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An algorithm is proposed for the fast reconstruction of off-axis digital holograms based on a combination of
complex encoding (CE) and spatial multiplexing (SM). In this algorithm, every two off-axis holograms recorded
in sequence are first assembled into a CE hologram using the CE method, and then four of the CE holograms are
again encoded into one complex spatial multiplexing (CSM) hologram based on the SM algorithm. It is dem-
onstrated that the eight holograms encoded into such one CSM hologram can be quickly reconstructed by per-
forming a two-dimensional (2D) Fourier transform (FT) on the CSM hologram. Using this method, the eight 2D
FTs required for the reconstruction of the eight holograms in the conventional spatial filtering methods can be
simplified to a process with only one 2D FT, which can largely improve the computation efficiency with the
resolution of the reconstructed images nearly unchanged.
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Digital holography (DH) has drawn much attention in re-
cent years due to its unique capability for digitally retriev-
ing the complex amplitude distribution transmitted or
scattered by a sample. Its applications have been extended
to many areas, such as contour measurement[1–5], digital
microscopy[6–9], image recognition[10–12], x ray imaging[13–15],
electron microscopy[16–18], and various noninvasive mea-
surements[19–21]. According to the relative orientations
between the object beam and the reference beam in a holo-
graphic recording system, DHs are often divided into two
categories: on-axis and off-axis. The former is capable of
effectively utilizing the spatial frequency bandwidth of
image sensors and thus can capture finer sample spatial
details, but it suffers from the disturbance of the zero-
order autocorrelation and the conjugate image, which
need to be eliminated by using phase-shifting techniques
or other time-consuming elimination algorithms[22–26]. In
off-axis DHs, the autocorrelation and the conjugate items
are separated from the required image item in the spatial
frequency domain and thus can be eliminated simply by
digital spatial filtering[27–30], although the off-axis geometry
will result in an extra demand for the bandwidth of
imaging sensors.
In the reconstruction of the recorded wavefront from an

off-axis hologram based on spatial filtering, at least a two-
dimensional (2D) Fourier transform (FT) is required,
which is usually a time-consuming operation, especially
for a hologram with a large number of pixels. Although
such a reconstruction process could be speeded up to video
rate using parallel computing techniques, some special
graphic processing units and high programming skill are
required. Recently, Girshovitz et al. proposed a novel

and effective method for speeding up the reconstruction
of off-axis digital holograms based on digital angular
multiplexing (AM)[31] and a complex encoding (CE)[32]

algorithm, which realizes the quick reconstruction of up
to four holograms at the same time. This approach greatly
increases the reconstruction efficiency and makes it pos-
sible to realize a real-time holographic reconstruction
with a personal computer. In this paper, we present a
complex spatial multiplexing (CSM) method for the fast
reconstruction of off-axis holograms based on a combina-
tion of the CE algorithm and the spatial multiplexing
(SM) algorithm[33]. Using this method, up to eight holo-
grams can be encoded into one complex hologram and
synchronously reconstructed, and so the reconstruction
efficiency can be further improved.

Suppose that the interference intensity of an off-axis
digital hologram recorded by an image sensor is

Htðx; yÞ ¼ R2 þ jOtðx; yÞj2 þOtðx; yÞR expð−i2πξ0xÞ
þO�

t ðx; yÞR expði2πξ0xÞ; (1)

where Otðx; yÞ is the complex amplitude of the sample re-
corded at time t, and R is the amplitude of the reference
beam. For the sake of simplicity, we assume that the refer-
ence beam is a plane wave tilted in the x direction with a
carrier frequency of ξ0. If the bandwidth of the recorded
object wave is equal to 2ξm, the size of ξ0 is usually set
to one and a half times the bandwidth for an ideal off-axis
hologram, that is, ξ0 ¼ 3ξm. For extracting the sample’s
complex amplitude from such an off-axis hologram, it is
necessary to first transform Eq. (1) into its spatial
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frequency domain by a 2D FT. The spatial frequency of
the hologram Ht can be expressed as

~Ht ¼ FfHtg ¼ FfR2 þ jOt j2g þ RFfOtg ⊗ δðξþ ξ0Þ
þ RFfO�

t g ⊗ δðξ− ξ0Þ
¼ Ctðξ; ηÞ þ R ~Otðξ; ηÞ ⊗ δðξþ 3ξmÞ
þ R ~O�

t ðξ; ηÞ ⊗ δðξ− 3ξmÞ; (2)

where Ffξ; ηg denotes the FT operation, ⊗ is the convo-
lution operator, Ctðξ; ηÞ is the autocorrelation item deter-
mined by the first two items in Eq. (1), ~Otðξ; ηÞ and
~O�
t ðξ; ηÞ are the FTs of Otðx; yÞ and O�

t ðx; yÞ. The delta
functions of δðξþ ξ0Þ and δðξ− ξ0Þ mean the frequency
shifts of ~Otðξ; ηÞ and ~O�

t ðξ; ηÞ, respectively, introduced by
the carrier frequency ξ0 of the reference beam. Figure 1(a)
shows a sketch of the spatial spectrum of the hologramHt ,
in which ξ0 is set to three times the maximum frequency of
the recorded sample ξm. It can be seen that, in this situa-
tion, the spatial spectrum of the sample could be directly
extracted from the spatial spectrum of the hologram by
spatial filtering[27–30], and then the recorded complex ampli-
tude of the sample wave can be reconstructed by a further
inverse FT. That is to say, two 2D FTs are needed for the
retrieval of the complex amplitude of the sample wave
from each hologram based on the conventional spatial
filtering methods. However, 2D FTs are often time-
consuming operations, especially for a hologram with a
large number of pixels.
To improve the reconstruction efficiency of the off-axis

holograms, we propose the CSM algorithm based on a
combination of the CE algorithm and the SM algorithm.
In this CSM algorithm, we first assemble eight off-axis
holograms Hiðx; yÞ ði ¼ 1; 2;…; 8Þ, recorded in sequence
into four CE functions as follows:

8>><
>>:

H 1;2 ¼ H 1 þ jH 2
H 3;4 ¼ H 3 þ jH 4
H 5;6 ¼ H 5 þ jH 6
H 7;8 ¼ H 7 þ jH 8

; ð3Þ

where the sign j represents the unit’s imaginary number;
then, these four CE functions are further synthesized into
a CSM function. This function is constructed by adding
four complex holograms, each of which is multiplied by
a plane wave tilted in the y direction (orthogonal to
the tilt direction of the reference beam in a holographic
recording). The CSM function can be expressed as

H ¼ H 1;2 expð−j6πξmyÞ þ H 3;4 expð−j2πξmyÞ
þ H 5;6 expðj2πξmyÞ þ H 7;8 expðj6πξmyÞ: (4)

Thus, all the information of the eight holograms is
encoded in one CSM function. Next, we will prove that
the object waves recorded in the eight holograms can
be retrieved from the spatial spectrum of the CSM func-
tion, which means only one 2D FT is required for the
reconstruction of the eight holograms.

By substituting Eqs. (1) and (3) into Eq. (4), the CSM
function can be further written as

H ¼ A1 exp½−j6πξmy� þ S1 exp½−j2πðξ0x þ 3ξmyÞ�
þ S2 exp½j2πðξ0x − 3ξmyÞ� þ A2 exp½−j2πξmy�
þ S3 exp½−j2πðξ0x þ ξmyÞ�
þ S4 exp½j2πðξ0x − ξmyÞ� þ A3 exp½j2πξmy�
þ S5 exp½−j2πðξ0x − ξmyÞ�
þ S6 exp½j2πðξ0x þ ξmyÞ� þ A4 exp½j6πξmy�
þ S7 exp½−j2πðξ0x − 3ξmyÞ�
þ S8 exp½j2πðξ0x þ 3ξmyÞ�; (5)

where Ai ði ¼ 1; 2; 3; 4Þ correspond to the autocorrelation
items of the original holograms. Si ði ¼ 1; 2;…; 8Þ are de-
termined by the following formula:

8>>><
>>>:

S1 ¼ O1 þ jO2; S2 ¼ O�
1 þ jO�

2
S3 ¼ O3 þ jO4; S4 ¼ O�

3 þ jO�
4

S5 ¼ O5 þ jO6; S6 ¼ O�
5 þ jO�

6
S7 ¼ O7 þ jO8; S8 ¼ O�

7 þ jO�
8

: ð6Þ

Obviously, for retrieving the object waves of the
encoded holograms, all the components Si ði ¼ 1; 2;…; 8Þ
expressed in Eq. (6) should be firstly separated from the
CSM function, which could be realized by spatial filtering
in the spatial frequency domain.

The spatial frequency of the CSM function is just
equal to the FT of Eq. (5), which can be expressed as

~H ¼FfHg
¼ ½ ~A1þR ~S1⊗ δðξþξ0ÞþR ~S2⊗δðξ−ξ0Þ�⊗δðηþ3ξmÞ
þ½ ~A2þR ~S3⊗ δðξþξ0ÞþR ~S4⊗ δðξ−ξ0Þ�⊗ δðηþξmÞ
þ½ ~A3þR ~S5⊗ δðξþξ0ÞþR ~S6⊗δðξ−ξ0Þ�⊗δðη−ξmÞ
þ½ ~A4þR ~S7⊗ δðξþξ0ÞþR ~S8⊗ δðξ−ξ0Þ�⊗ δðη−3ξmÞ;

(7)

Fig. 1. Sketch of the spatial spectrum of (a) a conventional ideal
off-axis hologram and (b) a CSM hologram encoded by eight off-
axis holograms.

