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Recollisions of the liberated electron with its parent ion
are responsible for the most spectacular and important
effects of strong-field physics, such as high-order harmonic
generation and high-order above-threshold ionization
(ATI)[1]. In the recollision, the electron can scatter in
any direction[2]. In ATI, the interest has focused on back-
scattering, since this is what generates high energies and
the ATI plateau[3]. If the electron scatters in the forward
direction, its final energy is comparatively low and it has
to compete with other pathways to low energy, the so-
called direct electrons, which do not rescatter at all and
have been expected to be dominant. Hence, for low elec-
tron energies, it has been tacitly assumed that forward
scattering, and rescattering in general, make a negligible
contribution. However, this is not necessarily true
because, for Coulomb scattering, the forward-scattering
(FS) amplitude is very large, actually divergent. Indeed,
Coulomb forward scattering was proposed[4] and is now
widely accepted as the origin of the so-called low-energy
structure (LES)[5,6] in ATI.
In this Letter, we will consider forward and backward

scattering as well as rescattering by an arbitrary angle into
states with low final energy. We will employ the quantum-
mechanical quantum-orbit theory, which is built on the
improved strong-field approximation (ISFA)[7–9]. The
ISFA considers rescattering in first-order Born approxi-
mation; in other words, in the Born series the Coulomb
potential acts on the electron at most once after its liber-
ation via tunneling. However, the ISFA can be generalized
to the low-frequency approximation (LFA), which incor-
porates potential scattering in the absence of the laser field
to arbitrary order[10–13]. It came as a surprise that already
the ISFA, even though it is only of first order in the
scattering potential, accounts for the LES structures[14].
An outline of this Letter is as follows. We start by intro-

ducing the ATI amplitude and its quantum-orbit expan-
sion in the case of a linearly polarized, infinitely long, flat

laser pulse. We define forward and backscattering contri-
butions and compare their relative significance for given
final energy. We consider the angular dependence of the
ATI spectra and derive the angular dependence of the
various cutoffs from the classical simple-man model.
Finally, we present momentum-plane spectra for various
quantum orbits of FS and backward-scattering (BS), with
special emphasis on the low-energy region. The atomic
system of units (ℏ ¼ jej ¼ m ¼ 4πε0 ¼ 1) is used through-
out the Letter.

The rescattering T -matrix element for ionization from a
bound state ψ i , having the ionization energy I p ¼ −Ei , to
a final state of an electron with an asymptotic momentum
p, in the saddle-point approximation is given by[8,15–17]

TR
pi ∝

X
s

Δ−1∕2
s MpkstðtsÞMkstiðt0sÞeiSs : (1)

The corresponding differential ionization rate is given
by wpi ¼ 2πpjTR

pi j2. The sum over s is the sum over the
relevant solutions of the system of the two saddle-point
equations for the ionization time t0s and the rescattering
time ts

1
2
½kst þ Aðt0Þ�2 ¼ −I p; (2)

1
2
½kst þ AðtÞ�2 ¼ 1

2
½pþ AðtÞ�2; (3)

where kst ¼
R
t
t0
dt0Aðt0Þ∕ðt0 − tÞ is the stationary momen-

tum. In length gauge and dipole approximation, the ion-
ization matrix element is Mkstiðt0Þ ¼ hkst þ Aðt0Þjr·
Eðt0Þjψ ii, where EðtÞ is the electric-field vector. For a
monochromatic linearly polarized field with period
T ¼ 2π∕ω (in the direction determined by the unit vector
ê ¼ x̂), we take EðtÞ ¼ êE0 sin ωt. The action in the
exponent of Eq. (1) is Ss ≡ Sðt0s; tsÞ, with Sðt0; tÞ ¼
p2t∕2 þ p · αðtÞ þ k2stðt − t0Þ∕2 þ ðUp þ I pÞt0 þ U1ðt0Þ,
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AðtÞ ¼ êA0 cos ωt, αðtÞ ¼ êðA0∕ωÞ sin ωt, U1ðtÞ ¼
R
t dt0

A2ðt0Þ∕2− Upt, Up ¼
R
T
0 A2ðτÞdτ∕ð2TÞ¼A2

0∕4, and A0 ¼
E0∕ω. The determinant Δs ≡ Δðt0s; tsÞ is given by

Δðt0; tÞ ¼
�
iðt − t0Þ

2π

�
3
��

∂2S
∂t0∂t

�2
−
∂2S
∂t20

∂2S
∂t2

�
: (4)

