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In this Letter, we focus on the theoretical analysis of the relativistic energy and angular distributions of the
ejected photoelectrons during the relativistic tunnel ionization of atoms by intense, circularly polarized light.
We make a small modification of the general analytical expressions for these distributions. The role of the initial
momentum, the ponderomotive potential, and the Stark shift are considered. We also present the maximal angle
of electron emission.
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During the last decade, many papers have provided a de-
tailed picture of the process of tunneling[1–3] ionization of
atoms, atomic ions, and molecules. Also, the photoelec-
tron momentum distribution produced in a circularly
polarized laser field has been imposed as a new issue, both
theoretically and experimentally. Smeenk et al.[4] mea-
sured the photoelectron momentum and momentum
transfer from the photon field to the electron–ion system,
while Chelkowski et al.[5] investigated photon-momentum
sharing between an electron and an ion following different
photoionization regimes. Both papers suggest there is
unexplored physics to be studied.
Today, strong lasers provide intensities on the order of

1022 Wcm−2[6–9]. In such fields an electron acquires a veloc-
ity comparable to the speed of light and, taking relativistic
effects into account, becomes fundamentally important.
The field with such intensity can exceed the atomic field
Fa ¼ 5.14 × 109 V∕cm by several orders of magnitude
and are capable of creating multivalent ions with charges
Z ¼ 40–60, for which the binding energy of the ground
level is also comparable with the electron rest energy.
However, for Z ≥ 10 relativistic effects must be taken into
account[10].
The ionization of atoms and atomic ions by intense laser

fields was brought to researchers’ attention a long time
ago[11–13]. The theory of these processes was started by Kel-
dysh[14], where the tunnel effect in an alternating electric
field and the multiphoton ionization of atoms were found
to be the limiting cases of the nonlinear photoionization
process. The range γ ¼ ðI p∕2UpÞ1∕2 ≪ 1 corresponds to
the tunneling ionization limit, while the multiphoton re-
gime in which the electron climbs a ladder of electronic
states to reach the continuum through multiphoton ab-
sorption corresponding to γ ≫ 1[14]. Here, Up is pondero-
motive potential and I p is the ionization potential of
the considered atom, or of the atomic ion. However, the

laser irradiation influences the ionization potential of an
atom. Increasing field intensity also increases the ioniza-
tion potential. We considered this influence through
the ponderomotive potential and the Stark shift in the
relativistic domain. The ponderomotive potential presents
the time-averaged kinetic energy of the electron,
U nonrel

p ¼ F2

2ω2, where F and ω are the strength and the
frequency, respectively, of the electromagnetic field. In
the relativistic domain ponderomotive potential may be

written in the form U rel
p ¼

��������������������������������
c4 þ 2c2U nonrel

p

q
− c2[15], where

c is the speed of light. The Stark effect has the same form
as in the nonrelativistic domain, ESt ¼ αF2∕4[16], where
ESt is the shift caused by the linear Stark effect and α
is the static polarizability of the atom[17]. To account for
these two effects, we replaced unperturbed relativistic

ionization potential I relp ¼ c2 −
���������������������
c4 − Z2c2

p
[18] with the

shifted, corrected relativistic effective ionization potential
and obtained

I rel;effp ¼ c2 −
���������������������
c4 − Z2c2

p
þ
� ��������������������������������

c4 þ 2c2U nonrel
p

q
− c2

�

þ αF2∕4: (1)

In this Letter we discuss the influence of the effective ion-
ization potential on the relativistic angular and energy dis-
tribution of the ejected photoelectrons. We restrict
ourselves to the case of the ejection of an electron along
the polarization axis only, since most of electrons are
ejected in this direction. We will be interested in the ejec-
tion of a small number of electrons where relativistic
effects are important. In the atomic system of units, the
electron mass, me, charge e and ℏ are equal to 1 and
c ¼ 137.02 is the speed of light.
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The angular distribution is found to be[19]

W relðθÞ

¼ W nonrel exp
�
−

�
1þ

�
EF
2ωc

�
2
�
EF

��������
2I p

p
ω2 ðθ − θmaxÞ2

�
;