COL 14(6), 060902(2016) CHINESE OPTICS LETTERS June 10, 2016

060902-2



where ~Si ¼ FfSig (I ¼ 1; 2…; 8). Figure 1(b) gives a
sketch of the spatial spectrum of the CSM function. It
can be seen that the spatial spectra ~Si of all the compo-
nents Si are spatially separated in the spatial frequency
domain, and so they can be extracted by spatial filtering.
The spatial spectra ~Oi of the object waves recorded by the
eight holograms can be retrieved according to the follow-
ing formula:

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

~O1ðξ; ηÞ ¼ 1
2 ½ ~S1ðξ; ηÞ þ ~S2ð−ξ;−ηÞ��

~O2ðξ; ηÞ ¼ 1
2j ½ ~S1ðξ; ηÞ− ~S2ð−ξ;−ηÞ��

~O3ðξ; ηÞ ¼ 1
2 ½ ~S3ðξ; ηÞ þ ~S4ð−ξ;−ηÞ��

~O4ðξ; ηÞ ¼ 1
2j ½ ~S3ðξ; ηÞ− ~S4ð−ξ;−ηÞ��

~O5ðξ; ηÞ ¼ 1
2 ½ ~S5ðξ; ηÞ þ ~S6ð−ξ;−ηÞ��

~O6ðξ; ηÞ ¼ 1
2j ½ ~S5ðξ; ηÞ− ~S6ð−ξ;−ηÞ��

~O7ðξ; ηÞ ¼ 1
2 ½ ~S7ðξ; ηÞ þ ~S8ð−ξ;−ηÞ��

~O8ðξ; ηÞ ¼ 1
2j ½ ~S7ðξ; ηÞ− ~S8ð−ξ;−ηÞ��

; ð8Þ

where ~Sið−ξ;−ηÞ� ¼ ½ ~Sið−ξ;−ηÞ��. Finally, the complex
amplitude Oi of the object waves can be reconstructed
by an inverse FT of the corresponding spatial spectrum ~Oi .
Figure 2 gives the flowchart of the CSM algorithm de-

scribed above, which mainly contains the following steps:
(A) encode eight holograms Hi (i ¼ 1; 2;…; 8) into one
CSM function H using the CSM encoding algorithm
shown in Eqs. (3) and (4); (B) get the spatial spectrum
of the CSM function by calculating a 2D fast FT; (C) ex-
tract the components ~Si from the spatial spectrum of the
CSM function as shown in Fig. 1(b); (D) retrieve the spa-
tial spectra ~Oi of the object waves from the data ~Si based
on Eq. (8); (E) if required, take further steps such as
inversely transforming ~Oi to get the complex amplitudes
of the object wave Oi , unwrapping the phase distribu-
tions, and enlarging them for display.
Experiments were carried out to demonstrate the

method described above. The holographic recording setup
used in the experiments is shown in Fig. 3, which is essen-
tially aMach–Zehnder interferometer. In our experiments,
the light source is an He–Ne laser with a wavelength of

632.8 nm. The recorded object is a dynamic refractive
index field produced by a flame, which is imaged on the
recording plane by an imaging lens and interferes with
a tilted plane wave. The holograms were recorded by a
CCD image sensor with a pixel size of 6.45 μm×
6.45 μm and pixel number of 1024 × 1024.

A series of off-axis holograms was recorded in sequence,
one of which is shown in Fig. 4(a). For the reconstruction
of the holograms using our CSM algorithm described
above, we first divided them into groups: each group
contains eight holograms. Then we encode the eight holo-
grams in each group into a CSM function according to
Eqs. (3) and (4) and calculate the spatial spectrum of
the CSM function. Figure 4(b) shows an example of the
spatial spectrum of a CSM function of the recorded holo-
grams in experiments. Using the eight parts marked by the
red circles in Fig. 4(b), the frequency spectra of the com-
plex amplitude distributions of the object waves recorded
in the eight holograms can be synchronously retrieved
according to Eq. (8). Next, we can obtain the complex
amplitude distributions by carrying the inverse FT oper-
ation on each of the eight retrieved frequency spectra.
Figures 5(a)–5(h) give the phase distributions of the
object waves reconstructed from a group of holograms
using our CSM algorithm.

To test the phase reconstruction quality of the CSM
algorithm, we compared the phase profile retrieved by
using the CSM algorithm with that retrieved using the

Fig. 2. Flowchart of the CSM algorithm for fast reconstruction
of off-axis holograms.

