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The photoionization by two elliptically polarized, time delayed attosecond pulses is investigated to display a
momentum distribution having the helical vortex or ring structures. The results are obtained by the strong field
approximation method and analyzed by the pulse decomposition. The ellipticities and time delay of the two
attosecond pulses are found to determine the rotational symmetry and the number of vortex arms. For observing
these vortex patterns, the energy bandwidth and temporal duration of the attosecond pulses are ideal.
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When an atom or a molecule is subject to an intense laser
field, ionization or dissociation will generally occur, and
the direct outcome of the ionization process is that the
dislodged electron will manifest a spectrum of either mo-
mentum or energy. Therefore, momentum distributions[1],
including the angular distribution of momentum of the
ionized electron, are extensively investigated in the realm
of atomic, molecular, and optical physics[2–4]. Pertaining to
the ionizing electric field of the strong laser pulse, a variety
of pulse combinations have been deployed: single color or
two colors[5–7], linearly or circularly polarized[8–11], few-cycle
or many cycles[12,13], and infrared or ultraviolet (UV)[14,15].
A few years ago, Ramsey-type interference[16] of laser-

induced electron wavepackets was found to show a totally
new feature: vortex-shaped momentum distribution[17,18]

when two circularly polarized[19,20] weak to intermediate
intensity laser pulses were used in atomic or molecular ion-
ization. The novel finding is that the induced momentum
distribution of the ionized electron on the plane of the laser
polarization showed spiral structure or vortex-shaped mo-
mentum distribution[21–24]. The counter-rotating circularly
polarized pulses would lead to a spiral momentum feature,
while co-rotating laser pulses produced no vortex momen-
tum at all. More importantly, this kind of vortex momen-
tum distribution has been confirmed experimentally using
argon atoms[25]. It was also found that fairly small carrier
frequency, fairly long pulse duration, and improper com-
bination of pulse parameters showed little vortex momen-
tum shape.
In 2007, the semiclassical dynamics of electron wave-

packets were investigated, carrying orbital angular
momentum[26]. Djiokap et al.[17] numerically studied the
helium photoionization by oppositely circularly polarized,
time delayed attosecond pulses. Their finding was that
two-start photoelectron momentum distribution was in-
duced for proper left/right or right/left laser helicities.

Then, the single ionization of the helium atom subject
to circularly polarized laser pulses were numerically
studied[27]. Vortex momentum patterns of zero-start,
one-start, three-start, and four-start were discovered for
a UV carrier frequency of 15 eV and intensity of
1012 W∕cm2. Yuan et al.[28] theoretically investigated
the photoelectron momentum distribution of the molecu-
lar helium ion by bichromatic circularly polarized attosec-
ond UV laser pulses. They discovered that co- and
counter-rotating pulses could induce spiral momentum
distribution. This is the first report, to the best of our
knowledge, on vortex momentum formation in a molecule.
In 2017, Pengel et al.[25] experimentally measured a
sequence of two counter-rotating circularly polarized fem-
tosecond laser pulses that would lead to electron vortices
with c4 and c6 rotational symmetry[17] in the photoioniza-
tion of the potassium atom. Their experimental results
were also compared with numerical simulation. The agree-
ment is excellent.

In this Letter, we investigate a special kind of electron
vortices in photoionization by a pair of time delayed
elliptically polarized attosecond pulses[29,30]. In the polari-
zation plane, these special momentum distributions
exhibit complex mixing vortices that vary by the elliptic-
ity of two pulses, whose signs and absolute values deter-
mine the handedness and shape of the special vortex
patterns, respectively. The large bandwidth of attosecond
pulses is required for observation. Furthermore, our pre-
dicted electron vortices display progressive features of
right–left and left–right photoionizations, demonstrating
an unusual kind of control on photoelectrons in the atto-
second time scale.