Finally, the rescattering matrix element in the LFA has
the form[10,17]

MLFA
pkst

ðtÞ ¼ hψ ð−Þ
pþAðtÞjV jkst þ AðtÞi; (5)

where ψ ð−Þ
p is the continuum eigenstate of the Hamiltonian

−∇2∕2þ V with the atom-specific rescattering potential
V ðrÞ modeled by the sum of the Coulomb potential and a
short-range potential[10,17]. A more simplified expression for
the rescattering matrix element is obtained if the exact
scattering state is replaced with a plane wave [this corre-
sponds to the first Born approximation and this approxi-
mation we call the ISFA[7]]:MISFA

pkst
¼ hpjV shjksti [the term

AðtÞ from Eq. (5) has canceled and only the short-range
part of the potential V is taken into account since the
matrix element for the Coulomb potential is singular,
i.e., ∝ ðp− kstÞ−2].
There are two classes of solutions to the system of the

saddle-point equations, i.e., Eqs. (2) and (3)[8,16,18]: the BS
solutions, which are classified by the multi-index ðα; β;mÞ
in Ref. [8], and the FS solutions, which are classified by the
double-index νμ in Ref. [18]. For the case when the motion
is restricted to the direction of the laser field, i.e., when
kst‖AðtÞ‖p, we speak of BS if in the instantaneous process
of elastic rescattering the electron momentum changes its
sign, i.e., if pþ AðtÞ ¼ −½kst þ AðtÞ�. We speak of FS if the
velocity remains the same, such that kst ¼ p. The latter
case is simple, because in this event Eq. (3) is satisfied
for all values of t, while Eq. (2) can be solved analytically
for t0

[18]. This means that for a fixed value of p the solution
for t0 is the same for all νμ. For emission away from the
polarization axis, the system of Eqs. (2) and (3) should be
solved for t0 and t. This task is simplified since we can start
from the known solutions along this axis. Therefore, we
keep the term FS for such solutions even in this case.
On the other hand, the BS solutions ft0s; tsg are different
for each s ≡ ðα; β;mÞ. As we did for the FS solutions, we
will continue to refer by BS to the ðα; β;mÞ solution when
the momentum moves away from the polarization axis.
We shall see that, for fixed laboratory-frame scattering
angle θ, at some point an FS solution becomes BS or
vice versa.
LESs were observed in experiments with neutral atoms

for high laser intensity and long wavelength[5,6]. In terms of
the ponderomotive energy Up the LES appears in the
energy region near and below 0.1Up. We first consider
ATI of Ar atoms by a linearly polarized laser field with
intensity 2 × 1014 W∕cm2 and wavelength 2000 nm.
In Fig. 1 we compare the spectra of the electron emitted

in the laser polarization direction obtained from BS and
FS solutions in various approximations. The results

(SFA + ISFA), which include both the direct electrons
(SFA obtained by numerical integration over the ioniza-
tion time) and the rescattered electrons (ISFA obtained
by numerical integration over the ionization and rescatter-
ing times) are presented by the red dotted line. This rate is
much higher than the one obtained taking only the back-
scattered electrons within the uniform approximation (BS
UA)[10,19–21] or the rate obtained from the forward-scattered
electrons within the saddle-point approximation and
with the rescattering matrix element taken in the first
Born approximation and with a short-range potential
(FS ISFA).

In the energy region below 0.1Up, both the BS UA and
the FS ISFA results exhibit sharp peaks at the same
positions and with comparable magnitudes. Their
common origin are the classical energy cutoffs at Ep ¼
8∕½ð2n þ 1Þ2π2�Upðn ¼ 1; 2;…Þ of the FS solutions[18,22];
cf. Fig. 2(b). These cutoffs cause a sharp maximum of
the emission rate, which is due to a near zero of the deter-
minant [Eq. (4)]. The same determinant also multiplies
the contributions of the BS orbits in Eq. (1) so that the
BS solutions exhibit sharp maxima at the same positions.
Indeed, since at these cutoffs the electron returns with zero
energy, classically there is no difference between forward-
and backscattering. More details can be found in Ref. [16].
However, the rates of both FS (FS ISFA) and BS (BS UA)
contributions are far below those of the direct electrons,
which are contained in the SFA + ISFA result.

