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Through employing permutation entropy and the self-correlation function, the time-delay signature (TDS) of a
vertical-cavity surface-emitting laser (VCSEL) with variable-polarization filtered optical feedback (VPFOF) is
evaluated theoretically. The work shows that the feedback rate η, polarizer angle θp, and filter
bandwidth Λ have an obvious influence on the TDS. The evolution maps of the TDS in parameter space
ðη;ΛÞ and ðη; θpÞ are simulated for searching the chaos with weak TDS. Furthermore, compared with a VCSEL
with polarization-preserved filtered optical feedback and a VCSEL with variable-polarization mirror optical
feedback, this VPFOF–VCSEL shows superiority in TDS suppression.

OCIS codes: 140.1540, 140.7260.
doi: 10.3788/COL201513.091401.

Recently, abundant research has been done to the subject
of semiconductor laser (SL)-based or erbium-doped fiber
laser (EDFL)-based optical chaos for its various applica-
tions such as chaotic radar, secure communication, fast
physical random bit generation, optical logic gates[1–8],
and so on. Through introducing external perturbations
such as optical injection, optoelectronic feedback, or opti-
cal feedback[9–12], SLs can be driven into a chaotic output
state, where optical feedback SL has been usually regarded
as a primary candidate for an optical chaos source since
introducing optical feedback can relatively easily yield
complex chaos. In general, an obvious time-delay signa-
ture (TDS) can be observed in a SL chaotic system with
optical feedback[13]. If this TDS-contained chaos signal is
used as a carrier in chaos communication, the system
security will be threatened since the reconstruction of
the SL chaotic system can be realized via some time series
analysis methods for chaotic systems[14]. As a consequence,
it is indispensable to search for some solutions to
conceal the TDS of chaos to ensure the system security.
Pre-existing research has proven that through selecting
a suitable injection current and feedback strength of
the SL, the TDS of chaos in an edge-emitting semicon-
ducting laser (EESL) chaotic system with a single-mirror
optical feedback can be suppressed[15]. Simultaneously,
through choosing appropriate feedback parameters, the
TDS in a double-mirror optical feedback EESL chaotic
system can be suppressed[16]. Additionally, after inserting
some components with chromatic dispersion such as a
fiber Bragg grating (FBG) or a Fabry–Perot-type filter
into the optical feedback loop, the TDS of chaos generated
by EESLs can also be suppressed[17,18].

As one kind of microchip laser, vertical-cavity surface-
emitting lasers (VCSELs) have some superior properties
including low threshold current, low cost, single longi-
tudinal mode operation[19,20], and so on. Distinct from
EESLs, VCSELs normally emit two polarized components
[namely, the x-polarized component (x-PC) and the
y-polarized component (y-PC)] because of the weak
anisotropies of the material and cavity, which spawns
some unique feedback techniques such as polarization-
preserved optical feedback (PPOF), polarization-rotated
optical feedback (PROF), variable-polarization mirror
optical feedback (VPMOF)[21–25], and so on. The TDS sup-
pression of chaos generated by a VCSEL with single-
VPMOF or double-VPMOF has been reported[23–25]. Very
recently, we used a FBG as the optical feedback device to
construct a variable-polarization FBG optical feedback
VCSEL (VPFBGOF–VCSEL) chaos system, and then
investigated the TDS concealment of chaotic outputs in
this system[26]. The result shows that the TDS of the chaos
output from the VPFBGOF–VCSEL chaotic system is
weaker than that from the VPMOF–VCSEL chaotic sys-
tem with pure mirror feedback.

In this work, after inserting a filter into the mirror
optical feedback loop to supply filtered optical feedback,
we propose a chaotic system based on VCSELs under
variable-polarization filtered optical feedback (VPFOF)
and investigate numerically the TDS of chaos in this
chaotic system.