In our view, the photoionization by a pair of polarized
attoseconds is a process of interaction between the tunnel
and multi-photon ionization. The ellipticities and time de-
lay of two polarized attosecond pulses are the most
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important parameters to determine the electron vortex
pattern. A pair of elliptically polarized pulses, time de-
layed by τ, interacts with the hydrogen atom in the ground
state with the same frequency ωi and pulse envelope FiðtÞ,
differing in the ellipticity ηi and carrier envelope phases
(CEPs) θi :

FðtÞ ¼ F1ðtÞ þ F2ðt − τÞ;

FiðtÞ ¼ I 0

�
1

ð1þ η2i Þ0.5
cosðωi t þ θiÞx̂

þ ηi
ð1þ η2i Þ0.5

sinðωi t þ θiÞŷ
�

× cos2ðπt∕TÞ ð−T∕2 < t < T∕2; i ¼ 1; 2Þ: (1)

The polarization state of the ith pulse associates with
the ellipticity ηi ; if ηi ¼ 1, the artificial attosecond pulse
is circularly polarized; if ηi ¼ 0, it is linearly polarized.
Elliptical polarization indicates the intermediate state
of the polarized attosecond pulse in the range of
jηi j < 1. The linear and circular polarization degrees of

the ith pulse are ζi ¼ 1−η2i
1þη2i

and ξi ¼ 2ηi
1þη2i

, where

ζ2i þ ξ2i ¼ 1. We compute the photoionization spectrum
for carrier frequency ω ¼ 0.147 a.u. and an electric field
I 0 ¼ 1014 W∕cm2. T ¼ np

2π
ω ¼ 2998 as is the total pulse

duration for np ¼ 3 optical cycles. The temporal envelope
in each pulse can be expressed as cos2ðπt∕TÞ, where T is
the pulse duration. The predicted vortices involve the
processes of single-photon ionization. Thus, lower inten-
sity is required for the vortex patterns to occur.
Without considering the coulomb interaction between

the nucleus and the ionized electron[31], the strong field
approximation (SFA) is deployed to investigate the
photoelectron momentum spectra induced by a pair of
time delayed elliptically polarized attosecond pulses.
Theoretically speaking, the numerical solution to the
time-dependent Schrodinger equation, including the inter-
action between the electron and the applied laser field, is
the only correct way to analyze the strong field process in
atoms and molecules. However, the only doable systems
are limited to two electrons with six degrees of freedom,
due mainly to the computer ability nowadays. On the
other hand, approximate methods, which are able to cap-
ture the essential physics, while the numerical computa-
tion is feasible, turn out to be the workhorse in the
realm of strong field physics.
The probability amplitude of the photoionized electron

in the continuum states with momentum is

f ðp⃗Þ¼−i
Z

∞

−∞
dt0 exp

�
i
Z

∞

t0
dt00

�
I pþ

½p⃗þ A⃗�2
2

��
d⃗ðp⃗Þ·E⃗;

(2)

where A⃗ and E⃗ indicate the vector potential and the total
electric fields, respectively. I p is the ionization threshold of
the hydrogen atom (0.5 a.u.). For hydrogen, the transition
dipole moment d⃗ðp⃗Þ can be expressed as

d⃗ðp⃗Þ ¼ 23.5 × ð2I pÞ5∕4
π

½p⃗∕ðp⃗2 þ 2I pÞ3�: (3)

Archimedean spirals can describe the maxima of the
vortices. For the elliptically polarized pulse, the intrapulse
time delay and ellipticity control the energy spectrum of
the spiral lines. During nonperturbative interaction, the
population dynamics of the first pulse controls the initial
conditions of the second pulse. The initially created
electron wave packet generates an energy-dependent
−τE∕ℏ, in which E expresses the electron excess energy.
In Fig. 1(a), if η1 ¼ 1, and η2 ¼ −1, a pair of elliptically
polarized attosecond pulses is shown as a right-handed cir-
cularly polarized pulse, followed by the second left-handed
circularly polarized pulse. Ionization with a right-handed
circularly polarized pulse proceeds via the js; 0i →
jp;−1i → jd;−2i → jf ;−3i → jg;−4i states, where jl;mi
describes the angular part of the wave function. js; 0i
describes the ground atomic bound, while jp;−1i is the
continuum (positive energy) electron state having the
orbital quantum number l ¼ 1, and the magnetic quan-
tum number m ¼ 1. One photon with helicity one is
absorbed, and angular momentum projection on the quan-
tization axis, which is perpendicular to the laser polariza-
tion plane, is conserved.

