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A method based on slope stitching for measurement of a large off-axis parabolic trough collector is proposed and
applied to the surface shape reconstructed from the gradient data acquired by using the reverse Hartmann test.
The entire reflector is divided into three sections with overlapping zones along the concentration direction.
A mathematical model for the slope stitching algorithm is developed. An improved reconstruction method com-
bining Zernike slope polynomials iterative fitting with the Southwell integration algorithm is utilized to recover
the real three-dimensional (3D) shape of the collector. The efficiency and validity of the improved reconstruction
method and the stitching algorithm are experimentally verified.
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Parabolic trough collectors (PTCs) are widely used in
concentrating solar technologies to reflect sunlight onto
a specific receiver. In order to reach high optical concen-
tration efficiency values, the geometry, especially the
slope, of the reflector surface must be precise. Therefore,
it is significant to accurately test and evaluate the geomet-
ric precision of the collectors. A variety of techniques have
been developed to analyze the surface errors, of which four
typical types are video scanning Hartmann optical test
(VSHOT)[1], photogrammetry[2,3], null-screen testing[4,5],
and deflectometry[6,7]. However, these measurement tech-
niques cannot simultaneously meet the requirements
of accurate, fast, inexpensive, and insensitivity to environ-
mental turbulence at the same time. The setup of photo-
grammetry and VSHOT is time consuming, and the
spatial resolution is limited due to the detection principle.
The null-screen testing method and deflectometry is useful
for measuring a large parabolic collector[8–10], and it also
can greatly cut down the measurement time. However,
for null-screen testing, the design and alignment of the
null screens are not easy[5]. A projector should be used
to project stripe patterns on a white target surface, and
these patterns also need to be corrected by using deflec-
tometry[11]. Additionally, the surface shape reconstruction
is a trouble in practical measurement. It seems not that
easy to obtain very accurate measurement results, as only
second-order polynomials may be used to retrieve the sur-
face shape[12].
In this study, the reverse Hartmann test approach,

which can be seen as a combination of deflectometry
and VSHOT in some aspects, is used to measure the sur-
face gradient of the PTC. An improved three-dimensional
(3D) shape reconstruction method, combining Zernike
slope polynomials iterative fitting with the Southwell
integration algorithm, is employed in our measurement
system for collector shape retrieval. It is well-known that

several surface shape detection techniques are based on
the measurement of the gradient data, for example, the
Hartmann and Shack–Hartmann sensors[13], the shearing
interferometer, Foucault’s knife-edge test, and many
others[14–17]. All of these techniques provide the gradient
data of the wavefront or surface. The proposed improved
reconstruction algorithm can also be used to retrieve the
surface shape or the wavefront. As the test collector is
thousands of millimeters in our measurement, the slope
stitching technique for connecting separately measured
regions is utilized to ensure that the retrieved surface is
continuous and smooth.

The principle of the reverse Hartmann test method can
be described from the point of view of a Hartmann test
with the light going through the measurement system
in reverse[18,19], as shown in Fig. 1(a). A liquid crystal dis-
play (LCD) is used as the Hartmann stop to display

Fig. 1. (a) Principle of the reverse Hartmann test. (b) The mea-
surement schematic of the PTC surface.
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sinusoidal fringe patterns. A detector is used to record the
deformed fringes related to surface deviations. A pinhole,
which is optimized to limit the width of each reflected
beam entering the optical system, is placed in front of
the camera. Figure 1(b) shows the schematic diagram
of the basic geometric principle that we use for measuring
the off-axis parabolic solar mirror with apertures
of 1628 mm × 1700 mm.
As shown in Fig. 1(b), the light ray, which is emitted

from an LCD and reflected by the measured surface, is col-
lected by the pinhole camera. The angular bisector of the
incident ray and the reflected ray is normal to the reflec-
tion point on the reflector. The slope at this point can be
calculated by measuring the position of the lit pixel on the
LCD, the coordinate of pinhole in front of the camera, and
the direction vector of the reflected ray. According to the
reflection law, the normal N to the surface can be evalu-
ated as

