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By investigating the cross-spectral density of partially coherent multi-rotating elliptical Gaussian beams
(REGBs) that propagate through a focusing optical system, we obtain the radiation force on a Rayleigh particle.
The radiation force distribution is studied under different beam indexes, coherence widths, and elliptical ratios of
the partially coherent multi REGBs. The transverse and the longitudinal trapping ranges can increase at the
focal plane by increasing the beam index or decreasing the coherence width. The range of the trapped particle
radii increases as the elliptical ratio increases. Furthermore, we analyze the trapping stability.
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In recent years, light beams with rotating characteristics
have attracted quite a lot of interest due to their peculiar
properties, which present opportunities for research in the
fields of science and technology[1–5]. For example, the abil-
ity of rotating beams to rotate particles provides a new
degree of control for micrometer-sized particles, and has
important applications in optical manipulating and bio-
logical specimens rotating. In optics, a more general form
of rotating elliptical Gaussian beams (REGBs) are thor-
oughly studied[1,5–9]. REGBs, which have an elliptical light
spot and whose phase front rotates along the propagating
axis of the beam, are obtained from an ordinary Gaussian
beam[7].
Ashkin and colleagues demonstrated radiation pressure-

trapping particles[10–12] in a series of pioneering Letters,
through which the “optical trap” came to be known.
The optical force has traditionally been decomposed into
two components: one is the scattering force, which is in
the direction of the light propagation, and the other is
the gradient force, which is in the direction of the spatial
light gradient[13]. Optical trapping and manipulation of
micrometer-sized particles produced by piconewton-level
forces while simultaneously measuring displacement with
nanometer-level precision have attracted a very wide range
of attention[14–18]. Since their invention, optical trapping
techniques continue to improve and become better
established, and have emerged as a powerful tool with
broad-reaching applications in physics and life sciences re-
search[19,20]. Today, many researchers report optical trap-
ping produced by beams such as Gaussian Schell model
beams[21], Laguerre–Gaussian beams[22], highly focused
Lorentz–Gaussian beams[23], and highly focused, elegant

Hermite-cosine-Gaussian beams[24]. In most studies, the in-
cident light beams for optical traps are assumed to be fully
coherent[21–24]. Aswe know, any laser field is always partially
coherent in practice[25–28]. In this Letter, the cross-spectral
density (CSD) of partially coherent multi-REGBs propa-
gating through a focusing optical system is derived and
used to investigate the radiation forces on a Rayleigh par-
ticle. Compared to the work in Ref. [16], the radiation force
of the partially coherent multi-REGBs can rotate. To trap
oval particles, we can adjust the sizes of the forces in some
directions by changing the elliptical ratio of the elliptical
beams, which ordinary Gaussian beams cannot do. Fur-
thermore, the trapping stability conditions are analyzed.

Under the free-space rectangular coordinates system,
the electric field of the REGB in the z ¼ 0 plane can be
expressed as[1,5]

E0ðx 0; y0Þ ¼ A0 exp
�
−
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x 02
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x
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þ ix 0y0
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��
; (1)

where A0 is the constant complex amplitude of E0, wx and
wy are the initial beam widths on the x- and y-axes, respec-
tively, and R0 specifies the beam rotation. Without loss of
generality, the spectral degree of coherence is given by[29]

gðr01 − r02Þ ¼ exp
�
−
ðr01 − r02Þ2

δ2

�
; (2)

where r01ðx 01; y01Þ and r02ðx 02; y02Þ are the original position
vectors, and δ is the coherence length. By taking all of
the above assumptions into consideration, the CSD of the
partially coherent multi-REGBs of the source plane can be
written in the Cartesian coordinates as[25]
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where C0 ¼
PM

m¼1½ð−1Þm−1∕m�ðMmÞ is the normalization
factor with ðMmÞ representing the binomial coefficients,
and � denotes the complex conjugate.
Considering the propagation of the partially coherent

