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We report photoelectron energy spectra and angular distributions for ionization with elastic scattering in ultra-
strong laser fields. Noble gas species with Hartree–Fock scattering potentials show a reduction in elastic rescat-
tering with the increasing energy of ultrastrong fields and when the Lorentz deflection of the photoelectron
exceeds its wave function spread. The relativistic extension of a three-step recollision model is well-suited to
the ultrastrong intensity regime (>1017 W∕cm2) that lies between traditional strong fields and extreme
relativistic interactions.
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High-strength laser fields can exceed the binding nuclear
Coulomb field for atoms and molecules and ionize the
outer, least tightly bound electron. Fields of this strength
(0.17 a.u., intensities of 1015 W∕cm2) dominate photoelec-
tron dynamics and the oscillating laser field can force the
photoelectron to return and ‘rescatter’ with the parent
ion[1]. Strong field ionization and rescattering has been
used to measure electron dynamics[2], collisionally excite
multiple electrons[3], generate coherent attosecond x-ray
light[4], and perform molecular tomography[5]. Photoelec-
tron angular distributions are a key to understanding the
physics of elastic rescattering in strong laser fields.
Collaborative theoretical and experimental efforts[6] disen-
tangled the many possible excitation pathways. These
studies clarified the role of the short-range (recollision
near the parent ion) and long-range (recollision away from
the parent ion core) elastic rescattering.
The three-stepmodel of ionization[7,8] has provided a con-

text by whichmany strong field processes, including elastic
scattering, can be clearly understood. The three-step
analysis is traditionally limited to nonrelativistic, dipole
interactions where the energy scale of the interaction
[e.g., the ponderomotive energy Up ¼ e2jEj2∕ð4mω2Þ for
an electron charge −e oscillating in an electric field E at a
frequencyω] is far less than the electron restmassm. As the
intensity is increased to “ultrastrong” fields[9] nonrelativis-
tic and dipole approximations are no longer accurate. The
external magnetic field B can deflect the photoelectron
rescattering and cause it tomiss the parent ion[10]. The ratio
of the Lorentz deflection distance to the spatial width of the
returning electronwave is indicated by aLorentz deflection
parameter[11,12], Γr ¼ U 3∕2

p V IP∕ð3c2ωÞ for ionization from
a binding energy VIP . When Γr ¼ 1, the deflection of the
returning electron is equal to its spatial extent. It follows
that for Γr ≫ 1 rescattering will be reduced to the point
of shutdown. At even higher ‘extreme’ fields[13], relativistic
effects, radiation processes, and the external B field affect
both bound and continuum electrons.

The purpose of this Letter is to understand the elastic
scattering process as it changes from strong to ultrastrong
fields. Elastic scattering is a primary mechanism by which
the field converts energy into particle motion, a process
that is critical to realizing many long-term goals in science
including laser fusion. As was the case for pioneering
studies in the strong field[14,15], the complexity of the ultra-
strong field frontier requires theoretical models than can
accurately capture experimental observations. In ultra-
strong fields the electron can quickly become relativistic
and traverse a large portion, or even exit, the laser focus
during a femtosecond laser pulse. Spatial and temporal in-
tegration of the interaction region can be an integral part
of understanding the forces experienced by the photoelec-
tron on the way to the detector and the science that under-
lies the measurements[16]. We report on the photoelectron
angular distributions from Ne, Ar, and Xe across strong
and ultrastrong fields. The results show how the Lorentz
deflection affects the rescattering and can reduce it to a
negligible level as one advances into the ultrastrong field
regime. Comparisons of these angular distributions to fu-
ture experiments will be needed to quantify whether sev-
eral assumptions in the models are correct, such as a lack
of multielectron excitation. The flexibility of the model
should allow for valid elastic scattering calculations with
most atoms and ions at field interactions where Γr ∼ 1
and the interaction is not yet into the extreme relativistic
regime[13].