N ¼ R− I
jR− Ij ; (1)

where R and I are the unit vectors describing the direc-
tions of the incident and the reflected rays on the test mir-
ror, respectively, and N is the unit normal vector at the
surface.
The reflected ray passes through the pinhole and arrives

at the camera image plane. A sixteen-step phase-shifting
technique is used, and the light intensity from the LCD
screen entering the pinhole camera is

I ðx; yÞ ¼ a þ b cos½ϕðx; yÞ þ δ�; (2)

where ϕðx; yÞ is the phase value to be found, a is the
background intensity, b is the amplitude modulation of
the patterns, and δ is the additional phase shift 2π∕16;
4π∕16;…; 32π∕16. Thus, the phase value ϕðx; yÞ that
represents a unique position on the LCD screen and a
CCD detector can be calculated as in Eq. (2):

ϕðx; yÞ ¼ arctan

2
4−

P16
i¼1 I iðx; yÞ sin

�
i 2π16

�
P16

i¼1 I iðx; yÞ cos
�
i 2π16

�
3
5: (3)

The absolute phase value can be obtained by using the
phase-unwrapping algorithm. The absolute phase of a
CCD pixel is equal to the absolute phase of its correspon-
dence point located on the LCD screen. The slopes of a
series of corresponding measured points can be obtained
by using the reflection law, as the computer-aided design
(CAD) model of the solar concentrator can supply an ini-
tial estimate of the surface shape. Then, the surface shape
can be reconstructed through Zernike slope polynomials
iterative fitting and Southwell integration.
A major challenge in optical characterization evaluation

of PTC is to detect defects of microns on the surface of
thousands of millimeters. The stitching technique based
on the reverse Hartmann test is considered to be a practical

and efficient method. The measurement of PTC in the
y direction can be regarded as the detection of the plane sur-
face, as its curvature is zero. The entire solar concentrator is
divided into different regions with overlapping zones. Each
region is measured using the reverse Hartmann test, which is
scanned over the entire surface. Figure 2 shows the stitching
measurement of the PTC in the y direction. In the measure-
ment system, an 80 in. LCD screen is selected to display
sinusoidal fringe patterns, which can illuminate the entire
test surface. The length of the LCD screen is slightly longer
than the length of the PTC in the y direction. According to
the reverse Hartmann test principle, half of the cylindrical
surface in the y direction can be measured when using only
one camera, as shown in Fig. 2(a). Theoretically, two
cameras localized at opposite sides of the LCD are enough
to collect the entire surface shape data, as shown in
Fig. 2(b). As the focal length of the PTC is 1710 mm,
the LCD screen can be placed at about the center of the
radius of the curvature of the collector. In order to accu-
rately test the geometric precision of the PTC, the CCD
plane and the reflector should be conjugate. Thus, the focal

Fig. 2. Measurement of the PTC along the y direction. (a) One
camera for half of the cylindrical surface, (b) two cameras for the
entire cylindrical surface with small overlapping zones, (c) three
cameras for the entire cylindrical surface with sufficient overlap-
ping zones, and (d) the measurement schematic of the PTC
surface along the y axis.
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length of the lenses used in the pinhole cameras, the field of
view, and the angle of inclination of the cameras can be
calculated in our measurement system. However, the diffi-
culty lies in obtaining a complete and accurate surface shape
for only using two cameras. The overlapping zones are sub-
stantially close to zero when using two cameras. In order to
effectively use the CCD plane and improve the measure-
ment resolution, eccentric lenses need to be used in the data
acquisition systems. In our measurement system, three
cameras are used for ensuring measurement accuracy and
increasing the slope measurement range of the PTC in
the y direction, as shown in Fig. 2(c). Figure 2(d) shows
the measurement schematic of the PTC surface along the
y axis.
The problem is then reduced to fitting these three sepa-

