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To determine the amplitude of weak sinusoidal water surface acoustic wave (WSAW), a method based on the
spectrum analysis of the phase-modulated interference signal is developed. Calculated from the amplitude spec-
trum of the detection signal, a characteristic ratio indicates that the phase-modulation depth of a WSAW is
suggested by determining the amplitude of a WSAW according to their functional relationship. Experimental
investigations for a 4 kHz WSAW evaluate the measurement’s precision with an amplitude measurement stan-
dard deviation of 0.12 nm. The measurement accuracy also is demonstrated by the experimental investigations.
The theory of this method is briefly described, and the experimental setup is presented.
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Caused by the underwater acoustic pressure field, the
water surface acoustic wave (WSAW) is regarded as a
kind of Rayleigh wave that propagates along the air-water
interface. Generally, it has a very weak amplitude, with a
scale of several nanometers. As a result of the acoustic
impedance mismatch, which occurs when the wave is in-
cident on the air-water boundary, the acoustic pressure in
the water causes the surface to vibrate at the frequency of
the acoustic pressure, and a WASW appears. Hence, a
WSAW carries some of the information of the underwater
sound field. WSAW detection to obtain underwater
acoustic signals has gradually become a new research field
in ocean engineering[1–8]. Obviously, the determination of a
WSAW’s amplitude is of great interest and could be uti-
lized in many applications, as it is a very crucial parameter
in assessing the sound intensity and localization of an
underwater sound source. Also, a WSAW is usually
drowned in large-amplitude surface vibrations caused
by environmental perturbations, and it is quite difficult
to measure it accurately.
A laser interferometer was previously used in the detec-

tion of solid surface waves. It has been introduced as a
kind of industry standard for calibrating vibration sen-
sors[9,10]. In order to detect a WSAW and underwater
acoustic signals, it was used by Antonelli and Kirsteins[11],
Blackmon et al.[12], and Zhang[13,14] et al. to observe water
surface waves. Interferometric techniques using coherent
laser radiation to measure the acoustic signals on a
vibrating surface have been successfully put into effect;
the researchers[2,3] reported that WSAWs can be detected
by a laser interferometer from a randomly moving water
surface. At present, the laser interferometer is mainly used
to determine the frequency of a WSAW with an uncer-
tainty of 1.5 Hz. In addition, WSAWs can be regarded
as a reflex-type sinusoidal phase grating, and amplitude
of a WSAW can be calculated using the geometric param-
eters of the diffraction pattern received by a CCD[15]. The

amplitude of a WSAW can be determined by means of op-
tical diffraction, but this has several limitations: it never
works when the frequency of a WSAW is larger than
100 Hz, or if any environmental perturbation appears
on the water’s surface. Phase variation caused by a
WSAW can be extracted from the demodulated results
of the interferometric signal. The maximum phase varia-
tion in the interferometer detection signal can be caused
by a WSAW and can be less than 0.02 rad. As such, the
phase demodulation method based on the interferometer
also does not work well in the presence of environmental
perturbations.

In this Letter, we discussed the amplitude-frequency
distribution features of WSAW detection signals. As op-
posed to the previous methods, we proposed an algorithm
to determine the amplitude of a WSAW that based on the
frequency spectrum analysis of the interference signal.
The effects of the phase modulation by the WSAW can
be observed in the amplitude spectrum of the interference
signal, and a characteristic ratio indicates that the modu-
lation depth was suggested in calculating the amplitude of
the WSAW according to their certain functional relation-
ship. The performance of the proposed method was exam-
ined by means of computer simulation and verified by the
experimental investigations. In the laboratory, the ampli-
tude measurement precision was evaluated by multiple
amplitude measurements for a 4 kHz WSAW with a stan-
dard deviation of 0.12 nm. The accuracy of this method
was verified by the comparisons between the experimental
results and the theoretical analysis of the WSAW.

We imagine that the vibrations on the water’s surface
can be divided into two parts: the low-frequency environ-
mental perturbation with a large amplitude (in the labo-
ratory, the amplitude of the environmental perturbation
on the water’s surface can be larger than 20 μm), and the
microwave, which is known as the WSAW. The water’s
surface is probed by the laser interferometer to detect
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the composite vibrations. According to the principle of the
Doppler interferometer[16,17], when filtered by the DC
component, the interference signal detected by a photo
detector can be described as