(2)

where 0 < ε < 1 is the ellipticity of the laser radiation. A
circularly polarized laser beam is a coherent superposition
of photons with definite helicity, e.g., ε ¼ 1. Term θ is
the scattering angle of the ejected photoelectrons and
θmax is angle on which the maximum of the angular distri-
bution in the relativistic case is found

θmax ¼ arctan
EF
2ωc

: (3)

Term W nonrel is the nonrelativistic tunneling transition
rate for the circularly polarized laser field which can be
calculated, for example, in the framework of Ammosov–
Delone–Krainov (ADK) theory in the well-known form[20]

W ¼ FD2

8πZ exp½− 2Z3

3n3
ef F

�, where D ≡ ð4eZ 3∕Fn4
ef Þnef ; nef is

the effective quantum number, nef ¼ Z∕ð2I pÞ; Z is the
ion charge. With included nonzero initial momentum of
the ejected photoelectrons the aforementioned transition
rate becomes[21]

W nonrel ¼ FD2

8πZ
exp

�
−

2Z3

3n3
ef F

−
p2γ3

3ω

�
; (4)

where p is the initial momentum of the ejected photoelec-
trons. For purposes of calculations it is convenient to use
the parabolic coordinate[22]. This is useful in investigating a
number of problems as well as angular and energy distri-
butions of photoelectrons in an external electric field. If a
system’s total energy is independent of the coordinate η
then momentum is conserved along the classical path,
i.e., pη ¼ p[22], where p ¼ 1

2 ð
���������������
Fη− 1

p
− 1

η
���������
Fη−1

p Þ and η is

the parabolic coordinate, η > 1∕F [23].
Energy spectra of relativistic electrons in the tunneling

ionization of multicharged atomic ions had been found in
Ref. [24] for circularly polarized light and in Ref. [25].
The relativistic energy distribution at this angle is

determined as[19]

W relðEÞ ¼ W nonrel exp
�
−

γ

2ωU rel
p
ðE − U rel

p Þ2
�
; (5)

where E is the kinetic energies of the ejected electrons, and
in the case when this energy is less than the rest energy of
the electrons is determined as[25]

E ¼
��������������������
p2c2 þ c4

p
− c2: (6)

The relativistic energy distribution [Eq. (5)] along the field
strength decreases exponentially in accordance with the
electron kinetic energy.

We discussed the influence of the relativistic pondero-
motive and the Stark shift effects on the angular and
the energy distributions of the ejected photoelectrons in
the field of laser radiation. The case of low-frequency
circularly polarized laser field is considered. Wavelength
of 800 nm produced by a titanium:sapphire-based laser
system is considered and according to Reiss, for a laser
with this wavelength relativistic effects appears up to
I ¼ 1017 Wcm−2[26,27]. For our calculation the value of Z
was fixed at 10. The analysis was performed for the atom
argon, Ar. Figures 1–6 should be considered only as an
illustration of the enhancement effects.

Fig. 1. Angular distribution W relðθÞ for fixed I ¼ 1018 Wcm−2

and η ¼ 0.35 versus the scattering angle θ.

Fig. 2. Relativistic angular distribution W relðθÞ for the fixed
scattering angle θ ¼ 0.22 and the parabolic coordinate η ¼ 0.35
versus the laser field intensity I .

Fig. 3. Relativistic angular distribution Log W relðθÞ versus
the ellipticity, ε, for the fixed scattering angle θ ¼ 0.22, the
parabolic coordinate η ¼ 0.35, and the laser field intensity
I ¼ 1018 Wcm−2.
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We started from the relativistic angular distribution of
photoelectrons emitted along the laser polarization axes.
Based on Eq. (2), for a fixed laser field intensity I and

the parabolic coordinate η, Fig. 1 is obtained. First we in-
cluded only nonzero initial momentum of ejected
electron, W rel

p , then momentum and ponderomotive
potential W rel

pUp and finally momentum, ponderomotive
potential and Stark shift, W rel

pUpSt. As can be seen the
relativistic angular distribution dependence at such high
field intensity occurs over a small range of scattering an-
gles and reaches the maximal value at θmax ¼ 2. Inclusion
of the aforementioned effects leads to the significant
decrease in the maximal value. The relativistic angular
distribution is symmetric with respect to the middle of
the curve at the maximal scattering angle.
In Fig. 2 the relativistic photoelectron angular distribu-

tion, plotted in accordance with Eq. (2), for the fixed
scattering angle, θ, is shown.