rate measurement regions, which may contain different
amounts of piston, tilt, and defocus, back into a complete
map of the large off-axis parabolic solar reflector. The slope
at discrete points on the test mirror corresponding to each
camera can be calculated by using the reverse Hartmann
test method. Slope stitching technology has been used to
connect the slope values of separately measured regions
in the overlapping area. Since the measurements are taken
by different cameras, an equally spaced interpolation per-
formed by the use of linearity must be adopted in the over-
lapping area of two adjacent images. Figure 3 shows the
acquisition sections of three cameras corresponding to
Fig. 1(b) or Fig. 2(d). The spacing between adjacent sample
points is 1 mm. Corresponding to the same point on the test
mirror collected by adjacent cameras, its slope value cannot
be simply equal to half the sum of the slope values calcu-
lated in different acquisition system, as given in Eq. (4). If
this calculation method is adopted, there would be obvious
stitching traces in the reconstructed surface shape. In this
Letter, the weighted average of gradient values in the over-
lapping region is utilized to stitch these three separate sec-
tions together [see Eq. (5)]:

�
S12ðx; yÞ ¼ C1ðm− lþ x; yÞþC2ðx; yÞ

2

S23ðx; yÞ ¼ C2ðm− lþ x; yÞþC3ðx; yÞ
2

for
�
x ¼ 1; 2;…; l
y ¼ 1; 2;…; n

;

(4)

�
S12ðx; yÞ ¼ l− xþ 1

1þ l ·C1ðm − l þ x; yÞ þ x
1þ l·C2ðx; yÞ

S23ðx; yÞ ¼ l− xþ1
1þl ·C2ðm − l þ x; yÞ þ x

1þ l·C3ðx; yÞ :

ð5Þ

In these equations, S12ðx; yÞ and S23ðx; yÞ are the slope
values in the x and y directions at the sample points of
the overlapping areas; C1ðx; yÞ, C2ðx; yÞ, and C3ðx; yÞ
are the slope values of the sample points corresponding
to the three cameras. For any arbitrary sample point
P lying in the overlapping zone between adjacent subaper-
tures, as shown in Fig. 3, its slope value can be cal-
culated by using Eq. (5) [C 1P (m − l þ x; y) for Camera1,
C2Pðx; yÞ for Camera2]. In this way, the slopes of a dis-
crete set of points in the common area of the overlapping
zone can be obtained. Then, the overall surface shape of
the PTC can be reconstructed by Zernike slope polyno-
mials iterative fitting, as the surface retrieval is useful
for improving the manufacturing and installing process,
and all of the slope values are analyzed to determine
the expansion coefficients, as described in detail in the
subsequent section. The retrieved surface is continuous
and smooth by using slope stitching technology.

It is well-known that the terms of orthonormal Zernike
polynomials associate with different types of aberrations.
It is convenient to express the reflector shape by a linear
combination of Zernike polynomials, as the removing of
tilts and defocusing is simple. The expansion of the func-
tion can be written as

W ðx; yÞ ¼
XN
i¼0

CiZiðx; yÞ; (6)

where W ðx; yÞ is the surface shape function, Ci is the
expansion coefficients to be determined, and Zi (x, y) is
the Zernike polynomials. The gradient data of the estima-
tion formula can be expressed by differentiating Eq. (6):

(
∂W ðx; yÞ

∂x ¼ PN
i¼0 Ci

∂Zi ðx; yÞ
∂x

∂W ðx; yÞ
∂y ¼ PN

i¼0 Ci
∂Zi ðx; yÞ

∂y
: ð7Þ

Equation (7) can be given in matrix form:

S ¼ P � C; (8)

where S is the vector that contains all of the measured
slope values (∂W∕∂x; ∂W∕∂y), P is the partial differential
Zernike polynomials matrix (∂Zi∕∂x; ∂Zi∕∂y), and C is the
column vector containing terms of C 1;C2;…, and CN . The
unknown expansion coefficients Ci can be calculated by
using the standard least-squares fitting. Then, substitut-
ing Ci into Eq. (6), the tested reflector shape can be
reconstructed. Theoretically, the process of 3D shape
retrieval is ideal because the unit normal vectors N accu-
rately are known. In practice, the collector deformations
can achieve the millimeters level, and the gradient data
may not be ideally available for the entire surface as ex-
pected. In order to reconstruct the 3D shape of the PTC

Fig. 3. Slope stitching configuration for acquisition sections of
three cameras.
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with desired accuracy, successive Zernike slope polynomials
iterations is employed. Figure 4 illustrates the iterative
algorithm. The implementation details of the iterative proc-
ess can be described in the following steps:
Step 1: Substitute the designed value of the surface shape
for initial iteration value. Express the designed collector in
terms of Zernike polynomials by Eq. (6) and least-squares
fitting. Set the iterative number as j ¼ 1.
Step 2: Calculate the gradient data of each sampling point
by Eq. (1), as the direction vectors corresponding to differ-
ent pixels in the CCD plane can be obtained by using the
calibration technique. Update j ¼ j þ 1.
Step 3: Take slope Zernike polynomials fitting according
to Eqs. (7)–(8) and standard least-squares fitting to esti-
mate CðjÞ. Substitute CðjÞ into Eq. (6) to obtain the 3D
shape of the collector W ðjÞ.
Step 4: Check the difference between the updated surface
estimation and the previous estimation. If the 3D shape
differences are jW ðjÞ −W ðj−1Þj ≥ 10−6 mm recalculate the
slope values and go back to Step 2. Otherwise, end the loop.
Step 5: Iterative terminate, recover the 3D surface shape
of the PTC.
The Zernike slope polynomials iterative fitting tech-

nique provides the overall surface shape of the large reflec-
tor. The iterative process can also guarantee the stability
and robustness in practical measurement. However, local-
ized or small errors will not appear in the final polynomial
fit, as only a limited number of terms are used. In order to
retrieve the high frequency information of the surface
shape, Southwell integration is made on the basis of iter-
ations of Zernike slope polynomials. The relations of the
height difference and the slope can be presented by

(
ðhmþ 1;n − hm;nÞ·Δ ¼ ðsxmþ 1;n þ sxm;nÞ∕2 ¼ sxmþ 1∕2;n
ðhm;nþ 1 − hm;nÞ·Δ ¼ ðsym;nþ 1 þ sym;nÞ∕2 ¼ sym;nþ 1∕2

;

ð9Þ

where hm;n represents the surface height at certain point
(m, n) in a sample point array of M columns by N rows.
1∕Δ is the sample spacing between two adjacent points,
sxm;n and sym;n are the slope values in the x and y directions.
ðM − 1Þ× N equations along the horizontal direction
and M × ðN − 1Þ equations along the vertical direction
[like Eq. (9)] can be obtained as illustrated in Fig. 5.
The 3 × 3 points are used to represent M × N sample
points, the slope values s1 to s6 and s7 to s12 are used
to replace sxmþ1∕2;n and sym;nþ1∕2, which are half of the slopes
of two adjacent points. Thus, a set of equations relating
slopes to the surface heights can be expressed as the right
side in Fig. 5. In order to calculate the surface heights of
these sample points, the means of a least-squares algo-
rithm can be used. In the process of surface retrieval,
we substitute slope deviations between the actual slope
values and differential values of Zernike polynomials iter-
ation surface shape for slopes sm;n. Surface deformations
from the iteration surface shape can be obtained by South-
well integration, which contains high frequency errors. In
our 3D shape reconstruction algorithm, the Zernike slope
polynomials iterative fitting result is set to be the initial
value of the Southwell integration method.