Figure 1 shows a schematic diagram of a VCSEL subject
to VPFOF. The output of VCSEL is re-injected into
itself after transiting through a beam splitter (BS), a neu-
tral density filter (NDF), a filter, and a polarizer (P).
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In this system, three mirrors (M1–M3) are used to
change the optical path, and two optical isolators (OI1
and OI2) are applied to ensure light unidirectional
transmission.
Combining the spin-flip model (SFM)[24–26] with

VPFOF[27] for such a chaotic system, the rate equations
of a VPFOF–VCSEL can be expressed as

dEx

dt
¼ kð1þ iαÞðNEx − Ex þ inEyÞ− ðγa þ iγpÞEx

þ ηFxðtÞcos2ðθpÞþηFyðtÞ cosðθpÞ sinðθpÞ þ Lx ;

ð1Þ

dEy

dt
¼ kð1þ iαÞðNEy − Ey − inExÞ þ ðγa þ iγpÞEy

þ ηFyðtÞsin2ðθpÞ þ ηFxðtÞ cosðθpÞ sinðθpÞ þ Ly;

(2)

dFx;yðtÞ
dt

¼ ΛEx;yðt − τÞe−iω0τ þ ðiΔω− ΛÞFx;yðtÞ; (3)

dN
dt

¼ −γeN ð1þ jEx j2 þ jEyj2Þ þ γeμ

− iγenðEyE�
x − ExE�

yÞ; (4)

dn
dt

¼ −γsn − γenðjEx j2 þ jEyj2Þ− iγeNðEyE�
x − ExE�

yÞ;
(5)

where subscript x stands for x-PC and y stands for y-PC,
respectively. N indicates the total carrier inversion
between the valence band and conduction band, E repre-
sents the slowly varied complex amplitude of the field, n is
the difference between the carrier inversion of spin-down
channel and spin-up radiation channel, α accounts for the
line-width enhancement factor, k indicates the decay rate,
γs is the spin-flip rate, γe represents the decay rate for the
total carrier, γa stands for the linear dispersion, γp repre-
sents the linear birefringence effect of the active medium, μ
indicates the normalized injection current of the chaotic
system, τ is the delay time of feedback, and η accounts
for the feedback rate. FðtÞ stands for the slowly varied
complex amplitude through the filter, Λ indicates the
half-width half-maximum (HWHM) of the filter, ω0 rep-
resents the central angular frequency of the solitary
VCSEL, and Δω is the angular frequency detuning

between the filter center frequency and ω0. The range
of polarizer angle θp is from 0° to 90°. The equations
of spontaneous emission noises are described by the
Langevin sources[28]

Lx ¼
�������
φsp

2

r � ��������������
N þ n
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χ1 þ

��������������
N − n

p
χ2
�
; (6)

Ly ¼ −i
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r � ��������������
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χ1 −

��������������
N − n

p
χ2
�
; (7)

where χ1 and χ2 represent independent Gaussian white
noise with unitary variance and zero mean, and φsp

indicates the spontaneous emission rate.
Several approaches can be used to quantitatively

evaluate the TDS of chaotic signals, such as the mutual
information (MI)[13], self-correlation function (SF)[15],
and permutation entropy (PE)[29]. In this Letter, we adopt
SF and PE. SF could be described as

AðΔtÞ ¼ h½I ðt þ ΔtÞ− hI ðtÞi�½I ðtÞ− hI ðtÞi�i�������������������������������������������������������������������������������������
hðI ðt þ ΔtÞ− hI ðtÞiÞ2ihðI ðtÞ− hI ðtÞiÞ2i

p ; (8)

where I ðtÞ stands for time series of output intensity, h⋅i
indicates the time average, and Δt denotes the time shift.

Based on the information principle, PE is proposed and
owns some superior advantages such as robustness to
noise, fast calculation, and simplicity. PE can be simply
described as follows. The intensity time series fI ðnÞ; n ¼
1; 2; :::::;Mg is constructed as a set of C -dimensional
vectors through selecting suitable embedded delay time
τe and dimension C . After that one can study all C ! per-
mutation λ of order C . For each λ, the relative probability
(ϖ means the number) is defined as

pðλÞ ¼ ϖfnjn ≤ M − C ; ðI nþ1;…; I nþC Þhas types λg
M − C þ 1

;

(9)

and then PE is determined as

H ðCÞ ¼ −
X

pðλÞ log pðλÞ: (10)

After considering the suggestions in Ref. [29] and the
unique features in VCSELs, the C is set as 7, and then
the length of the time series is set as 1.5 us for the calcu-
lation of SF and PE.

