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We present an improved compressive sensing algorithm with negative transformation and piecewise-nonlinear 
transformation. The reconstruction characteristics of the improved algorithm are studied by conducting 
numerical analysis research. Watch gear and handwritten character are used in the experiments. The results 
validate the application value of the improved algorithm in improving 2D reconstructed image quality in 
terahertz (THz) Gabor inline digital holography.
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Terahertz (THz) electromagnetic radiation can penetrate  
some nonmetallic and nonpolar materials. THz imag-
ing can make up the defect of imaging opaque samples 
in visible light domain. Digital holography is a new 
technology for extracting full information of the origi-
nal object. There have been increasing research reports 
on THz digital holographic imaging[1–7]. Major recon-
struction algorithms in THz Gabor inline holography 
have included angular spectrum algorithm and phase 
retrieval[1,7].

As Gabor inline holography satisfies a sufficient con-
dition called the restricted isometry property (RIP), 
during the past few years, compressive sensing (CS)[8]  
algorithm has been used to reconstruct a single holo-
gram in Gabor inline digital holography[9–11]. CS searches 
for the sparsest solution via an optimization procedure. 
In 2009, Denis et al. have experimentally validated that 
the 2D visible light images obtained with their iterative 
algorithm are free from the artifacts of the conventional 
methods, such as out-of-focus objects and twin images[12]. 
We have used CS for THz tomography, and a modified 
reconstruction algorithm has been proposed by coupling 
CS algorithm with negative transform, apodization, and 
piecewise-nonlinear transformation function[13]. To the 
best of our knowledge, there are no relevant detailed 
research reports on improving 2D reconstructed image 
quality in THz Gabor inline digital holography.

In this letter, CS algorithm with negative transforma-
tion and piecewise-nonlinear transformation are used to 
reconstruct images. Numerical analysis and experimental  
studies are conducted. 

The schematic diagram of continuous-wave (CW) THz 
Gabor inline digital holographic imaging system is shown 
in Fig. 1. After THz wave illuminated a sample, the dif-
fraction wave of the sample interferes with the transmit-
ting THz wave on the photosurface, and the interference 
pattern is recorded as the hologram. The reconstructed 
images are obtained with reconstruction algorithms.

The amplitude of the reference plane wave is assumed 
to be 1 without loss of generality, and the plane wave illu-
minates perpendicularly. It is assumed that o(x0, y0, z0)  
is the scattering amplitude of a 3D object, the sample 
spacings along the x- and y-axes are Δx = Δy = Δ and 
the sampling pitch is Δz in the z-axis. The number of 
pixels along the x- and y-axes dimension is Nx and the 
number of 2D discrete planes along the z-axis is Nz. 
Based on the Rayleigh–Sommerfeld diffraction integral 
function, the discrete model of the scattered field in the 
hologram plane can be expressed as 
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where mH and nH represent the pixel position in the 
hologram plane, ol0 is the amplitude distribution of a 
certain 2D plane of o. hl0

 is the systematic impulse 
response function, which can be expressed as
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The recorded hologram I can be discretely expressed 
as[6,7]

Fig. 1. Schematic diagram of CW THz Gabor inline digital 
holographic imaging system.
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where the first term is the direct current (DC) term, 
which represents the uniform wave field. It affects the 
reconstruction results slightly. The third term is the 
autocorrelation term. When the sample is relatively 
small and opaque, the term just has a minimal effect on 
the reconstruction. 

The kernel of CS is the linear measurement process[8]. 
The theory verifies that accurate reconstruction can be 
obtained when the sufficient condition RIP is satisfied[14]. 
For a discrete 1D signal X whose length is N ́ and the 
number  of nonzero elements is S (S < N ́), the measured 
signal length is N ́ by conventional uniform sampling 
method. CS linear measurement process can measure the 
signal X with an M ́×N ́ matrix Φ, and the observed value 
Y with a length of M ́ (M ́ < N ́) is obtained. CS can real-
ize the sparse representation of X×Y, which usually equals 
solving the norm minimum problem. Likewise, CS is also 
applicable for the 2D and 3D signal processing. For a sin-
gle hologram, the data volume is small compared with the 
required data for reconstructing a 3D structure, thus the  
hologram can be regarded as a sparse data. Moreover,  
the hologram is the linear recording of the sample 
 diffraction field intensity, which satisfies the sparse condi-
tions of CS. Therefore, CS can be used to reconstruct the 
3D structure of the sample from a single hologram[9].

