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This Letter presents an original technique to design and synthesize an inhomogeneous asymmetrical lens result-
ing in a special fan-beam radiation pattern in a wide frequency bandwidth. The vertical and horizontal planes of
the fan-beam radiation pattern can be determined separately. Wide angle search and detection are achievable by
using this type of lens antenna because of its suitable radiation pattern. The proposed relative index profile is
validated by the means of commercial CST software and an FDTD scheme.
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In recent years, lens antenna systems have been widely
used in many applications, such as point-to-point and
point-to-multi-point links, automotive radar, Doppler-
weather radar, aircraft landing systems, radio astronomy,
satellite communications, radio frequency identification,
imaging systems at millimeter waves, access control and
security, product tracking, logistics, and public transpor-
tation. In the literature, researchers have reported many
lens antenna based on their working principles. However,
the potential of lens antenna seems does not seem to have
been fully reached yet.
Lens utilization is a method to improve the gain and

side-lobe level (SLL) of feeding antennas[1–4] and can be
used in scattering applications[5].
In general, lens antennas can be separated into two cat-

egories: homogeneous[6] and inhomogeneous index profiles.
There are some methods to realize inhomogeneous lenses,
such as material drilling[7–11], PCB techniques[12,13], wire
grids[14,15], multilayers[16–18], and other methods[19–22].
The Luneburg lens[23] is an inhomogeneous symmetrical

spherical lens where the relative index profile ðnÞ varies
with the square of the radius, n ¼

������������������������
2− ðr∕RÞ2

p
, where

r is the radius from the center point and R is the outer
radius of the lens. This type of lens is very useful in
antenna and scattering applications[7,13,24].
The Luneburg lens design is extracted from the

transformation optics theory. Transformation optics is a
method to design lens antennas that is realized by control-
ling the electromagnetic field at the desired coordinates to
obtain complex materials[25–28].
The lenses in most of the mentioned Letters have a sym-

metrical shape and index profile. So the radiation pattern
of a three-dimensional (3D) model lens is the same as a
pencil beam. Two-dimensional (2D) model realization is
more convenient than 3D model realization, so the radia-
tion pattern of a planar form fabrication lens is like a
fan-beam pattern. It produces a beam that is wide in
the narrow plane and narrow in the wide plane of an asym-
metrical lens. In this type of planar model, the control of

the beam width is possible in one plane, but there is no
control over the other planes of the radiation pattern
beam width.

Wide angle searches are required in some modern radar
and satellite systems operating at millimeter-wave and mi-
crowave-frequency bands, such as weather radar, tracking
systems, and remote sensing applications. Parabolic re-
flectors and array antennas can be designed to radiate
asymmetrical patterns in vertical and horizontal planes
because of their special shape and feeding structures.

In this Letter, a broad-band inhomogeneous asymmet-
rical lens is presented based on geometric optics and the
Eikonal equation[29], resulting in a special fan-beam radi-
ation pattern. The vertical and horizontal planes of this
fan-beam radiation pattern can be controlled separately.
This is the main improvement of this method compared to
others based on transformation optics. It is suitable to
have a lens antenna that works in a broad-band frequency
application. This feature is another aspect that is consid-
ered in this method. We design a 3D asymmetrical lens
that has a fan-beam radiation pattern in which the
half-power beam width of the pattern in the narrow plane
is twice that in the wide plane.

The size of the lens antenna is approximately inversely
proportional to the free-space wavelength. So, the size of
the antenna is reduced at mm wavelengths. The center
frequency of operation is considered equal to 10 GHz
for a 3D asymmetrical lens.

First, the refractive index of the inhomogeneous asym-
metrical lens is proposed, based on geometric optics and
the Eikonal equation. Then, the proposed refractive index
is validated in some cutting planes by using the FDTD
scheme. The refractive index profile is approximated in
CST commercial software, and the performance of the
radiation pattern for this type of lens is discussed.

A fan-beam radiation pattern can result from a lens an-
tenna having an asymmetrical aperture. A typical struc-
ture of this type of lens is shown in Fig. 1, which has an
elliptical aperture with diameters 2a and 2b. It is assumed
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that the refractive index is inhomogeneous and has a con-
tinuous and gradual change. So, to analyze the lens, we
consider it as many planes, all of them crossing the z-axis.
The length of theoutput side of each plane is 2d, which is
between 2a for the XZ plane and 2b for the YZ plane. The
lens is excited by a point source located at point (0, 0,−f ).
The point source emits many rays of rising angle α with
respect to the z-axis, as shown in Fig. 2.
Ray optics formulas in inhomogeneous, isotropic, loss-

less media were defined in the form of the Eikonal equa-
tion[29,30] as

n2ðρ; zÞ ¼ _ρ2 þ _z2 ¼
�
∂ρ
∂t

�
2
þ
�
∂z
∂t

�
2
: (1)

Here, we choose a general nonuniform function of ρ and
z related to t with at least 9 unknown constants for the ray
trajectory in the ρz plane (see equation below). The un-
known constants are determined to satisfy all conditions,
which will be explained later. Then we have

8<
:
zðtÞ ¼ M 1 sin

�
p t
tf

�
þM 2 cos

�
p t
tf

�
þM 3

ρðtÞ ¼ N 1 sin
�
q t
tf

�
þ N 2 cos

�
q t
tf

�
þ N 3

; ð2Þ

where M 1;M 2;M 3;N 1;N 2;N 3; p; q, and tf are unknown
parameters. The variable t varies from 0 to tf for the

source and output points, respectively. The parameter
tf is the final value of the variable t that the ray reaches
the endpoint for a starting angle equal to α.