In contrast, the cyan solid line shows the result obtained
using the LFA, which includes the exact (with the
Coulomb potential included) rescattering matrix element
[Eq. (5)] with only the FS saddle-point solutions (FS
LFA). We see that in the energy region below 0.1Up
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Fig. 1. Differential ionization rates of Ar for the angle θ ¼ 0° as
functions of the electron energy in units of Up for a linearly
polarized laser field with intensity 2 × 1014 W∕cm2 and wave-
length 2000 nm (Up ¼ 74.7 eV) for various approximations as
explained in the text. The FS LFA spectra obtained using the
FS saddle-point solutions within the low-frequency approxima-
tion are smooth for energies above 0.1Up. Below this energy
they rise strongly and display the peaks of the classical LES
series[18,22].
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the corresponding rate is 1 or 2 orders of magnitude larger
than the SFA + ISFA rate. In fact, the FS LFA spectra
describe the LES as it is observed experimentally: a steep
rise for energies below ≈0.1Up on top of a smooth contri-
bution of low-energy electrons (without the strong oscilla-
tions displayed by the other rates).
For energies above about 2Up the contributions of the

FS solutions quickly become insignificant. High electron
energies can only be obtained via backscattering.
In the backscattering case it was possible to give a

classical interpretation[23,24] and to determine the classical
cutoff as the maximum energy which an electron can have
at the detector after backscattering[2]. A similar derivation
gives the classical cutoff laws for forward scattering (the
LES series of peaks). In this subsection we will consider
the general case of an arbitrary electron emission angle
θ in the laboratory frame. We will start from the saddle-
point Eqs. (2) and (3) in the classical limit when I p → 0.
The stationary momentum is

k ¼ −A0
sin ωt − sin ωt0

ωτ
;

k
A0

¼ −
sin σ cos ψ

σ
; (6)

where we used the relation sin ωt − sin ωt0 ¼
2 cos ψ sin σ and the notation σ ¼ ωτ∕2, τ ¼ t − t0,

ψ ¼ ωðt þ t0Þ∕2. The saddle-point equation [Eq. (2)] for
I p → 0 reduces to

k þ Aðt0Þ ¼ 0; (7)

while the energy-conserving condition [Eq. (3)] at the
rescattering time gives

½k þ AðtÞ�2 ¼ ½pþ AðtÞ�2: (8)

We will also use the relations cos ωt0 ¼ cosðψ − σÞ ¼
cos ψ cos σ þ sin ψ sin σ and cos ωt ¼ cosðψ þ σÞ ¼
cosψ cos σ − sin ψ sin σ. In this case, Eq. (7) can be
rewritten as

a cos ψ − b sin ψ ¼ 0; (9)

where a ¼ cos σ − sin σ∕σ, and b ¼ − sin σ. The solutions
of Eq. (9) are

sin ψ ¼ sa∕
����������������
a2 þ b2

p
; cos ψ ¼ s0b∕

����������������
a2 þ b2

p
; (10)

with s, s0 ¼ �1. After a long, but straightforward, deriva-
tion we arrive at the following solution of Eq. (8) for the
final energy as a function of the parameter σ

Ep

2Up
¼ b2

a2 þ b2

�
2c2 þ d � 2c

��������������
c2 þ d

p �
; (11)

where c ¼ ðcos σ þ aÞ cos θ and d ¼ bðcos σ þ 3aÞ∕σ. We
have also used the fact that the solutions are real if ss0 ¼ 1.

The solutions [Eq. (11)] as functions of ωτ ¼ 2σ (τ is the
“travel time” of the liberated electron) are presented in
Fig. 2(a) (BS) and Fig. 2(b) (FS) for lab-frame scattering
angles θ between 0° and 90°. Similar results were obtained
in Refs. [18,25,26]. It is important that the cutoff energy
for the forward-scattered solutions increases with increas-
ing angle θ. For example, the cutoff energy for ωτ ≈ 10 in
Fig. 2(b) increases from 0.1Up for θ ¼ 0° to above 0.5Up

for θ ¼ 90°. Owing to the symmetry of the driving laser
field these curves are the same if we replace θ → 180°− θ.
Inspection of Figs. 2(a) and 2(b) shows that all curves
except θ ¼ 0° suddenly terminate at some points in the
ðEp;ωτÞ plane. Closer inspection confirms that a curve
that terminates in Fig. 2(a) smoothly continues in
Fig. 2(b) and vice versa so that a closed curve results if
the two are taken together. This is a consequence of
our notation of BS and FS solutions. Also note that some
scattering angles are inaccessible for certain ranges of
travel times.