There is a linear mapping between the diffraction field 
and hologram I, which satisfies the linear  measurement 
process. Then I is expressed as[9]

 { }2Re ,= +I Ho e  (4)

where H is the transformation matrix, e is the error 
effect of the DC and autocorrelation terms.

There is always a sharp contrast between the sample 
and background, thus the gradients of the image edge 
and high-frequency noise positions are large. The recon-
struction plane is sparse by calculating total variation 
(TV) values[14]. The 3D reconstruction of the sample 
amplitude distribution can be conducted by solving the 
TV norm minimum based on CS theory. A sparsity 
restriction parameter is introduced to control the effect 
of TV values. Therefore, the answer to Eq. (3) is just 
the solution of minimizing the right terms of

 2
2 TVo R

arg min(|| || || || ),Ho t
∈

= − +o I o  (5)

where τ is the sparsity restriction parameter,

1 2N N

TV
1 1 1

( ( , )).
zN

= = =

= ∇∑∑∑k k
k m n

o o m n

The two-step iterative shrinkage/thresholding algorithm 
is used to solve Eq. (5)[12,15], which can be expressed as
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where λ1 and λN represent the smallest and largest 
eigenvalues of the matrix H ́ H, respectively. In this let-
ter, we define λ1= 10-4, λN = 1 and ν is the inverse scaling 
factor. The iteration can be ongoing by controlling the 
values of τ and H ́(I–Hot) terms. Iters is the total itera-
tion number, t = 1, 2…, Iters. The initialization o0 is set 
as a N1×N2×Nz matrix whose elements are all one. It can 
be inferred from Eqs. (6) and (7) that the TV values 
of each iterative result have relatively large gradients at 
the image edge and high-frequency noise positions, and 
the others are zero or close to zero. After subtracting 
TV from the iterative results, filtering is realized. By 
choosing proper restriction parameter τ and iteration 
number Iters, the filtering degree can be controlled and 
the accurate reconstruction can also be realized.

Because the transparent area is far larger than the 
opaque sample in Gabor digital holography, most of the 
data in the recorded hologram are nonzero. By using  
the negative transformation the number of zero or 
close to zero values will be far more than that of 
nonzero. The hologram can be regarded as a sparse 
matrix, which accords with CS better than that with-
out negative transformation. Then the hologram after 
processing is reconstructed with CS algorithm and the 
reconstructed image is inversed again. The image qual-
ity would be better in theory. Here the holograms in 
simulation and experiments are all processed this way 
when CS algorithm is used to reconstruct. The ini-
tial reconstruction plane is set at z = 0. The number 
of iterations of CS algorithm is 50 and the number 
of reconstruction planes is 2. Then the reconstructed 
images are normalized and piecewise-nonlinear trans-
formation is conducted to enhance the image contrast. 
The piecewise-nonlinear transformation function is 
expressed as
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where g(m, n) represents the value of the original image 
at (m, n), and g ́ is the result of transformation. The 

Fig. 2. Flow diagram of improved CS algorithm.
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sample is placed 19.6 mm away from the photosurface of 
the detector when the ideal resolution is about 0.2 mm.  
To improve the signal-to-noise ratio, the averaged 
holograms are 20 frames, respectively. The restriction 
parameter is 0.05. The photographs of the sample, holo-
grams, and reconstructed images are shown in Fig. 6.

It can be seen that the images can reflect the sample 
structure characteristics mainly. However, the sawtooth 
structure of the gear is higher than the ideal resolution 
and cannot be accurately reconstructed. In addition, 
the image contrast is not sharp enough and the recon-
structed image has a deficiency in the top-right corner. 
The possible reasons are that the transparent tape gen-
erates additional noise and the structure is very fine 
which lead to more obvious diffraction. Meanwhile, 
the sample surfaces are not parallel to the photosur-
face completely. The nonlinear transformation param-
eters are 0, 0.59, and 5. The image quality after image 
enhancement processing improves to a certain extent.