PðtÞ¼Ad cosf2k½An sinðωntþφnÞþAs sinðωstþφsÞ�þφg;
(1)

where Ad is the gain factor corresponding to the optical
amplitudes of the two laser beams and the amplifier
of the data acquisition module, k is the wavenumber of
the coherent laser. An, ωn, and φn respectively denote
the amplitude and the angular frequency or the phase
of the environmental wave; similarly, As, ωs, and φs de-
note the amplitude, the angular frequency, and the phase
of the WSAW. t denotes time, and φ denotes the initial
phase, which is caused by the nominal optical path differ-
ence between the two arms of the interferometer.
Equation (1) can be decomposed into a large number of

components with different angular frequencies using the
formulas of the trigonometric function and Bessel’s
equation

exp½jβ sinðΦÞ� ¼
X∞

n¼−∞
JnðβÞ expðjnΦÞ: (2)

Let AðωÞ represent the amplitude of the component
with the angular frequency ω. According to the decom-
posed result of Eq. (1), the amplitudes of components with
angular frequencies of ð2m þ 1Þωn, 2mωn, ð2mþ1Þωnþωs,
and 2mωn þ ωs can be expressed as

8>>><
>>>:
A½ð2m þ 1Þωn� ¼ Ad sinðφÞJ0ð2kAsÞJ2mþ1ð2kAnÞ
Að2mωnÞ ¼ Ad cosðφÞJ0ð2kAsÞJ2mð2kAnÞ
A½ð2m þ 1Þωn þ ωs� ¼ Ad cosðφÞJ1ð2kAsÞJ2mþ1ð2kAnÞ
Að2mωn þ ωsÞ ¼ Ad sinðφÞJ1ð2kAsÞJ2mð2kAnÞ

:

ð3Þ

where m is an integer.
Then, we define the characteristic ratio R as

R ¼
����������������������������������������������������������������������������������������������P

m A½ð2m þ 1Þωn�P
m A½ð2m þ 1Þωn þ ωs�

P
m Að2mωnÞP

m Að2mωn þ ωsÞ

s

¼ J0ð2kAsÞ
J1ð2kAsÞ

; (4)

where 2kAs is the phase modulation depth caused by the
WSAW. Therefore, R is a function of As, and also there is
an inverse function of RðAsÞ when the value of As is in a
certain interval. Based on the above, we can determine the
value of As by the value of R. Due to the properties of
Bessel functions of the first kind, we can draw the conclu-
sion that when An approaches infinity, ratio R can be
rewritten as

RjAn→∞ ¼
P

m AðmωnÞP
m Aðmωn þ ωsÞ

: (5)

The nominal optical path difference between the two
arms of the interferometer seems very difficuly to deter-
mine. Compared with the WSAW, the amplitude of water
surface’s environmental wave is a particularly large value;
therefore, we can ignore the effect of initial phase φ and
calculate the characteristic ratio R using Eq. (5) to take
the place of Eq. (4). The numerical simulation results
show that the amplitude calculation error caused by ignor-
ing φ is smaller than 0.05 nm.

Actually, there may be various components in the envi-
ronmental perturbations. Assuming that there are several
environmental perturbations with different frequencies
and amplitudes on the water’s surface, let ωi and Ai

denote the angular frequency and the amplitude of one
environmental perturbation, as well as ωj andAj. Ignoring
the initial phase φ and the gain coefficient Ad, let A1

represent the amplitude of the spectrum component at
a frequency of aωi þ bωj. Then, A1 can be written as

A1 ¼ J0ð2kAsÞJað2kAiÞJbð2kAjÞ
YN
m¼1;
m≠i;j

J0ð2kAmÞ; (6)

where N denotes the component number of the environ-
mental perturbations. Similarly, let A2 represent the am-
plitude of the component at a frequency of aωi þ bωj þ ωs.
Then, A2 can be written as

A2 ¼ J1ð2kAsÞJað2kAiÞJbð2kAjÞ
YN
m¼1;
m≠i;j

J0ð2kAmÞ: (7)

Obviously, the ratio of A2 and A1 is equal to the defined
characteristic ratio R, and so is the amplitude ratio of any
couple of components with a certain frequency difference
of ωs. As a result, in the frequency domain in which the
signal spectrum band caused by the WSAW could be
clearly distinguished from the spectrum band caused by
environmental perturbations, the phase modulation depth
of the WSAW, 2kAs, can be determined according to the
amplitude-frequency distribution of the detection signal.

In order to decline the random error in the calculation of
R and eliminate the effect of initial phase φ, we use am-
plitude sums S1 and S2 to calculate ratio R∶S1 denotes the
amplitude sum of the components in the low-frequency
spectrum band, and S2 denotes the amplitude sum of
the components with frequency shift of ωs. This could
significantly improve the calculation repeatability of R.
Also, let ωa denote the frequency resolution of the data
acquisition module, so assuming that the width of the
low-frequency band caused by the environmental pertur-
bations is equal to Nωa, then the calculation formulas of
S1, S2, and R can be described as
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8>><
>>:
S1 ¼