The schematic of the reverse Hartmann layout for
scanning and measuring the large off-axis parabolic solar
collector (focal length of 1710 mm) is shown in Fig. 6. The
test reflector is adjusted by a platform, which consists of a
granite platform used as the base plane, four well-thought-
out support structures used to mount the concentrator,
and four pillars to position the PTC. An 80 in. LCD screen
configured at a resolution of 1080 × 1920 pixels was used
to generate sixteen-step phase-shifting fringe patterns.
Three pinhole CCD cameras with the pixel pitch of
5.2 μm were setup next to the LCD to receive the reflected
deformed fringe patterns. According to the curvature ra-
dius and shape of the collector, the relative position of the
LCD, PTC, and pinhole cameras can be optimized. The
pinhole cameras and LCD screen were 4612.6 and
4629.3 mm away from the platform in the z direction,
respectively. The distance between the two edges of the
collector and the platform were both 394.9 mm. The field
of view of each pinhole camera is about 11.5°. Horizontal
and vertical fringes were projected onto the LCD screen,

Fig. 4. Iterative process for 3D shape reconstruction of the
collector. Fig. 5. Southwell integration for surface shape reconstruction.
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Fig. 6. Schematic of the experiment setup for using the reverse Hartmann test to measure the large collector.

Fig. 7. (a) Experimentally measured slope deviations for three cameras on the x axis, (b) experimentally measured slope devia-
tions for three cameras on the y axis, (c) stitched gradient data and height deformation, and (d) slope distributions and 3D shape
of the PTC.
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and the deformed fringes were synchronously recorded by
three cameras. The 3D shapes were precisely recon-
structed by Zernike slope polynomials iterative fitting
and Southwell integration for low to middle frequency in-
formation and high frequency information of the PTC,
respectively.
The measured slope deviations for each camera are

shown in Figs. 7(a) and 7(b) [(a1)–(a3) correspond to the
x direction, (b1)–(b3) correspond to the y direction]. The
sizes of these three subapertures are 1628 mm× 624 mm,
1628 mm × 848 mm, and 1628 mm× 572 mm, respec-
tively. An overlapping of 20% is maintained. All three sec-
tions are stitched together by utilizing the slope stitching
approach. The stitched mathematical model is experimen-
tally verified. Figures 7(c1)–7(c2) present the stitched slope
deviations. The piston, tilt, defocus, and other primary
Zernike aberrations are subtracted in these deviation maps.
The red and blue colors in the images represent the magni-
tude of deviations, which is up to þ11 and −11 mrad.
Figure 7(c3) shows the collector deformation shape (low-
order shape removed) from the slope polynomial fitting
and integration with the Zernike iteration and Southwell
zonal methods. The high frequency surface shape informa-
tion is especially useful for improving the collector fabrica-
tion and installation process. Figures 7(d1)–7(d3) present
the calculated gradient data and reconstructed 3D shape
of the PTC.
In conclusion, we present a metrology scheme for the

surface measurement and shape reconstruction of a para-
bolic trough solar collector by a slope stitching technique
using the reverse Hartmann test. A mathematical model for
slope stitching of the large off-axis reflector is developed. An
improved reconstruction algorithm, incorporating Zernike
slope polynomials iterative fitting and the Southwell inte-
gration algorithm, is utilized to reconstruct the surface
shape from gradient data in a rectangular-shaped aperture.
The iterative process based on the Zernike slope polyno-
mials fitting technique can guarantee the robustness and
stability in practical measurement. Southwell integration
based on the iterations is employed to calculate the high
frequency information of the collector. The stitching tech-
nique and the reconstruction algorithm are verified by per-
forming the experimental studies on the large collector. The
proposed method is a stable, efficient, accurate, and cost-
effective approach to solve the 3D shape reconstruction

problem of a large parabolic trough solar collector from
the measured gradient data acquired by the reverse
Hartmann test.
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