The model used represents an emerging technique that
accurately captures ultrastrong field physics. Interactions
(such as ionization[17] or radiation reaction[18]) are treated
quantum mechanically and propagation in the field is
handled classically when the electron deBroglie wave-
length is much smaller than the drive wavelength. Prop-
erly applied the technique has advantages in its extension
physically of the three step model[7] to ultrastrong fields
and insight from its intuitive treatment of ionization,
propagation, and recollision. The full reasons behind
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the validity of this three-step parsing are complex but lie
within the different approximations valid for each step.
For the first step of tunneling ionization, the energy scales
are of order 10 to 30 a.u. While the external field does
affect the ionizing bound state near the nucleus, it does
not generally change the bound state wave function or ion-
ization rate by more than a factor of 2[19,20]. In this study,
we use the low-frequency, nonrelativistic tunneling ioniza-
tion rate[17] also referred to as the Ammosov, Delone, Krai-
nov rate[21]. The electric field in the studies is a σ ¼ 34 fs
pulsed, λ ¼ 800 nm carrier wavelength, plane wave,

E ¼ E0 sinð2π∕λ z − ωtÞ exp
�
−

�
t −

z
c

�
2
∕σ2

�
x̂: (1)

When considering the full field, B ¼ jEj∕cŷ, where x̂; ŷ; ẑ
are the unit vectors in cartesian coordinates. In the dipole
approximation we set B ¼ 0. For all the results presented
in this Letter we adjust E0 such that the atom or ion has
reached 90% ionization by the end of the pulse.
In the second step, the external field accelerates the elec-

tron to energies that can exceed 103 Hartree. Quantum
aspects in the continuum are arguably captured using a
Monte Carlo trajectory ensemble with uncertainties in
momentum and position determined by tunneling ioniza-
tion. The semiclassical trajectory ensemble method
used has been described previously[22]. Briefly, for each
time step we propagate on the order of 104 trajectories
with a weight determined by the ionization to represent
the quantum photoelectron in the continuum. The trajec-
tories are generated by integrating Hamilton’s equations
of motion with the external field E and soft core ion
potential (δ ∼ 0.2)

dpx
dt

¼ −Z e2x
ðr2 þ δÞ3∕2 − ejEj

�
1−
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p
�
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dpy
dt

¼ −Z e2y
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dt

¼ pyc����������������������
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p ; (6)

dz
dt

¼ pz c����������������������
p2 þm2c2

p ; (7)

where px ; py; pz are the momenta along the cartesian
coordinates; Z is the ion charge and t is time. An example
snapshot of a trajectory ensemble from ionization just
after the peak of the optical cycle at an intensity of 1.3 ×
1017 W∕cm2 is shown in Fig. 1. In Fig. 1 we follow an

example of 1000 trajectories for ionization at z ¼ 0,
t ¼ −188 a:u: in a pulse with a peak intensity of 1.3 ×
1017 W∕cm2 (i.e., E ¼ −1.7 x̂ in atomic unitsÞ to the re-
turn at z ¼ 0, t ¼ −118 a:u:, (E ¼ 0.6 x̂). The rapid
spreading of the initial ionization is clear in Fig. 1 as well
as the Lorentz deflection of the photoelectron by approx-
imately 50 a.u. in the direction of z when it returns 70 a.u.
of time later. For this case (Γr ¼ 3.2), the resulting rescat-
tering flux that revisits the core is 4% of the peak value
[i.e., expð−3.2Þ]. Fortunately, to a high level of accuracy,
the returning electron can be treated as a plane wave since
the rescattering electron wave at ∼200 a:u: wide is much
larger that the ∼1 a:u: length scale of the scattering
potential.

Upon the return of the photoelectron to the core, we
calculate elastic scattering with the parent ion. Elastic
scattering in ultrastrong fields is affected by new aspects
when compared with scattering in strong fields. The
Lorentz deflection in the continuum, as ionization is
driven by the external field, is addressed by the trajectory

Fig. 1. Monte Carlo ensemble for 103 trajectories: (a) from ion-
ization at an intensity of 1.3 × 1017 W∕cm2 and its return to the
core 70 a.u. later. Symbol is plotted for every 1.1 a.u. time step
from ionization at t ¼ 0. Color mapping used for propagation
time after ionization. The XZ - and XY -plane projections show
the rapid spreading of the electron from ionization at the origin.
In addition, the increasing distance between the 1.1 a.u. time
steps in the plane projections indicate the electron acceleration
in the field and the tilt of the electron wave front from the
Lorentz force (XZ -projection); (b) coordinate system for the
elastic scattering from the nucleus shown in (a); (c) scattering
potentials for Neþ, Ne8þ, Ar8þ, and Xe8þ. Atomic units (a.u.)
are used.
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ensemble method described previously. The relativistic
continuum and rescattering process with the ion potential
must be treated accurately since ultrastrong fields present
large recollision energies; scattering probes effective
charges very near the full nuclear charge. The potentials
used were calculated in the Hartree–Fock approximation
using ELSEPA[23]. For clarity, we plot in Fig. 1(c) the
potentials’ effective charge, i.e., rV ðrÞ, as a function of
distance from the nucleus. Viewed in this way, one can
more easily see the screening provided by the ion core.
After elastic scattering the photoelectron continues to
interact with the field until the laser pulse has passed,
typically two pulse durations (2σ) after the peak.
We display the calculated final photoelectron energy

