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We propose a type of diffractive optical element, a modified Fibonacci photon sieve (MFiPS), designed by using
the Fibonacci sequence with two different initial seed elements. Focusing properties of MFiPS show that it not
only has less secondary foci, but also presents two equal intensity foci by optimizing the diameters of pinholes of
MFiPS whose ratio of the two focal distances approaches the golden mean. Higher transverse resolution on the
two focal spots is improved by using a super-Gaussian amplitude modulation technology.
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Focusing of soft x-rays[1] and extreme ultraviolet (EUV)
has many applications in the physical and life sciences.
Unfortunately, a conventional refractive lens cannot focus
soft x-rays and EUV as a consequence of the strong ab-
sorption of solid materials in the x-ray and EUV spectral
regions. Traditional Fresnel zone plates (FZPs) can over-
come these disadvantages[2,3], but they have inherent lim-
itations[4]. In 2001, Kipp et al. proposed a photon sieve[5],
where a zone plate originally composed of concentric rings
is arranged properly by a large number of pinholes. Some
researchers have conducted theoretical research on photon
sieves[6–8], and a series of different kinds of photon sieves
have been designed, such as fractal[9], compound[10],
Zernike apodized[11], phase zone[12], spiral[13], and reflec-
tion[14] photon sieves. Photon sieves also have significant
applications with respect to nanometer lithography[15–17],
large lightweight telescopes[18], and weapons vision[19].
The Fibonacci sequence, named after the inventor and

Italian mathematician Leonardo de Pisa, called Fibonacci,
has been employed in the development of different
photonic devices; for example, multilayers and linear
grating[20], circular grating[21], spiral zone plates[22,23], and
bifocal diffractive lenses[24,25].
In this Letter, we propose a modified Fibonacci photon

sieve (MFiPS) to improve on-axis focusing properties by
using a Fibonacci sequence with two other seed elements,
which are different from the aforementioned Fibonacci
lenses. Compared with a traditional photon sieve (TPS),
an MFiPS consists of a large number of pinholes properly
distributed over Fibonacci circular orbits. Super-Gaussian
amplitude modulation technology is applied to an MFiPS
in order to improve the transverse resolution of the two
focal spots.
A Fibonacci photon sieve (FiPS) and an MFiPS can be

constructed in a single structure without any supporting
substrate, which could allow for new applications in
terahertz (THz) imaging[26], x-ray microscopy[27], and oph-
thalmology[28], especially in bifocal intraocular or contact
lenses for the correction of presbyopia.

The first two numbers of the Fibonacci sequence corre-
spond to two seed elements E−1 ¼ A and E0 ¼ B, and the
mth generation of the Fibonacci sequence illustrated in
Fig. 1(a)[29] is obtained from the linear recursion relation
En ¼ En−1 þ En−2. However, the third and the fourth
numbers of the Fibonacci sequence can be also chosen
as initial seed elements, such as E1 ¼ AA and E2 ¼ BAB
[see Fig. 1(c)]. In this way, some extraordinary optical
focusing phenomena will appear. It should be noted that
Figs. 1(a) and 1(b) are the same structure.

Figure 2 indicates how to design an FiPS in detail with
seed elements E1 ¼ BA and E2 ¼ BAB; MFiPS can be
formed in the same way. If seed element A denotes poten-
tially transparent orbits where pinholes are distributed,
and B is opaque, amplitude FiPS is formed. However, if
pinholes are a function of phase distribution, we can
design phase FiPS and MFiPS. In this Letter, we mainly
discuss the former.

FiPS and MFiPS based on the seven-order Fibonacci
sequence E7 are shown in Figs. 3(a) and 3(b). Pinholes
are uniformly distributed on the potentially transparent
orbits. The total number of orbits is 34 and the number

Fig. 1. Same Fibonacci sequence with different seed elements:
(a) E−1 ¼ A, E0 ¼ B; (b) E1 ¼ BA, E2 ¼ BAB; (c) E1 ¼ AA,
E2 ¼ BAB.
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of corresponding potentially transparent orbits is 13 and
18, respectively. Figure 3(c) shows the structure of a TPS
under the same condition, and the number of correspond-
ing potentially transparent orbits is 17.
The focusing model of MFiPS is shown in Fig. 4. The

MFiPS is located at the ξη–plane, the observation plane
is located at the xy–plane, and the distance between
the ξη–plane and xy–plane is z. Consider a monochromatic
plane wave is incident on the nth pinhole of the mth
potentially transparent orbit, whose central location and
radii are denoted by ðξmn; ηmnÞ and rmn, respectively.
Based on the Huygens–Fresnel principle, the diffracted
field Umnðx; yÞ can be given by

Umnðx; yÞ ¼
z
iλ

ZZ
Σ
tmnðξ; ηÞ·

expðikRmnÞ
R2

mn
dξdη; (1)

where λ is the incident wavelength, k ¼ 2π∕λ is the wave
number, Rmn ¼ ½ðx − ξÞ2 þ ðy − ηÞ2 þ z2�1∕2 is the dis-
tance between the point ðξ; η; 0Þ and the point ðx; y; zÞ;
i ¼ ð−1Þ1∕2 is the imaginary unit, and tmnðξ; ηÞ ¼ circ
½ðξ− ξmnÞ∕rmn; ðη− ηmnÞ∕rmn� is the aperture function.