PN
i¼1 AðiωaÞ

S2 ¼
PN

i¼1 A
h�

ωs
ωa
þ i

�
ωa

i
R ¼ S1

S2
¼ J0ð2kAsÞ

J1ð2kAsÞ

: ð8Þ

Presupposing that the frequency of the WSAW, ωs, is
known, and by converting the detection signal to the fre-
quency domain using the Fourier transform, we can calcu-
late the values of R and As according to Eq. (8) and the
amplitude spectrum of the detection signal. Figure 1 illus-
trates the relationship between R andAs, whenAs is in the
interval of 0.5–25 nm, and the wavelength of the laser is
set to 1064 nm as an example. The analytical solution
of the inverse function of RðAsÞ is of great difficulty to
obtain. We can determine the value of As by using a
reference table.
Generally, we use a Fast Fourier Transform algorithm

to obtain the amplitude spectrum of the detection signal.
Since the Fourier transform is a kind of linear transform,
the waves in any subinterval of observation time can be
detected in the final transform results, and the character-
istic ratio can be calculated accurately even if the environ-
mental perturbations in the phase of the interference
signal usually randomly emerge in the time domain, i.e.,
some components maybe only last for a short subinterval.
The Fourier spectrum of a simulated signal is shown in
Fig. 2. The observation time is 1 s, and the frequency res-
olution is 1 Hz. In the different subintervals, the environ-
mental perturbations in the phase of the detection
signal consist of two or three components with distinct
frequencies and amplitudes. The amplitude of the WSAW
was set to 10 nm, and its frequency was 2 kHz.
After calculating the characteristic ratio and amplitude

of the WSAW using Eq. (8) and using the Fourier trans-
form results of the simulated signal, we can calculate that
the length of the low-frequency spectrum band is about
800 frequency resolutions. The value of S1 is 11.3926
and S2 is 1.1424, and the ratio between them is 9.9725.
Then, we can determine the amplitude of the WSAW
using the reference table. The calculated amplitude of

the WSAW is 10.05 nm, which is in sufficient agreement
with the set value despite a tiny error of 0.05 nm.

The accuracy of this method was experimentally
confirmed with the setup depicted in Fig. 3. A sinusoidal
voltage, which was sent by a signal generator, was applied
to drive an acoustic transmitter (e.g., an underwater loud-
speaker) to produce a sound field and excite the WSAW.
A typical Michelson interferometer consists of a coherent
laser at a wavelength of 1064 nm, fiber couplers, a
circulator, a collimator, and the like. A large-diameter
collimator can be used to send the interrogating laser
beam to the water’s surface, and in the meantime, it also
can collect the phase-modulated reflected beam. A photo
detector converts the optical interference signals into elec-
trical signals.

Letting signal generator output a standard sinusoidal
signal at a frequency of 4 kHz, after power amplification,
the sinusoidal signal drove the acoustic transmitter to ex-
cite a sinusoidal WSAW. The sound pressure level (SPL)
of the underwater acoustic radiation was about 101 dB re
20 μPa, and the acoustic transmitter was placed at a depth

Fig. 1. Relationship curve of characteristic ratio to amplitude of
WSAW (As is in the interval of 0.5—25 nm).

Fig. 2. Fourier spectrum of the simulated interference signal.

Fig. 3. Laboratory setup for amplitude measurement of WSAW.
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of about 500 mm. By probing the water’s surface using
interferometer shown in Fig. 3, we acquired a interference
signal and filtered the DC component. Its time-domain
waveform and Fourier spectrum are depicted in Fig. 4.
The sampling rate of the data is 51200 samples per second
and the number of data samples is 51200, so the frequency
resolution is equal to 1 Hz.
Several groups of amplitude measurement experiments

for a 4 kHz sinusoidal WSAW were conducted to examine
the precision of this method. According to the Fourier
spectrum of the experimental signals, the width of the
low-frequency spectrum band caused by environmental
perturbations is about 500 frequency resolutions, and
we can calculate the characteristic ratio and the amplitude
of the WSAW by using a Fourier transform and Eq. (8).
The calculation results are given in Table 1. The standard
deviation of ratio R is 0.8050, and the deviation of the
amplitude is 0.1179 nm. The experimental results con-
firmed the measurement precision of the proposed
method. Moreover, from Eq. (8) and Fig. 1, we can infer
that when As becomes bigger, the repeatability of ratio R
gets smaller, so that the measurement precision of ampli-
tude As can be maintained in a certain interval.
It is impossible to obtain the true value of the WSAW’s

amplitude, but in order to investigate the correctness of
the measurement results (i.e., in order to investigate
the accuracy of this method), amplitude measuring experi-
ments for WSAWs with different frequencies and different
sound levels were carried out. According to the acoustic
theory[18,19], the amplitude of a WSAW is proportional
to the incident sound pressure, and it can be inversely pro-
portional to its frequency. Adjusting the driving voltage of
the signal generator and the gain of the amplifier makes
the acoustic transmitter keep the SPL of the acoustic ra-
diation at about 80, 85, 90 and 95 dB. The transmitter was

placed at a depth of about 500 mm. From observing the
experimental results of the amplitude measurements of the
WSAWs with different frequencies, as shown in Fig. 5, we
can draw a conclusion that as the frequency increasing, the
amplitude of the WSAW becomes smaller. The amplitude
of the WSAW is inversely proportional to the frequency,
coinciding with the theoretical analysis of the WSAW.