spectrum in Fig. 2. The angle integrated photoelectron
yields for Neþ, Xe8þ, Ar8þ, and Ne8þ are plotted for
nonrelativistic, dipole calculations, and full fields with rel-
ativity. For ease of comparison, energy units of Up were
chosen in Fig. 2. We present the scattering normalized
to the amount of ionization, i.e., the integration of the
photoelectron energy spectrum over energy gives a value
of 1.We begin with Neþ, which can be compared to experi-
ments in the strong field[24]. The yield shows the character-
istic low energy ionization from 0 to 2Up and the high
energy plateau from rescattering with the parent ion
that stretches from 2Up to 10Up

[8]. There is, as expected,
no difference between the nonrelativistic dipole calcula-
tions and those including relativity and the B field
for Neþ. Figure 2 also displays ionization for Xe8þ at
2 × 1016 W∕cm2, Ar8þ at 5 × 1016 W∕cm2, and Ne8þ at
3 × 1017 W∕cm2. These species extend into the ultra-
strong field and two primary factors are responsible for
the decrease in rescattering as the intensity increases.
The first, as in Rutherford scattering, is the inverse square
energy dependence of the scattering process. Since the

recollision energy (i.e., Up) scales with the intensity,
one can expect a quadratic drop in the scattering yield
with increasing intensity. The second is the Lorentz deflec-
tion shown in Fig. 1. The decrease in electron yield from
2Up to 10Up for Xe8þ is a result of the energy dependence
of elastic scattering. Despite the large nuclear charge for
xenon, the higher intensity decreases the elastic scattering
yield by 1 order of magnitude compared to Neþ. The ion-
ization of Ar8þ occurs at a Γr ¼ 1 so the expected reduc-
tion from the Lorentz factor is 0.37, i.e., expð−ΓrÞ.
Nevertheless, comparing the nonrelativistic, dipole calcu-
lation for Ar8þ to the relativistic full field result shows in
this case, the nearly 3 order of magnitude drop in rescat-
tering compared to Neþ is due primarily to the higher
energies in ultrastrong fields. Progressing to Ne8þ at
3 × 1017 W∕cm2, the mechanism behind the reduction
in the rescattering changes abruptly to Lorentz deflection.
For Ne8þ the Lorentz deflection parameter is Γr ¼ 15.6.
The new role of the Lorentz reduction in rescattering can
be clearly seen in Fig. 2. While the intensity has increased
only by a factor of 6 from Ar8þ to Ne8þ (5 × 1016 W∕cm2

to 3 × 1017 W∕cm2) the rescattering in Ne8þ is absent at a
level of 10−11 of the photoionization yield.

In Fig. 3 we show the calculated angular distributions at
the photoelectron energies (�energy integration range) of
Upð�0.5UpÞ, 3Upð�UpÞ, and 7Upð�UpÞ in the nonrela-
tivistic, dipole case [Figs. 3(a)–3(c)] and in the fully rela-
tivistic case with the laser magnetic field [Figs. 3(d)–3(f)].
The authors note the relativistic, B field yields for
Ne8þ are vanishingly small and do not appear in Fig. 2.
For reference, these are for Ne8þ at 3Up, 6.1 × 10−14

electrons∕energy (1∕Up), and at 7Up, 4.8 × 10−19

electrons∕energy (1∕Up). The angular distributions are
presented as an angle θ from the electric field axis (Fig. 1).
We plot the different species together to better under-
stand the contributing mechanisms and expected changes
in the angular distributions going into the ultrastrong
field. All yields are normalized to aid in comparison.