Then the handwritten “Z” letter sample on an A4 
paper is measured and reconstructed. The dimen-
sions of “Z” are nearly 3×2.8 (mm) whose line width 
is about 0.6 mm. The sample is placed about 46 mm 
away from the photosurface. Because the transmissivity 

exponent γ < 1 is a positive constant which controls the 
shape of the power-law transform curve. 

The flow diagram of improved CS algorithm is shown 
in Fig. 2. The numerical simulation analysis of the 
reconstruction characteristics of the reconstruction 
algorithm has been conducted first. The pixel dimen-
sions are set as 0.1×0.1 (mm) to correspond with the 
experiments. The number of pixels in a hologram is 
124×124, and the wavelength is 118.83 μm. A “Z” let-
ter whose dimensions are 2.9×2.9 (mm) and a ring with 
two horizontal lines in the center are used as the simu-
lation samples. The widths of the horizontal and diago-
nal lines of “Z” are 0.7 and 0.6 mm, respectively. The 
diameter of the ring is 3.7 and the line width is 0.4 mm.  
The samples are shown in Fig. 3. Both samples are 
placed at 25 mm in the front of the detector. The ideal 
systematic lateral resolution is about 0.25 mm. The 
hologram is obtained based on Eq. (3) and a single 
hologram is used. The reconstruction results are shown 
in Figs. 4 and 5. The restriction parameter τ is 0.01.

The result (Figs. 4(b) and 5(b)) with CS algorithm 
suffers little from aperture diffraction and DC term 
effects. The outline is clear and the contrast is higher. 
The enhanced image is shown in Figs. 4(c) and 5(c). 
For the letter sample, the nonlinear transformation 
parameters (a, b, and γ) are 0.1, 0.9, and 0.4. For the 
ring sample, the nonlinear transformation parameters 
are 0.1, 0.85, and 0.4. It can be seen that image quality 
is further enhanced: the samples are separated from the 
background completely and have no background noise.

The CW 2.52 THz inline digital holographic imag-
ing system in Ref. [7] is used. The pyroelectric cam-
era (Pyrocam III, Ophir-Spiricon, Inc.) is used as the 
detector and has 124×124 pixels. The size of a pixel is 
0.085×0.085 (mm), and the interval between pixels is 
0.1×0.1 (mm). Firstly, a watch gear stuck to the trans-
parent tape is measured. The diameter of the gear sam-
ple is 3.5 mm whose line width is about 0.3 mm. The 

 
Fig. 3. Images of simulation samples.

  
 (a)                       (b)                      (c)

Fig. 4. Simulation “Z” sample’s (a) hologram, (b) CS result, 
and (c) piecewise-nonlinear transformation result of (b).

  
 (a)                    (b)                (c)

Fig. 5. Simulation result of ring sample: (a) hologram, (b) CS 
result, and (c) piecewise-nonlinear transformation result of (b).

 
         (a)            (b)

 
 

 

20 40 60 80 100 120

20

40

60

80

100

120
0

0.2

0.4

0.6

0.8

1

         (c)                      (d)

Fig. 6. Reconstruction results of a watch gear: (a) photograph, 
(b) hologram, (c) CS result, and (d) piecewise-nonlinear 
 transformation of (c).
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of the paper is low, the averaged holograms are all 80 
frames. The restriction parameter is 0.01. The nonlinear  
transformation  parameters are 0, 0.48, and 3. The results 
are shown in Fig. 7.

It can be seen that the reconstructed images can 
basically reflect the sample profiles. Because the con-
trast between the characters in pencil and paper is 
dull and the uniformity is also bad, the reconstruction 
results are not ideal. The “Z” sample is far away from 
the photosurface where the line width is close to the 
ideal resolution of about 0.45 mm, thus the strokes are 
thicker and the shape also changes.

In conclusion, detailed simulation and experimental 
studies demonstrate the feasibility of the algorithm in 
improving 2D reconstructed image quality in CW THz 
Gabor inline digital holography.
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Fig. 7. Reconstruction results of “Z” sample: (a) photograph, 
(b) hologram, (c) CS result, and (d) piecewise-nonlinear trans-
formation of (c).