multi-REGBs through an unapertured lens system (see
Fig. 1), where z is the distance from the input plane to
the output plane, f is the focal length, and z1 is the axial
distance from the focal plane to the output plane, the
ABCD matrix for the focusing system is
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Then, the expression for the CSD of the electric field in
the output plane is given by[30]
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where λ is the wavelength of the incident light, k ¼ 2π∕λ is
the wavenumber in free space, and r1ðx1; y1Þ and r2ðx2; y2Þ
are the position vectors in the output plane. If we substi-
tute Eqs. (3) and (4) into Eq. (5), performing the related
integration, and assume that r1 ¼ r2 ¼ rðx1 ¼ x2 ¼ x;
y1 ¼ y2 ¼ yÞ, then the CSD reduces to
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The intensity distribution and the CSD of the partially
coherent multi-REGBs at any point of the output plane
are related by the formulas[25]

I outðr; zÞ ¼ W ðr; r; zÞ: (13)

In this Letter, we choose f ¼ 0.1 mm, λ ¼ 1064 nm,
wx ¼ 0.6 mm, wy ¼ 0.1 mm, R0 ¼ 1 m2, A2

0 ¼ 1 W∕mm2,
and δ ¼ 0.1 mm. Figure 2 shows that the beam profile be-
comes flatter, but the maximum intensity decreases as the
beam index M increases (for example, M ¼ 10, M ¼ 30),

Fig. 1. Schematic of a focusing optical system. a is the radius of
the particle, np is the refractive index of the particle, and nm is
the refractive index of the ambient.

Fig. 2. (a) Intensity distribution for different values of M at the
focal plane. (b) Two-dimensional intensity distribution for
M ¼ 30.
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which means the potential wells are lower or shallower
than their counterparts (for example M ¼ 1, M ¼ 5).
We study the radiation force of partially coherent

multi-REGBs on a Rayleigh dielectric particle, which is
sufficiently small compared with the wavelength (i.e.,
the particle radius a ≤ λ∕20) and can be seen as a point
dipole in the light field. The scattering force and the
gradient force are given by[13,21]

F⃗ scatðr⃗; zÞ ¼ e⃗znmα0I out∕c; (14)

F⃗gradðr⃗; zÞ ¼ 2πnmβ0∇I out∕c; (15)

where e⃗z is a unity vector along the beam propaga-
tion, and α0 ¼ ð128π5a6∕3λ4Þ½ðm2

0 − 1Þ∕ðm2
0 þ 2Þ�2, β0 ¼

a3ðm2
0 − 1Þ∕ðm2

0 þ 2Þ, m0 ¼ np∕nm is the relative refrac-
tion index of the particle. We choose a ¼ 40 nm, np ¼ 1.8,
and nm ¼ 1.33 (water). By substituting Eq. (13) into
Eqs. (14) and (15), we can calculate the radiation force
induced by partially coherent multi-REGBs on a Rayleigh
particle. Both the scattering force and the gradient force
will be greatly affected by the beam indexM , the coherence
width δ, and the elliptical ratio γ (γ ¼ wx∕wy); Figs. 3–5
show this numerically.
Figure 3 shows the influence of the beam indexM on the

radiation force produced by the partially coherent multi-
REGBs. From Figs. 3(a), 3(d), and 3(g), we can see that a
Rayleigh particle whose refractive index is larger than
that of the ambient can be trapped at the focus point
by the partially coherent multi-REGBs, because there
are stable equilibrium points in Figs. 3(d) and 3(g). From
Fig. 3(h), we can see that when M ¼ 1, the partially co-
herent multi-REGBs could not stably trap the particle
when x ¼ 0.3 μm, because the direction of the longitudinal
gradient force is same as the scattering force direction.