Due to the time delay between two pulses, the first elec-
tron wave packet will obtain a phase of −τE∕ℏ when the
first one is generated. In the perturbative limit, the js; 0i
ground state remains unchanged by the first pulse. Thus,
ionization with the second left circularly polarized pulse
proceeds via the js; 0i → jp; 1i → jd; 2i → jf ; 3i → jg; 4i
states.

Thus, the electron wave packet results in the coherent
superposition states with quantum numbers m ¼ �4:

jψ8i ∝ e−iτE∕ℏjf ;−4i þ jf ; 4i: (4)

The interference of two states jf ;−4i and jf ; 4i exhibits
c8 rotational symmetry[17].

For

8<
:
−1 < η1; η2 < 1
η1·η2 < 0
η1 ¼ −η2

; ð5Þ

Fig. 1. Photoelectron momentum distributions in the polariza-
tion plane for ionization of hydrogen by right–left circularly
polarized attosecond pulses with the ellipitcity (a) η1 ¼ 1,
η2 ¼ −1, (b) η1 ¼ 0.75; η2 ¼ −0.75; (c) η1 ¼ 0.5, η2 ¼ −0.5,
(d) η1 ¼ 0.25, η2 ¼ −0.25, (e) η1 ¼ 0, η2 ¼ 0, which are delayed
in time by 2478 as.
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due to the unequal energy distribution of the elliptically
polarized attosecond pulses in the polarization plane,
the pulse energy can be decomposed into a circularly
polarized pulse F cir

i and a linearly polarized pulse F lin
i ,

which are presented as

FiðtÞ ¼ F lin
i ðtÞ þ F cir

i ðtÞ ð−T∕2 < t < T∕2Þ;

F lin
i ðtÞ ¼ E0

�
1− ηi

ð1þ η2i Þ0.5
cosðωi t þ θiÞx̂

�

× cos2ðπt∕TÞ ð−T∕2 < t < T∕2Þ;
F cir

i ðtÞ ¼ E0
ηi

ð1þ η2i Þ0.5
½cosðωi t þ θiÞx̂ þ sinðωi t þ θiÞŷ�

× cos2ðπt∕TÞ ð−T∕2 < t < T∕2Þ: (6)

A paired of time delayed linearly polarized pulsed can
be considered special elliptically polarized attosecond
pulses of η1 ¼ 0, η2 ¼ 0. Shown as Fig. 1(e), the ionization
spectrum of a pair of the linearly polarized pulses cannot
exhibit the vortex shape but have the characteristic of
rotational symmetry, which contributes to the c2 rotation
symmetry for the final ionization spectrum pattern of
the elliptically polarized attosecond pulses. On the other
hand, the photoelectron momentum distribution with two
time delayed counter-rotating circularly polarized pulses
exhibits the c8 rotational symmetry and has eight vortex
arms according to the above discussion. However, because
the overlapping of the c8 pattern and c2 pattern is the c2
pattern, for the elliptically polarized attosecond pulses,
the photoelectron momentum distribution exhibits c2
symmetry and has 2–8 vortex arms, described as Fig. 1.
The number of vortex arms varies with the ellipticity η.
With the increase of jηj, the number of vortex arms also
increases.
For instance, if η1 ¼ −0.5, η2 ¼ 0.5, the elliptically