Amplitude measuring experiments for WSAWs caused
by different incident pressure sounds were also conducted.
We can have theWSAWsmaintain a stationary frequency
of 1, 2, 3 and 4 kHz, while changing the SPL of underwater
sound from 60 to 110 dB. Figure 6 shows the experimental
results of the amplitude measurements for WSAWs at dif-
ferent incident sound intensities. From Fig. 6, we can ob-
serve that the amplitude of the WSAW becomes bigger as
the incident sound level increases; thus, we can conclude
that the amplitude of a WSAW is proportional to the
intensity of the incident sound. These are two kinds of

Fig. 4. Schematic of (a) time-domain waveform (the DC compo-
nent was filtered) and (b) Fourier spectrum of experimental
detection signal for 4 kHz WSAW.

Table 1. Calculation Results of Ratio R and Amplitude
As for 4 kHz WSAW

No.
Characteristic

Ratio R
Amplitude of

WSAW AsðnmÞ
1 36.0653 4.6933

2 35.3655 4.7865

3 33.7459 5.0158

4 34.8696 4.8549

5 34.7333 4.8727

6 34.6924 4.8778

7 34.9002 4.8499

8 35.3265 4.7915

9 33.5596 5.0701

10 35.8357 4.7238

σ 0.8050 0.1179

Fig. 5. Experimental results of amplitude measurements for
WSAWs with different frequencies. SPL of underwater sound
was kept at 80, 85, 90 and 95 dB.
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amplitude measuring experiments that have effectively
demonstrated the accuracy of the proposed amplitude
measuring method.
In addition, this method performs two great properties

in application: the frequency error tolerance and anti-
noise performance. From Eq. (8), by using this method
to determine the amplitude of the WSAW, we must first
obtain the value of the frequency. Generally, the frequency
of a WSAW is acquired by the measurement with an error
of one frequency resolution (usually 1.5 Hz)[20]. This ap-
pears to be an error when calculating the value of S2. Since
S2 is a cumulative value, we can almost ignore the influ-
ence of one resolution error in the frequency. Taking one
group of 4 kHzWSAW experimental data for example, the
value of amplitude As when calculated without the fre-
quency error is 4.86 nm, and As calculated with a fre-
quency error of 2 Hz is 4.83 nm. As calculated with a
frequency error of −2 Hz is 4.90 nm, so the deviation is
smaller than 0.05 nm. Thus, it can absolutely be ignored.
Because of the statistical characteristics of Gaussian noise,
we can easily eliminate its influence when calculating S1
and S2 by the spectrum analysis of the noise in the signal.
In order to improve the accuracy of the amplitude deter-
minations, it is best to deduct an estimate correction term
corresponding with the noise spectrum from S1 and S2
when the interference signal has a low signal-to-noise
ratio. However, there is also a limitation on the amplitude
of the environmental perturbations when we apply this
method. Several factors can influence how strong environ-
mental perturbations can be tolerated by the proposed
method, such as the wavelength of the coherent laser,
the frequency of the environmental perturbations, the fre-
quency of the WSAW, and the modulation depth of the
WSAW. When the phase of the interference signal is
deeply and well-modulated by a high-frequency WSAW,
the proposed method can tolerate millimeter-scale envi-
ronmental perturbations.

In conclusion, we propose a method to determine the
amplitude of a weak sinusoidal WSAW that is based on
the determination of a characteristic ratio and the Fourier
spectrum analysis of the interference signal. The perfor-
mance of this method is examined by the means of a
computer simulation and verified by the experimental
investigations. We observe and study the measurement
precision and the accuracy of the proposed method.
The amplitude measuring experiments of a WSAW with
a frequency of 4 kHz are conducted to evaluate the mea-
surement precision, with a standard deviation of 0.12 nm.
Amplitude measuring experiments for WSAWs with dif-
ferent frequencies and sound levels are also carried out.
The accuracy of this method is verified by the comparisons
of the experimental results and the theoretical analysis of
the WSAW. Furthermore, we discuss two great properties
of the proposed method.
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Fig. 6. Experimental results of amplitude measurements for
WSAWs caused by different incident sound pressures. Frequen-
cies of WSAWs were kept at 1, 2, 3 and 4 kHz.
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