But for larger M (M ¼ 5; 10; 30), the direction of the
longitudinal gradient force is against to the direction of
the scattering force. So we can conclude that by increasing
the beam indexM of the partially coherent multi-REGBs,
we can increase the transverse trapping range at the
focal plane. By comparing the figures in Fig. 3, one can
find that both the gradient force and the scattering force
decrease as the initial beam index M increases, which
means that the trapping stability changes.

Figure 4 shows the influence of the coherence width δ on
the radiation force produced by the partially coherent
multi-REGBs. From Figs. 4(d) and 4(g), we find that
at the focal plane, as the coherence width of the partially
coherent multi-REGBs decreases, the positions of the
peak values deviate away from the focus point. This means
that both the transverse and the longitudinal trapping
ranges become larger. However, as is shown in Fig. 4(h),
the direction of the longitudinal gradient force will reverse
when the coherence width increases to 0.2 mm at
x ¼ 0.3 μm, and the beam will lose the ability to trap
the particle. By decreasing the coherence width δ of the
partially coherent multi-REGBs, we can increase the trap-
ping ranges. One can see from Fig. 4 that the scattering
force and the transverse and the longitudinal gradient
forces decrease as the coherence width of the initial par-
tially coherent multi-REGBs decreases. Partially coherent
beams have their advantages when trapping.

Figure 5 shows the influence of the elliptical ratio γ on
the radiation force produced by the partially coherent
multi-REGBs. From Fig. 5, we can see that both the
gradient force and the scattering force increase as the el-
liptical ratio γ increases, which means that the trapping
stiffness is higher. The positions of the peak value deviate
away from the focus point as γ increases, as shown in the
Figs. 5(e) and 5(f). As γ increases, the trapping range
broadens, demonstrating the advantage of using elliptical
beams. From Figs. 5(a), 5(d), and 5(g), we can see that a
Rayleigh particle can be trapped at the focus point by the

Fig. 3. Effect of the beam index M on (a)–(c) F scat (the scatter-
ing force), (d)–(f) Fgrad;t (the transverse gradient force).
Fgrad;t ¼ ðF2

grad;x þ F2
grad;yÞ1∕2 while z1 < 0; Fgrad;t ¼ −ðF2

grad;xþ
F2

grad;yÞ1∕2 while z1 > 0. (g) and (h) The effect of the beam index
on Fgrad;z (the longitudinal gradient force). The parameters are
chosen as y ¼ 0 and δ ¼ 0.1 mm.

Fig. 4. Effect of the coherence width δ on (a)–(c) F scat,
(d)–(f) Fgrad;t , and (g) and (h) Fgrad;z . The parameters are chosen
as y ¼ 0, M ¼ 30.
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partially coherent multi-REGBs because there are stable
equilibrium points in Figs. 5(d) and 5(g) for different val-
ues of γ. For the oval particles, we can adjust the size of
forces in all directions by changing the elliptical ratio of
elliptical beams, which ordinary Gaussian beams (γ ¼ 1)
cannot do. So when we choose different values of γ, we can

get the different trapping ranges, which is beneficial for
the application.

For stable trapping, the gradient force must be large
enough to overcome the scattering force R ¼ jFgrad;z j∕
jF scatj ≥ 1, where the ratio R is called the stability cri-
terion. As is shown in Figs. 3–5, the scattering force is
much smaller than the longitudinal gradient force near
the focal plane. Figure 6 shows the two-dimensional force
distribution of the partially coherent multi-REGBs near
the focus point. In this process, the direction of the scat-
tering force is always along the z direction (white points
indicate the þz direction and white forks indicate the −z
direction), and the direction of the transverse gradient
force always points to the center of the beam (arrows). But
the direction of the longitudinal force will change when the
beams pass through the focus plane. As the direction of the
transverse force always points to the center of the beam,
the particle can be trapped stably in transverse direction.
When z1 > 0, the particle can be trapped stably in longi-
tudinal direction, as the direction of the scattering force
and the center of the longitudinal force are opposite. The
partially coherent multi-REGBs rotate while propagating,
and the force scope changes. The rotational nature of these
beams is interesting for the rotating trapped particle.