polarized attosecond pulses can be divided into a circu-
larly polarized pulse and a linearly polarized pulse. The
circularly polarized pulse determines that the largest num-
ber of the vortex arms is eight. The linearly polarized pulse
determines that the momentum distribution spectrum
exhibits c2 rational symmetry. However, because the equal
linearly polarized pulse effects the shape of the vortex
arms seriously, the vortex arms begin to fuse along the
rotational direction and enhance with the decrease of
jη1j and jη2j, shown as Fig. 1(c). The vortex arms fuse
and are gradually separated by one gap, which applies
to all of the momentum distribution with a pair of time
delayed equal ellipticity elliptically polarized attosecond
pulses. For η1 ¼ 0.25, η2 ¼ −0.25, it can be seen that
the momentum distribution spectrum has evolved into
a c2 rotation symmetry with two vortex arms, which is
similar to the spectrum pattern ionized by a pair of the
linearly polarized pulses.
For the case of a pair of unequal elliptically polarized

attosecond pulses,

8<
:
−1 < η1; η2 < 1
η1·η2 < 0
η1 ≠ −η2

. ð7Þ

The elliptically polarized attosecond pulses are also con-
sidered as the addition of a circularly polarized pulse and a
linearly polarized pulse. However, because the ellipticity of
two elliptically polarized attosecond pulses are unequal,
the ionization momentum distribution spectrum exhibits
a mixed state of two pairs of time delayed elliptically
polarized attosecond pulses with different η. The ioniza-
tion spectrum for η1 ¼ −1, η2 ¼ 0.5 approaches the mixed
state of the ones for η1 ¼ −1, η2 ¼ 1 and η1 ¼ −0.5,
η2 ¼ 0.5, shown as Fig. 2. In our view, for simplifying cal-
culations, a pair of unequal elliptically polarized attosec-
ond pulses can be decomposed into a pair of equal
elliptically polarized attosecond pulses F eq

i ðtÞ and a lin-
early polarized pulse F lin

i ðtÞ, which can be translated into

FðtÞ ¼ F eq
i ðtÞ þ F lin

i ðtÞ ði ¼ 1; 2Þ;
F eq

1 ðtÞ ¼ F1ðtÞ þ F1ðt − τÞ;
F lin

1 ðtÞ ¼ F2ðt − τÞ− F1ðt − τÞ;
F eq

2 ðtÞ ¼ F2ðtÞ þ F2ðt − τÞ;
F lin

2 ðtÞ ¼ F1ðtÞ− F2ðtÞ: (8)

The number of the vortex arms and the shape of the
ionization momentum distribution mainly depend on
the equal elliptically polarized attosecond pulses F eq

i ðtÞ.
The linearly polarized pulse F lin

i ðtÞ affects the vortex
pattern slightly, because it only has one polarization
direction. For instance, the ionization spectrum with
η1 ¼ −0.5, η2 ¼ 0.25 has six vortex arms between the vor-
tex arm numbers of the one with η1 ¼ −0.5, η2 ¼ 0.5 and
η1 ¼ −0.25, η2 ¼ 0.25. It exhibits a mixed state of
two cases.

Experimental observation of the vortex patterns in the
photo-electron momentum distributions requires a pair of
oppositely elliptically polarized attosecond pulses with
low intensity, but with control of the time delay and
the relative CEP between two pulses. For the case of
η1 ¼ 1, η2 ¼ 1, the photoelectron momentum distributions
exhibit a form similar to Newton’s rings, based upon
Ramsey interference of the two electronic wave packets.