The lens antenna must convert a spherical or cylindrical
wavefront produced, respectively, by a point or line source
feed, into an outgoing planar or linear wavefront. All the
output beam rays in each plane of the asymmetrical lens
must be collimated to the output plane normal vector
(z-axis) and have same phase as each other. Also, to access
a more efficient radiation pattern with the maximum gain
and directivity, the distance between the ray’s endpoints
must be uniformly distributed on the output boundary for
a point source antenna.

We want to design a lens antenna that works in a broad-
band frequency bandwidth. So, the refractive index of the
lens must be equal to one in proximity to the point source
and the surrounding space (on the z ¼ 0 plane).

To determine the unknown constants in Eq. (2), the fol-
lowing conditions are used step by step for all rays lying on
each plane of asymmetric lens, separately. Each ray must
have three groups of conditions as follows:
1. At the starting or exciting point, t ¼ 0, the following

four conditions are there, assuming a matched excit-
ing point, i.e., n ¼ 1,

8><
>:
z ¼ −f ; ρ ¼ 0
∂ρ
∂z ¼ _ρ

_z ¼ tanðαÞ
_ρ2 þ _z2 ¼ 1

. ð3Þ

2. At the end point or on the aperture of diameter 2d,
t ¼ tf ðαÞ, the following four conditions are there, as-
suming parallel rays, matched apertures, i.e., n ¼ 1,
and a uniform power distribution on the aperture,

�
z ¼ 0; ρ ¼ ρendðαÞ ¼ 2α

π d
_ρ ¼ 0; _z ¼ 1

; ð4Þ

where d ¼ ab����������������������������
a2 sin2 φþb2 cos2 φ

p .

3. The electric phases of all rays on the output plane
must be equal to each other, so

leðαÞ ¼
cΔϕ
ω

¼
Z

nðρ; zÞds ¼
Z

n
�����������������������������
ðdρÞ2 þ ðdzÞ2

q

¼
Z

n
����������������
_ρ2 þ _z2

p
dt ¼

Z
tf ðαÞ

0
n2ðα; tÞdt ¼ cte:;

(5)

where Δϕ is the electric phase corresponding to an
axial ray. It is better to choose as small a value as
possible.

The conditions in Eqs. (3) and (4), give, respectively,
the following equations, for the unknown coefficients:

(
M 3 ¼ −f −M 2;N 3 ¼ −N 2

M 1 ¼ tf cosðαÞ
p ;N 1 ¼ tf sinðαÞ

q
; ð6Þ

Fig. 1. Typical structure of an inhomogeneous and asymmetric
lens.
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Fig. 2. Sample plane cross-section view of asymmetrical lens,
whose thickness and aperture diameter are f and 2d. Each beam
ray leaves from a point source at an angle α with respect to the
z-axis and propagates through the lens.
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8<
:
M 2¼

pf−tf cosðαÞsinðpÞ
pðcosðpÞ−1Þ ;N 2¼

qð2απ dÞ−tf sinðαÞsinðqÞ
qðcosðqÞ−1Þ

tanðp∕2Þðtf ðcosðαÞþ1ÞÞ¼pf ;tanðq∕2Þðtf sinðαÞÞ¼q
�
2α
π d

�
:

ð7Þ

According to Eq. (6) and (7), only one parameter ðtf Þ
remains unknown and determinant. This parameter is
chosen so as to have the minimum optical path length
through the lens or an equivalently minimum electric
phase resulting from Eq. (5).
Now, the index profile of each plane can be exactly cal-

culated by using Eq. (1) through the above-discussed
process, depending to the rising angle α and the aperture
diameter of each plane, 2d.
In this Letter, a lens whose aperture is elliptical is

chosen to provide a fan-beam radiation pattern. We con-
sider the diameters of the elliptical aperture as 2a ¼ 20 cm
and 2b ¼ 10 cm.
Figure 3 shows the trajectory of rays starting from the

point source for some rising angles from −90° up to 90° for
one of the planes. It can be seen clearly that the endpoint
of beam rays distributed uniformly at the output aperture.
The inhomogeneous index profiles for the three planes