The Brownian force, which describes the influence of the
Brownian motion, can be calculated by the expression[31]

jFbj ¼
�������������������������
12πηaKBT

p
; (16)

where η is the viscosity of the ambient, which is 8.0 ×
10−4 Pa · s at T ¼ 300 K, a is the radius of the Rayleigh
particle, and KB is the Boltzmann constant.

We plot the change of the magnitude of all the forces in
Fig. 7 with x 0 ¼ Δ∕ð2 �����

ϵx
p Þ and f 0 ¼ f þ 0.1 μm, where

Fig. 5. Effect of the elliptical ratio γ on (a)–(c) F scat,
(d)–(f) Fgrad;t , and (g) and (h) Fgrad;z . The parameters are chosen
as y ¼ 0, M ¼ 30, δ ¼ 0.1 mm, and wy ¼ 0.1 mm.

Fig. 6. Two-dimensional force distribution of the REGBs near
the focus point. (a1)–(a5) are the scattering force distributions.
(b1)–(b5) are the transverse gradient force distributions. (c1)–
(c5) are the longitudinal gradient forces distributions at positions
z1 ¼ −0.3, −0.1, 0, 0.1, and 0.3 mm.

Fig. 7. When z1 ¼ 0.1 μm, the radiation forces Fm
scat, Fm

grad;t ,
Fm

grad;z produced by partially coherent multi-REGBs depend
on (a) the initial beam index M with δ ¼ 0.1 mm and γ ¼ 6,
(b) the coherence width δ with M ¼ 30 and γ ¼ 6, (c) the
elliptical ratio γ with M ¼ 30 and δ ¼ 0.1 mm, and (d) the par-
ticle radius a with M ¼ 30, δ ¼ 0.1 mm, and γ ¼ 6. Fb is the
Brownian force.
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Fm
grad;t is maximum transverse gradient force, Fm

grad;z is
maximum longitudinal gradient force, and Fm

scat is
maximum scattering force. In Fig. 7(a), the longitudinal
gradient force is much bigger than the Brownian motion.
In Fig. 7(b), it is found that the particle can be stably
trapped when δ > 0.005 mm, but if δ is too small, the
Brownian force will be too strong. In Fig. 7(c), the longi-
tudinal gradient force will be bigger than the transverse
gradient force while γ > 4, and the longitudinal gradient
force is always bigger than the Brownian force. In Fig. 7(d),
it is found that the particle can be stably trapped while
14 nm < a < 50 nm, but when a is too small, the disturb-
ance is mainly from the Brownian motion. However, when a
is greater than 45 nm, the disturbance of the Brownian force
equals the scattering force. The particle can be stably
trapped while 46 nm < a < 50 nm for γ ¼ 1, 33 nm < a <
50 nm for γ ¼ 2, and 15 nm < a < 50 nm for γ ¼ 8. So we
can conclude that as γ increases, the radius range of the
trapped particle increases.
In conclusion, we investigate the CSD of the partially

coherent multi-REGBs that propagate through a focusing
optical system, and study the radiation force on a
Rayleigh dielectric sphere induced by focused partially
coherent multi-REGBs. The partially coherent multi-
REGBs rotate while propagating, and the force scope
changes. The rotational nature of these beams is interest-
ing for rotating trapped particles. We find that we can in-
crease the transverse and the longitudinal trapping ranges
at the focal plane by increasing the beam index M , or by
decreasing the correlation width δ. As the elliptical ratio γ
increases, the radius range of the trapped particle in-
creases. For oval particles, we can adjust the size of forces
in some directions by changing the elliptical ratio of the
elliptical beams, which ordinary Gaussian beams cannot
do. When comparing the Gaussian beams, it is clear that
the partially coherent multi-REGBs have better applica-
tions in operating flexibility.
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