Fig. 2. Photoelectron momentum distributions in the polariza-
tion plane for ionization of H by right–left circularly polarized
attosecond pulses with the ellipitcity (a) η1 ¼ 1, η2 ¼ −1,
(b) η1 ¼ 1, η2 ¼ −0.5, (c) η1 ¼ 0.5, η2 ¼ −0.5, (d) η1 ¼ 0.25,
η2 ¼ −0.25, (e) η1 ¼ 0.25, η2 ¼ −0.25, which are delayed in time
by 2478 as.
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Ionization with a pair of right-handed elliptically
polarized attosecond pulses proceeds via the same path-
way js; 0i → jp;−1i → jd;−2i → jf ;−3i → jg;−4i state.
Therefore, taking a phase of −τE∕ℏ into consideration,
the wave packet function is composed of the contributions:

jψi ∝ e−iτE∕ℏjg;−4i þ jg;−4i: (9)

For the case of

�
−1 < η1; η2 < 1
η1·η2 > 0

; ð10Þ

owing to the difference of the ellipticity η1 and η2,
Newton’s rings exhibit different characteristics. If
η1 ¼ η2, the momentum spectra are regular and the sym-
metry rings have two gaps along the radial direction in the
momentum space. If η1 ≠ η2, the ones exhibit irregular
rings that have two misplaced gaps, because two time
delayed elliptically polarized attosecond pulses have dif-
ferent energies in the polarization plane for the photoioni-
zation process [displayed as Fig. 3(c)]. The asymmetry of
the ring pattern varies with the difference between η1
and η2.
For simplifying the process, two time delayed left-

handed (or right-handed) pulses can also be regarded as
a pair of equal elliptically polarized attosecond pulses com-
bined with a single linearly polarized attosecond pulse,
which is expressed as Eq. (1). The part of elliptically po-
larized attosecond pulses still contributes to the main
shape and number of the “Newton’s rings”. But, the size
of the gaps in the ionization momentum distribution
depends on the linearly polarized attosecond pulse. As
shown in Fig. 3, for η1 ¼ 0.5, η2 ¼ 0.25, the ionization
spectrum pattern exhibits three asymmetry rings with
two gaps. In contrast, the ones with η1 ¼ 0.5, η2 ¼ 0.5
exhibit two symmetry rings. But, due to the ellipticity
being closer to zero, the momentum distribution with
η1 ¼ 0.25, η2 ¼ 0.25 has several symmetry curves, which
shows the characteristics of the ionization spectrum with
linear pulses.
Additionally, the ellipticity η ¼ 0 is a special case,

where the elliptically polarized attosecond pulses are
evolved into a linearly polarized pulse. For η1 ¼ −0.5,
η2 ¼ 0, as well as η1 ¼ −1, η2 ¼ 0, a pair of elliptically

polarized attosecond pulses is regarded as a right-handed
pulse following a linearly polarized pulse. Ionization with
two pulses only proceeds only via the pathway js; 0i →
jp;−1i → jd;−2i → jf ;−3i → jg;−4i state. Thus, the
momentum spectrum does not exhibit the characteristics
of the ring and vortices, shown as Fig. 4.

For a pair of opposite elliptically polarized attosecond
pulses, the ionization momentum distribution pattern
associates with the ellipticity, which determines the num-
ber of vortex arms and the rational symmetry. For the
case that the linearly polarized pulse decomposition of
the elliptically polarized attosecond pulses exceeds a
threshold, the photoionization of the circularly polarized
pulse decomposition is covered, and the vortex momen-
tum spectrum cannot be displayed.

Our numerical results for the SFA for two oppositely
elliptically polarized few-cycle attosecond pulses are dis-
played in Fig. 5, where we plot the photoelectron momen-
tum distributions in the polarization plane for various
time delays and ellipticities. Figs. 5(a), 5(b), and 5(c)
are for a pair of common elliptically polarized attosecond
pulses with η1 ¼ 0.5, η2 ¼ −0.5. It can be seen that the

Fig. 3. Photoelectron momentum distributions in the polariza-
tion plane for ionization of H by right–right circularly polarized
attosecond pulses with the ellipitcity (a) η1 ¼ η2 ¼ 1,
(b) η1 ¼ η2 ¼ 0.5, (c) η1 ¼ 0.5, η2 ¼ 0.25, (d) η1 ¼ η2 ¼ 0.25,
which are delayed in time by 2478 as.

