10−6, A3 ¼
−2.1791314 × 10−12, A4 ¼ 2.2775397 × 10−18, and A5 ¼
−4.3651288 × 10−23. The PSFs of the FZL with different
mask-alignment errors were numerically calculated
separately. Figures 3(a) and 3(b) show the normalized

intensity distribution in the X direction and the Y direc-
tion, respectively.

In this Letter, the X axis is perpendicular to the
misalignment direction, and the Y axis is parallel to
the misalignment direction. That is to say, the alignment
error occurs in the Y direction. In the Y direction, the
image center shifts along the misalignment direction, as
shown in Fig. 4. The offset is decreased linearly as the
amount of the error increases.

In theY direction, the radius of the Airy disk, which is the
half-width of the image at the first dark ring, decreased with

Fig. 4. Center offset with the change of misalignment. Fig. 5. Radius of Airy disk with the change of misalignment.

Fig. 3. Cross-section intensity distribution of FZL with different misalignment.

Fig. 6. PSF with the misalignment of 1.8 μm. (a) is the distri-
bution of PSF, and (b) is the cross-section distribution in the
Y direction.
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the increase of error in the way of the quadratic, as shown
in Fig. 5. However, in the X direction, it slowly decreases.
When the mask-alignment error is greater than 1.8 μm,

the details of the first dark ring are submerged in the di-
rection of the error. Figure 6 shows the PSF of the lens
with a misalignment error of 1.8 μm and the cross section
of PSF in the Y direction.
Diffraction efficiency is the ratio of the energy diffracted

into þ1 of the total incident energy. If the phase distribu-
tion of the FZL is continuous in each zone, all incident en-
ergy will focus inþ1 order at the design wavelength. So, in
this Letter, the efficiency is defined as the sum intensity at
the focal plane to the sum intensity of the ideal diffractive
lens at focal plane. Figure 7 shows the variation of diffrac-
tion efficiency with the change of misalignment. The dif-
fraction efficiency without alignment error is 81.06%,

which is the same as the calculated value according to
the Ref. [6]. But, it decreases linearly as the amount of
the error increases. When the misalignment error is
2 μm, the efficiency is only about 45%.

The four-level FZL with the aperture of 80 mm was fab-
ricated, and the micrographs were measured by the ZYGO
NewView 7300 optical three-dimensional (3D) profilers.
Figure 8 shows the surface profile at the outmost zones
of the FZL in the direction of misalignment. The mask-
alignment error is 0.83 μm.

The step depth was also measured at different positions,
as shown in Fig. 9. In this Letter, the average etch depth is
used to characterize the overall etch depth of the lens. The
values of h1 and h2 in the Eq. (3) are 638.7 and 280.5 nm,
respectively. The relative line width error is less than 0.4%
at the edge zones and will be smaller at the center zones.
So, during the calculation, this error was ignored.

Fig. 7. Diffraction efficiency with the change of misalignment.

Fig. 8. (a) The micrographs of the 80 mm FZL at the outmost
zones; (b) is the cross-section profile along the line in (a).

Fig. 9. Depth error of the 80 mm FZL at different positions.

Fig. 10. Test of PSF.
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Due to the large dispersion of diffractive lens, the PSF
can only be accurately analyzed and tested with a single
wavelength. It is difficult to obtain a stable plane wave at
the wavelength of 550 nm. The light source from ZYGO
interferometer with the wavelength of 632.8 nm was used
because it is very convenient to obtained and the wave
aberration of the FZL at 632.8 nm is still very small. Fig-
ure 10 shows the test process of PSF. The test principle
refers to the method in literature[19]. The nominal magni-
fication of the microscope objective lens is 40. Before test,
the magnification was calibrated by using the 4th, 10th,
and 17th lines of No. 4 resolution target in the national
standard JBT 9328–1999[20], and the relative error is less
than 0.5%.
In order to show the details of the PSF, the exposure