Equations (1)–(5) can be calculated by a fourth-order
Runge–Kutta algorithm. The used parameters are
set as follows[30]: k ¼ 300 ns−1, γe ¼ 1 ns−1, γp ¼ 10 ns−1,
γa ¼ 0.1 ns−1, γS ¼ 50 ns−1, α ¼ 3, βsp ¼ 10−6 ns−1, and
ω0 ¼ 2.2176 × 1015 rad∕s (the corresponding optical
wavelength is around 850 nm). The center frequency of
the filter is assumed to be identified with that of the
VCSEL, i.e., Δω ¼ 0 GHz, and the delay time of the feed-
back is selected as 3 ns.

Fig. 1. Schematic diagram of a VESEL subject to VPFOF.
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Figure 2 is the P-I curve for a solitary running VCSEL.
From Fig. 2, when μ ¼ 1, only the y-PC begins to oscillate.
For 1 < μ < 1.05, the y-PC continues to oscillate. Once
μ > 1.05, the x-PC will oscillate while the y-PC is sup-
pressed. However, when μ exceeds 1.6, the x-PC and
y-PCwill oscillate together. After taking into account that
the simultaneous outputs with similar intensity of the
x-PC and y-PC may have potential applications in
dual-channel chaos communication or multiple random
number generation, in the following we set μ ¼ 2.7 such
that the intensity of the x-PC is similar to that of the
y-PC.
First, we concentrate on the TDS of the chaos output

under fixed Λ and θp but different values of η. Figure 3
gives the polarization-resolved time series, power spectra,
SF curves, and PE curves of a VPFOF–VCSEL under
Λ ¼ 8 GHz and θp ¼ 35° for different η. As shown in
the first row, for η ¼ 0 ns−1, both the x-PC and y-PC
outputs from the VPFOF–VCSEL are periodic states,
and the oscillating frequency is about 8.7 GHz. For
η ¼ 5 ns−1 (as shown in the second row), from the output

time series and the power spectra, one can deduce that the
VCSEL enters into a chaotic state. In this case, obvious
peaks (or sharp valleys) emerge in the SF (or PE) curves.
When η is increased to 15 ns−1 (as shown in the third row),
the characteristic peaks in the SF and PE curves are
suppressed efficiently. However, further increasing η
to 28 ns−1 (as shown in the fourth row), the TDS
arises again.

Second, we investigate the influence of the polarizer
angle θp on the TDS. Figure 4 gives the corresponding re-
sults for θp ¼ 0° [Fig. 4(a)], θp ¼ 30° [Fig. 4(b)], θp ¼ 60°
[Fig. 4(c)], and θp ¼ 90° [Fig. 4(d)], where Λ and η are
fixed at 8 GHz and 15 ns−1, respectively. It should be
noted that the case of θp ¼ 0° and θp ¼ 90° correspond
to a pure x-PC optical feedback and a pure y-PC optical
feedback, respectively. From Fig. 4, it can be seen that, for
θp ¼ 30°, the TDS of both the x-PC and y-PC can be sup-
pressed simultaneously. For a relatively small value of θp,
the TDS of the x-PC is more obvious than that of the
y-PC. However, for a relatively large value of θp, the op-
posite conclusion is obtained. Especially, when θp is taken
as 90°, the intensity of the x-PC is suppressed [Fig. 4(d)].
The simulated results show that an intermediate polarizer
angle is helpful to make the x-PC and y-PC possess similar
TDS and output intensity.

Next, we research the total evolution of the TDS of the
polarization-resolved output from the VPFOF–VCSEL in
the parameter space of η and Λ. Here, the amplitude σ,
defined as the maximum of the SF peak at the Δt range
of [2.7 ns, 3.3 ns], is selected to distinguish the obvious de-
gree of TDS. A small value of σ indicates a weak TDS. If
σ < 0.1, the TDS can be regarded to be well-suppressed.
Figure 5 shows the maps of σ under different η and Λ for
a VCSEL subject to VPFOF with θp ¼ 10° [Fig. 5(a)],
θp ¼ 40° [Fig. 5(b)], θp ¼ 70° [Fig. 5(c)], and polarization-
preserved filtered optical feedback (PPFOF) [Fig. 5(d)].
Within Fig. 5, the regions surrounded by the dashed lines
are for σ < 0.1, and the white region corresponds to the
case that one of polarized components has been suppressed
and its intensity is much smaller than the other polarized
component. From these maps of TDS (i.e., Fig. 5), one

Fig. 2. P-I curve for a solitary running VCSEL, where the
dashed line represents the x-PC and the solid line represents
the y-PC.