Fig. 4. Photoelectron momentum distributions in the polariza-
tion plane for ionization of H by a linearly polarized attosecond
pulse and a circularly polarized attosecond pulse with the elli-
pitcity (a) η1 ¼ 0.5, and (b) η1 ¼ 1, which are delayed in time
by 2478 as.

Fig. 5. Photoelectron momentum distributions in the polariza-
tion plane for ionization of H by a right–left elliptically polarized
attosecond pulse with the ellipitcity (a)–(c) η1 ¼ 0.5, η2 ¼ −0.5,
and (d)–(f) η1 ¼ 1, η2 ¼ −1, delayed in time by (a) and
(d) 826 as, (b) and (e) 1652 as, and (c) and (f) 2478 as.
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time delay impacts the vortex pattern. For a smaller time
delay, such as τ ¼ 826 as, two elliptically polarized atto-
second pulses are close to each other, which effects the
form of the vortex in the photoionization. Therefore,
the vortex pattern is vague with the thick vortex arms
in the photoelectron momentum distributions. But, for
τ ¼ 1652 as, and τ ¼ 2478 as, enough time delay ensures
the well-defined vortex pattern, which exactly shows the
C2 rational with six vortex arms. On the other hand, in
Figs. 5(d), 5(e), and 5(f), we display the photoelectron
momentum distributions for a pair of opposite circularly
polarized attosecond pulses. In addition to the result dem-
onstrated in the case of η1 ¼ 0.5, η2 ¼ −0.5, one can also
observe that the time delay effects the number of the vor-
tex arms. For τ ¼ 1652 as, the number of vortex arms is
six, while for τ ¼ 2478 as, the one is eight. Moreover, for
the same time delay, smaller ellipticity η easily exhibits the
characteristics of the vortex pattern. For η1 ¼ 1, η2 ¼ −1,
if the time delay is τ ¼ 826 as, the vortex disappears com-
pletely, shown as Fig. 5(d), while for η1 ¼ 0.5, η2 ¼ −0.5,
six thick vortex arms can also be discerned. Vortices in the
probability distribution depend on the time delay and
ellipticity.
In conclusion, a special photoionization with a pair of

time delayed elliptically polarized attosecond pulses is in-
vestigated by the SFA. As demonstrated in the momen-
tum distribution pattern, the rational symmetry and
the vortex line number are sensitive to the time delay
and ellipticity of two elliptically polarized attosecond
pulses. The ionization pathways were selected by the field
strength via the population dynamics and the laser polari-
zation via selection rules. In our strategy, an elliptically
polarized attosecond pulse with varying ellipticity is re-
garded as an addition of the circularly and linearly polar-
ized attosecond pulses for simplifying the calculation. The
final momentum distribution by a pair of elliptically po-
larized attosecond pulses exhibits a mixed state of the ones
generated by the circularly and linearly polarized attosec-
ond pulses. The signs of the ellipiticity determine the
shape (vortex or ring) of the momentum distribution.
In addition, the time delay can also affect the character-
istics of the vortex pattern. Experimental observation of
these vortex patterns in the photoelectron momentum
distributions requires a pair of oppositely elliptically po-
larized attosecond pulses with low intensity but with con-
trol of the time delay between two pulses. In the extreme
UV, generation of the circularly polarized harmonics en-
ergy regime has recently been achieved[32]. Reaction micro-
scope techniques and velocity map imaging are used to
measure the momentum spectrum. The sensitivity of
the vortex-shaped patterns to the parameters of the pair
of attosecond pulses makes them an ideal method of tim-
ing ultrafast processes and of characterizing these pulses.

This work was supported by the National Natural Sci-
ence Foundation of China (Nos. 11674243 and 11674242)
and the Fundamental Research Funds for the Central
Universities (No. 3122016D029).
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