time of the CCD was appropriately increased. One of

the test results is shown in Fig. 11(a). As a comparison,
the PSF of the FZL with the quantized fabrication errors
at the wavelength of 632.8 nm (the focal length is
695.1 mm) was calculated and shown in Fig. 11(b). During
the test and calculation, the direction of misalignment is
set to parallel the Y direction. The calculated distribu-
tions of normalized intensity in the X and Y directions
are shown in Fig. 12. The radius of the Airy disk is
6.6 μm in the X direction and 7.1 μm in the Y direction.
The image center shifted from the optical axis with 0.3 μm
along the direction of misalignment. For each tested PSF
image, the boundary of the Airy disk was extracted
through the connected region method[21] and then fitted
as an ellipse. The red ellipse in Fig. 11(a) is the fitted boun-
dary of the Airy disk, and the line with an arrow is the long
axis of the ellipse. We acquired six images of the PSF and
performed the same process. Table 1 shows the parameters
of the fitted ellipse. The angle between the long axis and
the Y direction is very small. It shows that the direction of
the long axis fluctuates in the vertical direction, which is
very close to the direction of the misalignment. The aver-
age radius of the Airy disk is 7.19 μm along the long axis
and 6.90 μm along the short axis. Both of the radii are
slightly larger than the calculated values. The main reason
may be the ignorance of the line width error and the side-
wall tilt of the microstructures.

The þ1st-order diffraction efficiency of the FZL was
also measured at the wavelength of 632.8 nm. The power
fluctuations at 10 m of the source are less than 0.23%, and
the environmental background noise to the total incident
energy is less than 0.15%. The transmittance of the sub-
strate was also deducted from the final results. The dif-
fraction efficiency of the þ1st order is 61.06%, while the
calculated value is 64.76%. The difference is very small,
and the relative error is 5.71%. Except for the measure-
ment errors, some ignored fabrication errors, such as line
width errors and the slanted sidewall of the microstruc-
tures, are the main factors that cause the differences.

In conclusion, the influence of mask-alignment error on
the imaging quality of large-aperture diffractive lens was
analyzed. The complex amplitude transmission function
with fabrication was derived, and the PSF was calculated

Fig. 11. PSF of the 80 mm FZL. (a) is the test result, and (b) is
the calculated result.

Fig. 12. Calculated cross-section intensity distribution of the
FZL. (a) is in the X direction, and (b) is in the Y direction.

Table 1. Parameters of the Fitted Boundary of the Airy Disks

Long Axis Short Axis
Angles Between Long Axis

No. Pixels Length (μm) Pixels Length (μm) and Vertical Direction

1 52.95 7.28 50.58 6.95 2.81°

2 52.46 7.21 50.28 6.91 0.91°

3 52.48 7.22 50.85 6.99 2.37°

4 52.12 7.17 49.45 6.80 2.73°

5 52.02 7.15 50.06 6.88 4.53°

6 51.85 7.13 49.97 6.87 0.45°

Average – 7.19 – 6.90 –
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by the Kirchhoff diffraction integral. The linear superpo-
sition theory of diffraction was used to solve the problem
of large size diffraction calculation. Simulation results of
the four-level diffractive lens show that the diffraction ef-
ficiency decreases linearly with the increasing of the mask-
alignment error. In the misalignment direction, the radius
of the Airy disk decreased with the increasing of error in
the way of the quadratic. However, in the X direction, it
slightly decreases.
Meanwhile, the offset of the image center increases lin-

early with the increasing of the misalignment. When the
mask-alignment error is greater than 1.8 μm, the details of
the first dark ring are submerged in the direction of the
error. The amount of this error may be a little different
for diffractive lenses with different parameters.
For FZLs with more levels, the PSF and diffraction effi-

ciency can also be analyzed by this method, but the mask-
alignment errors are more complex. In the future, the effects
of fabrication errors of large-aperture membrane diffractive
lens on the imaging quality will be studied.
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