If the electron revisits at times when the vector poten-
tial vanishes, no additional longitudinal drift momentum
will be imparted and the electron rescatters isotropically
with the kinetic energy with which it returned. This can be
seen in Fig. 2 at ωτ ¼ 2.33 [and again at larger values
ωτ ¼ 9.21; 15.58;…, which are given by the solutions of
2σ cos σ ¼ sin σ such that c ¼ 0 in Eq. (11)], where the
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Fig. 2. Classical solutions for the electron energies in units of Up

as a function of the electron travel time (expressed as ωτ) for
backward- (upper panel) and forward- (lower panel) scattered
electrons for the final electron emission angle θ between 0°
and 90° in steps of 10°, as denoted in the legend.
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curves for all angles θ intersect in one point, which spec-
ifies the energy Ep ≈ 1.05Up.
In the upper panel of Fig. 3 we present the results ob-

tained from the coherent sum of FS quantum-orbit contri-
butions with μ ≥ 1. The pattern of nested diamonds
(rhombi) of Fig. 3 in Ref. [25] is still visible, but has rich
structures superimposed. Along the p∥ axis, the first two
LES energies stand out, which according to the soft-
recollision model are located at the energies of 0.09438Up

(p ¼ 0.3676 a.u.) and 0.03296Up (p ¼ 0.2173 a.u.)[18,22].
Away from the p∥ axis, one recognizes the first two
ATI rings with p ¼ 0.2136 and 0.3020 a.u. corresponding
to net absorption of 52 and 53 photons, respectively.
Farther along the transverse axis, the cutoffs for 90°
emission at 0.55Up and 0.33Up from Fig. 2 are visible.
In addition there is a carpet-like pattern, which is

generated by interference of different FS orbits. In the
lower panel of Fig. 3 we present the coherent sum of both
BS and FS quantum-orbit contributions. The three prongs
of the fork-like structure of the off-axis LES[25] are clearly
visible.

Next, in Fig. 4 spectra for particular values of the FS
solutions μ are displayed. In the upper panel we compare
the spectra for μ ¼ 0 obtained using the ISFA (py < 0)
and the LFA (py > 0). Both spectra exhibit the character-
istic diamond-like structure, but the LFA spectra are en-
hanced for small values of the momenta and the angle θ
due to the large differential Coulomb cross section. Similar
results hold for other values of μ (an example for μ ¼ 8 is
shown in the lower panel of Fig. 4; the cutoff for μ ¼ 8 is
much lower[18]). Note that the rich structure displayed in
the upper panel of Fig. 3 (which is the superposition of
several FS orbits) is absent in the contribution of just
one FS orbit, which suggests that it is due to interference.

Fig. 3. Logarithm of the differential ionization rate of Xe pre-
sented in false colors (the color map covers more than 4 orders
of magnitude in arbitrary units) in the electron momentum plane
for ionization by a linearly polarized laser field with intensity
5.217×1013W∕cm2 and wavelength 2000 nm (Up ¼ 19.49 eV).
Results are obtained using the coherent sum of forward-like
scattering solutions with μ ≥ 1 (upper panel) and both of
the forward-like and backward-like scattering solutions (lower
panel).

Fig. 4. Logarithm of the differential ionization rate of Xe
presented in false colors in the electron momentum plane for
ionization by a linearly polarized laser field having the intensity
4.5 × 1013 W∕cm2 and the wavelength 1800 nm (Up ¼ 13.6 eV).
The upper (lower) panel exhibits the results obtained for the FS
contribution μ ¼ 0 (μ ¼ 8). Rescattering matrix element is taken
in the LFA (ISFA) for the right (left) part of each panel.
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Figure 5 shows the ionization rate for Xe as calculated
from only the rescattering amplitude within the ISFA.
The black lines trace out the cutoffs of some FS orbits
and are based on Ref. [25]; see also Fig. 2. The orbits that
intersect at the origin will form the “V” structure recently
observed at 3100 nm[27]. This will be discussed elsewhere.
The ring structure at higher energies is partly due to the
cutoffs of the longer BS orbits and partly due to their
interference.
In conclusion, we collect various results regarding the

quantum-orbit strong-field-approximation description of
ATI into states with low electron-energy by intense
mid-infrared fields. For the ionization of neutral atoms
where the liberated electron is subject to the ion’s
Coulomb field forward rescattering makes important if
not dominant contributions to the total ionization rate.
This explains the LES as well as other off-axis structures
that have been recently observed. We compare different
approximations to the rescattering process and the rela-
tive significance of direct and (forward and backward)
rescattered electrons. It seems that a unified description
of ATI in terms of quantum orbits is emerging.
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