are shown in Fig. 4(a). As can be seen, the index profile of
each plane is equal to one on the output aperture and also
near the point of excitation. The refractive index of the
designed lens, n, changes gradually from 1.00 to 1.81,
and the refractive index of the cross axis is similar for
all planes.
Each plane of the lens is simulated separately in 2D

space by using line source feeding in the FDTD scheme.
Figure 4(b) shows a snapshot of the electric field in three
planes at a frequency of 10 GHz. It is seen that inside the
lens, the wavefront emitted by the source is converted
smoothly into a plane wave in proximity of the free-space
boundary.
We consider a stepped index structure for the designed

lens, as shown in Fig. 5. The CST software is used to val-
idate the performance of this proposed index profile. A
WR90 (0.9 inch × 0.4 inch) waveguide antenna is used
to excite the designed lens as the source antenna. It is
placed beside the lens antenna, as seen in Fig. 5, to radiate

a horizontally polarized wave. The reflection parameter,
i.e., s11, of the structure is shown in Fig. 6. Because of
the gradual change of the refractive index on the boundary
of the lens, this structure has a very wide impedance-
matching bandwidth.

Figure 7 shows the magnitude of the electric field dis-
tribution at a frequency of 10 GHz in the XZ and YZ
planes. The radiation patterns of the feed source wave-
guide antenna and lens antenna at a frequency of
10 GHz are shown in Fig. 8. The directivity of the wave-
guide antenna at a frequency of 10 GHz is equal to
6.92 dBi with a half-power beam width of 63.3° in the
H plane and 104.5° in the E plane. The radiation patterns

−f 0
−d

0

d

Z

ρ

Fig. 3. Trajectory of beam rays that started from the point
source.

Fig. 4. (a) Refractive index profile and (b) electric field at
10 GHz.
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of the waveguide antenna in E plane are wider in beam
width than those in the H plane. The directivity of this
lens antenna at a frequency of 10 GHz is equal to
20 dBi with a half-power beam width of 23° in narrow
plane (vertical or H plane) and 12.5° in the wide plane
(horizontal or E plane). The SLL is equal to 26.2 dB,
and the back-lobe level is equal to 20.6 dB.
The simulated 3D radiation pattern of the lens is shown

in Fig. 9 at a frequency of 10 GHz. Moreover, the radiation
patterns at frequencies 9, 10, 11, and 12 GHz are shown in
Fig. 10. The radiation efficiency of this structure is equal
to 95.5%. It is seen that the beam width of the narrow
plane is approximately twice the beam width of the wide

Fig. 5. Stepped index lens antenna exited by a waveguide.
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Fig. 6. Reflection loss of lens with WR90 antenna feeding.

Fig. 7. Electric field at a frequency of 10 GHz.

Fig. 8. Normalized radiation pattern of the lens antenna and
source antenna at a frequency of 10 GHz. The directivity of
the source antenna is 6.92 dBi and that of the lens antenna is
20 dBi.

Fig. 9. 3D radiation pattern loss of lens with WR90 antenna
feeding at a frequency of 10 GHz.
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Fig. 10. Normalization radiation pattern of lens on E and H
planes.
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plane. So, this confirms that the vertical and horizontal
planes of the radiation pattern can be determined inde-
pendently to make the special fan-beam radiation pattern.
Table 1 shows the radiation pattern performances of the

lens antenna excited by the WR90 waveguide at some
frequencies. As seen from this table, and also in Figs. 6
and 9, this type of lens antenna can yield an arbitrary
fan-beam radiation pattern and has an acceptable perfor-
mance in a wide-frequency bandwidth and therefore can
be used in both microwave- and millimeter-wave fre-
quency bands.
This Letter presents an approach to designing a new

kind of lens antenna that results in a suitable matching
condition to the source antenna and surrounding environ-
ment and has a suitable fan-beam radiation pattern. It is
assumed that the refractive index has a continuous and
gradual change in the 3D model, so the index profile of
the lens is calculated by solving the Eikonal equation
on each plane crossed by the z-axis with some special con-
ditions. It is proved that the trajectory of the beam rays in
one plane determines the refractive index and is different
from other planes related to the starting angle from the
point source and end point of those rays. So, the vertical
and horizontal planes of the radiation pattern can be de-
termined separately to make the special fan-beam radia-
tion pattern. It is main characteristic of this method,
which was established from geometrical optics.
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Table 1. 3D Lens Antenna’s Pattern Information

Frequency
(GHz)

Directivity
(dBi)

SLL
(dB)

Back Lobe
Level (dB)

E plane half-power
beam width

EP-HPBW* (deg.)

H plane half-power
beam width

HP-HPBW* (deg.)
(HP-HPBW)/
(EP-HPBW)

8 18.4 −16.5 −18.5 15 27.3 1.82

9 19.3 −20 −220 13.7 24.8 1.81

10 20 −26.2 −20.6 12.5 23 1.84

11 20.8 −22.2 −22.2 12 21.8 1.82

12 20.9 −23.9 −23.9 11.2 20.5 1.83
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