Here we focus on the field intensity region where all rela-
tivistic angular distributions occur. From Fig. 2, as well as
from Fig. 1, we can conclude that the relativistic angular
distribution of photoelectrons in the case of a circularly
polarized field is very sensitive to considered effects.

We also show W relðθÞ as a function of the ellipticity, E.
It is obvious that the angular distribution is strongly

asymmetric along the propagation axes, (Fig. 3). This
asymmetry grows with the increasing of the ellipticity.

In Fig. 4, for the sake of illustration of the angular
distribution we show behavior of the maximal scattering
angle [Eq. (3)].

The maximal angle θmax increases in accordance with
the field intensity and reaches a plateau. With increasing
of ellipticity, E, θmax also increases. This dependence is lin-
ear. Of course, this result is specific for a considered case.

The strict relationship between the field intensity and
the energy distribution is an important tool and it is de-
scribed next. The theoretical dependence is obtained
through Eq. (5) and corresponding graphs are shown
in Fig. 5.

Let us to discuss some of the general properties of the
obtained theoretical curves in Fig. 5. In presented curves
all effects are included. To summarize, we can say that the
effects narrow the relativistic energy distribution. As it
can be seen, with increasing laser field intensity, the en-
ergy distribution approaches zero. It is seen that these
energy spectra differ strongly from the spectrum without
any correction, W relðEÞ, and spectrum with included
initial momentum only, W rel

p ðEÞ. If the ponderomotive
potential W rel

pUpðEÞ and the Stark shift of the energy of
the ground state of an atom are taken into account, the
curves are shifted to lower field intensities.

Finally, it is interesting to compare the results of
the relativistic and nonrelativistic angular distribution
spectra[20],W relðθÞ vsersusW nonrelðθÞ, as well as the energy
distribution spectra W relðEÞ versus W nonrelðEÞ[28] (Fig. 6).

The laser field intensity is chosen to be near a value
where the nonrelativistic and the relativistic effects can
be expected.

For fixed field intensity, I ¼ 1016 Wcm−2, W relðθÞ has
a slightly higher value than W nonrelðθÞ. In this case the
maximum of W relðθÞ is moved to the right.

A different picture is obtained for the energy distribu-
tion spectra, W relðEÞ versus W nonrelðEÞ. The graph
(Fig. 6) demonstrates that, for these conditions, the curves
take into account both possible ionization mechanisms
and as a result, the curve’s maximum is shifted towards
higher or lower laser field intensity.

In conclusion, the relativistic angular and energy distri-
butions of the ejected photoelectrons are discussed in the
framework of the ADK theory. For unchanged parame-
ters, inclusion of the considered effects changes the shape
of the aforementioned distributions. We show that the ef-
fects of the included corrections are significant. We also
present behavior of the maximal scattering angle as a
function of the field intensity. It must emphasized that
the explanation of these distributions in the tunneling

Fig. 4. (a) Maximal scattering angle θmax versus laser field inten-
sity I ; (b) maximal scattering angle θmax versus the ellipticity, E,
for the fixed laser field intensity I ¼ 1018 Wcm−2.

Fig. 5. Relativistic energy distribution W relðEÞ for the fixed
parabolic coordinate η ¼ 10.

Fig. 6. Comparative review; nonrelativistic versus relativistic
results of the angular [W relðθÞ vs W nonrelðθÞ] and the energy
distribution spectra [W relðEÞ vs W nonrelðEÞ], with all included
corrections for the fixed parabolic coordinates η ¼ 50 and 100,
respectively.
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ionization regime in this Letter is not restricted to the case
of the argon atom. All the results can be applied to other
noble atoms.
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