Fig. 3. Polarization-resolved time series (first and fifth columns), power spectra (second and sixth columns), SF curves (third and
seventh columns), and PE curves (fourth and eighth columns) of a VPFOF–VCSEL under Λ ¼ 8 GHz and θp ¼ 35° for η ¼ 0 ns−1

(first row), η ¼ 5 ns−1 (second row), η ¼ 15 ns−1 (third row), and η ¼ 28 ns−1 (fourth row).
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could observe that, for θp ¼ 10°, the parameter space for
generating two TDS completely suppressed PCs (σ < 0.1)
is relatively large. For θp ¼ 40°, the region within which

the TDS of PCs is completely suppressed is shifted and
slightly decreased compared with that for θp ¼ 10°. How-
ever, for θp ¼ 70°, the region with completely suppressed

Fig. 4. Polarization-resolved time series (first and fifth columns), power spectra (second and sixth columns), SF curves (third and
seventh columns), and PE curves (fourth and eighth columns) of a VPFOF–VCSEL under Λ ¼ 8 GHz and η ¼ 15 ns−1 for θp ¼ 0°
(first row), θp ¼ 30° (second row), θp ¼ 60° (third row), and θp ¼ 90° (fourth row).

Fig. 5. Maps of σ under different η and Λ for a VCSEL subject to
VPFOF with (a) θp ¼ 10°, (b) θp ¼ 40°, (c) θp ¼ 70°, and
(d) PPFOF.

Fig. 6. Maps of σ under different η and θp for a VCSEL subject to
VPFOF with (a) Λ ¼ 1 GHz, (b) Λ ¼ 3 GHz, (c) Λ ¼ 8 GHz,
and (d) VPMOF.
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TDS is very broad for the x-PC but very narrow for the
y-PC. The aforementioned results show that θp seriously
affects the parameter space region for generating two PCs
with completely suppressed TDS. Additionally, it can also
be observed that under the aformentioned three θp,
VPFOF is superior to PPFOF for achieving polarization-
resolved chaotic outputs with weak TDS.
Finally, we give the maps of σ under different η and

θp for VCSELs subject to VPFOF with Λ ¼ 1 GHz
[Fig. 6(a)], Λ ¼ 3 GHz [Fig. 6(b)], Λ ¼ 8 GHz [Fig. 6(c)],
and VPMOF [Fig. 6(d)]. Figure 6 indicates that with in-
creasing Λ, the regions of simultaneously suppressed TDS
for the x-PC and y-PC move towards the relatively small
feedback rates, which can be explained by the fact that the
x-PC and y-PC locate closely at the center peak of the fil-
ter and possess larger transmittance in the case of larger Λ.
As a result, a smaller η is inquired for achieving a similarly
effective feedback rate under a larger Λ. Furthermore,
through carefully observing Fig. 6, it can be seen that
compared with the case of VPMOF–VCSEL, under an
optimized value of Λ 3 GHz), the VPFOF–VCSEL has
a broader region where the TDS of the x-PC and y-PC
can be well-suppressed simultaneously (σ < 0.1).
In conclusion, we research and numerically analyze the

TDS in a chaotic system based on a VCSEL subject to
VPFOF. By using the analytic techniques of SF and
PE, the TDS of the chaos output can be quantitatively
evaluated, and then the effects of feedback rate, polarizer
angle, and filter bandwidth of the filter on the TDS of the
chaotic outputs are analyzed. The results show that,
through optimizing some operation parameters, the
TDS of polarization-resolved outputs from the VPFOF–
VCSEL can be simultaneously suppressed. In comparison
with a PPFOF (or VPMOF) VCSELs chaos system, such
a VPFOF–VCSEL system shows some superiority in
simultaneously acquiring polarization-resolved chaotic
signals with weak TDS.
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