Fig. 3. Off-axis holographic recording setup used in experiments
for CSM algorithm. S, source; BE, beam expander; BS, beam
splitter; M, mirror; L, lens; CCD, image sensor.

Fig. 4. (a) Example of the off-axis holograms recorded in the ex-
periment. (b) Example of the spatial spectrum of a CSM function
encoded by eight recorded holograms.
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conventional spatial filtering algorithm (below we abbre-
viate it to CV algorithm) from the same hologram. In the
CSM algorithm, eight different holograms are synchro-
nously reconstructed by one 2D FT, while in the CV
algorithm, the holograms are separately reconstructed
one by one. One of the compared results is shown in Fig. 6,
which shows a phase profile of the retrieved object wave as
shown in Fig. 5(a) (the part along the red line). In Fig. 6,
the blue line expresses the phase value retrieved based on
the CSM algorithm and the red dashed line corresponds
to the result using the CV method. It can be seen that
the phase reconstructed by the CSM algorithm is consis-
tent with that reconstructed by the conventional algo-
rithm. Meanwhile, the computation efficiency of the
CSM algorithm is greatly improved.
To test the influence of the CSM algorithm on the res-

olution of the reconstructed images when eight holograms
are synchronously reconstructed, we changed the phase
object to a transmittance USAF resolution target (with
group numbers of 2 to 7) and repeated the experiment.
In this experiment, the lens L shown in Fig. 3 was also
removed, and the distance between the target and the re-
cording plane was set to about 175 mm. Figure 7(a) gives
an example of the images reconstructed based on the CSM
algorithm. As a comparison, Fig. 7(b) shows the image
reconstructed from the same hologram but based on the

CV algorithm. It can be seen that the image reconstructed
by the CSM algorithm has the same resolution as that
reconstructed using the CV algorithm.

Last, we compared the computation efficiency of the
CSM algorithm with that of the CV algorithm, the AM
algorithm[31], the complex angular multiplexing (CAM)
algorithm[32], and the SM algorithm[33] under the same
hardware and software environments. The compared
processing times were firstly taken from encoding the holo-
grams to getting the complex amplitudes of the object
waves recorded in the holograms and then divided by
the number of holograms. In order to compare the influ-
ence of the hologram size on the computation efficiency,
holograms of different sizes were simulated in computer.
Table 1 shows the average ratio of the CSM’s processing
time (tCSM) to the CV’s processing time (tCV), the AM’s
processing time (tAM), the CAM’s processing time (tCAM),
and the SM’s processing time (tSM). The sizes of the holo-
grams are set to 512 × 512, 1024 × 1024, and 2048 × 2048.
All the calculations involved in Table 1 was performed in a
single-core personal computer (Pentium4 2.8 GHz CPU,
2 GB RAM).

It can be seen from Table 1 that the computation effi-
ciency of our CSM algorithm is superior to that of the
other four algorithms. For example, the CSM algorithm
on average takes only about twelve percent of the process-
ing time cost by the CV algorithm for reconstructing one
hologram and less than fifty percent of the CAM’s process-
ing time.

Fig. 5. One group of the reconstructed wrapped phases using the
CSM algorithm.

Fig. 6. Example of the compared results of the retrieved phases
using the CSM algorithm (the blue line) with that using the CV
method (the red dashed line) at the same position of the retrieved
phase distributions from the same hologram as the part marked
by the red line in Fig. 5(a).

Fig. 7. Examples of the images reconstructed by using (a) the
CSM algorithm and (b) the CV algorithm when the object is
a transmittance USAF resolution target with group numbers
of 2 to 7.

Table 1. Ratio of the CSM’s Processing Time to Other
Algorithms’ for Reconstructing a Single Off-Axis
Hologram

Size
tCSM:tCV

(%)
tCSM:tAM

(%)
tCSM:tCAM

(%)
tCSM:tSM

(%)

512 × 512 10.7 39.1 44.9 77.0

1024 × 1024 11.9 42.5 48.5 77.4

2048 × 2048 12.1 40.8 45.7 75.8
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In conclusion, we demonstrate that the off-axis holo-
grams can be quickly reconstructed by the CSM algo-
rithm, in which only one 2D FT is required for getting
the spatial spectra of eight holograms by encoding them
into a CSM function based on a combination of the CE
algorithm and SM algorithm; thus, a great deal of unnec-
essary calculations can be cut out and the computational
efficiency is greatly improved. We think that this im-
proved algorithm may be useful in the implementation
of real-time holographic visualizations in a simple personal
computer system. In particular, it can be a good choice in
the design of a preview system for dynamic wavefront
imaging in digital holographic microscopy. In addition,
the CSM algorithm can also provide an approach for com-
pressing off-axis holograms in optical information storage
and processing.

The work was supported by National Natural Science
Foundation of China under Grant No. 11474186.
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