According to the linear superposition principle, the
total diffracted field U totalðx; yÞ on the focal plane is the
simple sum of those individual diffracted fields from differ-
ent pinholes. In other words, the total diffracted field can
be described as

U totalðx; yÞ ¼
X
m

X
n

Umnðx; yÞ: (2)

The simulation parameters of TPS, FiPS, and MFiPS are
as follows. The incident wavelength λ is 632.8 nm, their
radii are all 3.03 mm, and the total number of orbits is
377. For TPS, the diameter d of the pinholes in each po-
tentially transparent orbit with width w has an optimum
value for the effective contribution to the prime focus in
Ref. [5]. The value is given by d ¼ 1.53w. Under a mono-
chromatic plane wave illumination, the normalized axial
intensity distribution produced by the TPS is shown in
the dashed line in Fig. 5(a). A TPS presents only one focus
which is similar to a traditional FZP and the correspond-
ing prime focus is located at f ¼ 3.855 cm. In contrast,
an FiPS can present two equal intensity foci which is

Fig. 2. Generation of FiPS.

Fig. 3. (a) FiPS; (b) MFiPS; (c) TPS.

Fig. 4. Monochromatic plane wave incident on an MFiPS.

Fig. 5. Axial focusing properties of TPS, FiPS, and MFiPS:
(a) normalized axial intensity produced by FiPS (solid line)
and TPS (dashed line) against axial distance (d ¼ 1.53w in this
case); (b) relationship of normalized axial intensity I and the
value of dmn∕wm at the two foci; (c) normalized axial intensity
produced by FiPS against the axial distance z ðdmn∕wm ¼ 1.16Þ;
(d) normalized axial intensity produced by MFiPS against the
axial distance z.
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similar to an FZP[24]. However, if we still adopt the
aforementioned optimum diameter, the intensity on the
two foci is not equal, as shown in the solid line in
Fig. 5(a). It is demonstrated that the peak intensity of
the first focus is much smaller than that of the second
focus. The two axial foci are located at f 1 ¼ 3.120 cm
and f 2 ¼ 5.047 cm. Therefore, it is imperative to again
optimize the diameters of the pinholes so as to obtain
two equal intensity foci.
The intensity values of the two foci of the FiPS as a

function of the ratio ðdmn∕wmÞ of the diameter dmn of
the pinhole to the width wm of its own orbit are plotted
in Fig. 5(b). When dmn∕wm values are approximately 1.16,
2.47, and so on, the first focal intensity is equal to the sec-
ond focal intensity, as shown in Fig. 5(c). Unfortunately,
pinholes will seriously overlap when the dmn∕wm value is
larger than 2. Hence, we choose 1.16 as the optimal ratio.
Taking adjacent potentially transparent orbits of the
MFiPS into account, there are two methods to modify
the dmn∕wm value so as to obtain two equal intensity foci
[see Fig. 5(d)]; one is that potentially transparent orbits
are divided into adjacent orbits and nonadjacent orbits
in order to optimize two values of dmn∕wm, and the other
is that adjacent potentially transparent orbits are re-
garded as one orbit. In this work, we adopt the former
method. In this case, the value of dmn∕wm is equal to 1.00
in adjacent potentially transparent orbits, whereas the
dmn∕wm value in the other orbits is set to 1.19. Compared
with the FiPS, the MFiPS has an outstanding axial inten-
sity distribution with few secondary foci at the same con-
ditions. Two focal distances of MFiPS are still 3.120 and
5.047 cm. Obviously, the ratio of two focal distances ap-
proaches the golden mean, which is one of the character-
istic roots of the Fibonacci recursion relation.
The total area of the transparent pinholes is

14.206 mm2 in the MFiPS, whereas that of the TPS is
26.429 mm2. The diffraction efficiency of the MFiPS
has fallen 9.87% compared with that of the TPS. Actually,
the energy of the focal spot is just 0.2% of the incident
energy[6,30] when a plane wave is incident on an amplitude
TPS. One solution to improve the diffraction efficiency of
the FiPS and MFiPS is to design phase FiPS and MFiPS.
Figures 6(a) and 6(b) show the normalized transverse in-
tensity distribution on the prime focal spot of the TPS.
The full-width at half-maximum (FWHM) of the focal
spot is 4.162 μm.
After altering the initial seed elements, the transverse

resolution of MFiPS and FiPS, where the intensity of
two foci is equal, is almost the same. In order to obtain
higher transverse resolution, super-Gaussian amplitude
modulation of pinholes which correspond to their own cir-
cular orbits is applied to the MFiPS. The weight value of a
super-Gaussian amplitude modulation in the mth orbit
can be described as

WVm ¼ Am exp
�
−
ðm − μÞM

2σM

�
ðM ≥ 2Þ; (3)

where μ and σ are the undetermined values, Am can be
either a vector or scalar, and M is the order super-
Gaussian function.

Figure 6(c)–6(f) show the transverse intensity distribu-
tion of the two foci for an unmodulated FiPS (solid curves)
and a modulated MFiPS (dashed curves) with super-
Gaussian parameters Am ≡ 1, μ ¼ 377, and σ2 ¼ 3500 [see
Fig. 6(g)]. The FWHM of the two focal spots of the FiPS
are 3.346 and 5.422 μm, whereas that of the modulated
MFiPS are 2.848 and 4.604 μm. Obviously, the transverse
resolution has been greatly improved.

In conclusion, we demonstrate an MFiPS with bifocal
characteristics and proposed a super-Gaussian amplitude
modulation approach to improve the transverse resolution
of the bifocal spots. The method reported in this Letter
may provide an approach for designing other MFiPSs,
phase FiPS, and so on.
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