Fig. 2. Angle-integrated photoelectron energy distributions for
Neþ (black, Up ¼ 2.6 a:u:), Xe8þ (blue, Up ¼ 38 a:u:), Ar8þ

(green, Up ¼ 115 a:u:), and Ne8þ (red, Up ¼ 770 a:u:) as a func-
tion of the final photoelectron energy. Yield is given in electrons
per unit Up energy. For each species, we show the nonrelativistic
dipole (thick, dash) and the relativistic full field (solid) yields.
Energy integration regions for the angular distributions shown
in Fig. 3 are highlighted.

Fig. 3. Photoelectron angular distributions calculated for B ¼ 0,
for Neþ (solid, black), Xe8þ (dotted, blue), Ar8þ (dash, green),
and Ne8þ (thick solid, red): (a)–(c) nonrelativistically; (d)–(f) full
field, relativistically; (a), (d) for energies Up � 0.5Up; (b), (e) for
energies 3Up � Up; and (c), (f) for energies 7Up �Up. Yields are
normalized to the peak value at that energy (Fig. 2).
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One may retrieve the actual yield at any energy for
these species by combining the angular distribution with
the angle integrated results of Fig. 2.
Ionization at energies of Up in Figs 3(a) and 3(c) have

an angular emission, θ ¼ arctanððp2y þ p2zÞ1∕2∕pxÞ, that is
dominated by the initial momentum from ionization
and drift energy from the field without scattering. The an-
gular width is narrow (θ < 15°) for ionization by a plane
wave. Due to the acceleration and momentum along the
laser field direction, px increases quickly when going to ul-
trastrong fields. Since the transverse momentum ðpy; pzÞ
determined by the atomic bound state does not change
by more than a factor of 3 across these species, the distri-
butions become more aligned with the field as one
proceeds from Neþ to Xe8þ to Ar8þ to Ne8þ.
As one increases to 3Up, rescattering is the mechanism

behind the yield and the emission angle for all the species is
at its broadest extending from 0° to 90° from the laser elec-
tric field. The combination of the returning energy and
scattering potential gives the observed structure and ‘scat-
tering rings’ at large angles first observed in xenon[25].
What is important to observe from Figs. 3(b) and 3(e)
is the B field and relativistic effects do not change the an-
gular distribution until one is well into the Γr ≫ 1 regime
where Lorentz deflection has greatly reduced the yield.
For Ar8þ, where Γr ≅ 1, there is no significant difference
in the angular distributions of Figs. 3(b) and 3(d).
Proceeding to the highest energy, 7Up distributions in
Fig. 3(c), the angular emission range narrows as the
mechanism changes over to backscattering into narrow
angles along the electric field. The smaller impact param-
eters for the scattering process give these higher energies a
greater sensitivity to the Lorentz deflection. In Figs. 3(c)
and 3(f), one can see backscattering (θ ¼ 0) for both Ar8þ

and Ne8þ is lower in Fig. 3(f) with the external laser B field
compared to Fig. 3(c).
As the intensity increases, the Lorentz deflection that

increases Γr and causes the rescattering electron to miss
the parent ion also forward-deflects the overall photoioni-
zation yield[22]. In a plane wave this forward deflection is
described by[26].

tan θ ¼
����������������������������
2mc2∕Ekinetic

q
: (8)

At intensities of 3 × 1017 W∕cm2 and below, this is not a
concern in our context for the angular distributions since
the forward-deflection angle from this field momentum is
less than 5°.
In conclusion, we use a relativistic extension of a three-

step recollision model with Hartree–Fock scattering po-
tentials to calculate photoelectron energy spectra and an-
gular distributions for ionization with elastic scattering
from strong to ultrastrong fields up to 3 × 1017 W∕cm2.
The yield of the noble gas species shows a decrease in
the rescattering yield due to the inverse square depend-
ence of the elastic scattering on energy. As the laser mag-
netic field affects the photoionization, there is an sharp
reduction in elastic rescattering when Γr > 1. The onset

of the reduction from 5 × 1016 to 3 × 1017 W∕cm2

decreases the rescattering yield by ∼105 over a change
of intensity by a factor of 6. The angular distributions
of the photoelectrons are not drastically changed during
the range 0 < Γr < 1. For Γr > 1, elastic backscattering
at large energies is most strongly effected, corresponding
to short-range collisions between the parent ion and the
returning photoelectron. The relativistic extension of a
three-step recollision model with accurate atomic poten-
tials is well-suited to comparison with experiments in
the ultrastrong intensity regime that lies between tradi-
tional strong fields and extreme relativistic interactions.

This Letter is based upon work supported by the
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