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The average bit-error rate (ABER) performance of free-space optical (FSO) communication links is investigated
for space-shift keying (SSK) over log-normal and negative-exponential atmospheric turbulence channels. SSK is
compared with repetition codes and a single-input single-output system using multiple pulse amplitude mod-
ulations. Simulation results show that the signal-to-noise ratio gain of SSK largely increases with greater spectral
efficiencies and/or higher turbulence effects. A tight bound for ABER is derived based on an exact moment
generation function (MGF) for negative-exponential channel and an approximate MGF for log-normal channel.
Finally, extensive Monte Carlo simulations are run to validate the analytical analysis.

OCIS codes: 010.1300, 010.1330, 060.4510.
doi: 10.3788/COL201513.051001.

Free-space optical (FSO) communication is a leading sub-
ject that has been in the forefront of both research and
commercial activities over the past years. Such attention
is driven by the promise of high data rate, license-free
operation, and reduced cost as well as being eco-friendly
as compared to alternative communication means that are
greatly suffering from, among other things, congestion[1,2].
However, several challenges, such as turbulence[3], point-
ing error losses[4], attenuation from weather elements[5],
and challenges such as installation and maintenance costs
are yet to be addressed. Among these challenges are
atmospheric turbulence which causes scintillation of the
laser beam due to temperature and pressure variations
that have been shown to adversely affect FSO systems[5].
FSO turbulence is modeled by statistical models
that fit experimental results[6], including log-normal for
weak–moderate[5], gamma–gamma (G–G) for moderate–
strong[4], and negative-exponential[7] for strong (saturated)
turbulence regimes.
To reduce the impact of atmospheric turbulence effects,

some potential solutions such as channel coding[8] and the
use of multiple apertures at the receiver and multiple
beams at the transmitter[9] have been proposed. To this
end, different multiple-input multiple-output (MIMO)
techniques have been proposed for FSO systems. Specifi-
cally, spatial modulation (SM)[10] MIMO system for indoor
optical wireless communication has been studied in
Ref. [11]. In SM, a group of data bits modulate a symbol
from certain constellation diagram and another group
activates one of the transmitter beams. Detailed informa-
tion about SM and space-shift keying (SSK) systems can
be found in Ref. [12]. A line-of-sight (LOS) indoor optical
wireless communication system using SM is proposed in

Ref. [13]. Results revealed that SM outperforms its
counterpart repetition codes (RCs) system with multiple
pulse amplitude modulation (MPAM) for spectral efficien-
cies larger than 4 bits/s/Hz. In Ref. [14], spatial pulse
position amplitude modulation (SPPAM) is proposed for
FSO links. It is shown that SPPAM outperforms SSK for
spectral efficiencies of 2 bits/s/Hz or less.

SSK is a special case of SM where no data symbol is
transmitted and transmitted information is conveyed
through the spatial position of the active transmitter.
Another study conducted in Ref. [15] shows that on–off
keying (OOK) RC outperforms orthogonal space–time
block codes (OSTBCs), spatial multiplexing (SMux),
and SSK for FSO communications using intensity modu-
lation (IM) with direct detection (DD) over G–G chan-
nels. However, these results are given only for a spectral
efficiency of 1 bit/s/Hz.

The main contributions of this letter are: (i) SSK is pro-
posed as a high-spectral-efficiency modulation technique
for FSO links; (ii) exact moment generation function
(MGF) and approximate MGF of the absolute difference
of negative-exponential and log-normal channels for SSK
are derived, respectively; (iii) tight bounds bit-error rate
(BER) are obtained based on the derived MGFs and
validated using Monte Carlo (MC) simulations; (iv) per-
formance comparison with state-of-the-art RC MPAM for
IM/DD FSO communication system is presented and re-
sults show that SSK outperforms RC MPAM for spectral
efficiencies of 4 bits/s/Hz or larger over moderate–strong
atmospheric turbulence channels.

A SSK system with Nt transmitters and Nr receivers is
illustrated in Fig. 1. A value of log2ðNtÞ bits are transmit-
ted at each particular time instant and are mapped to the
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spatial location, k, of one of the existing Nt transmitters.
Thereby, only one transmitter becomes active at a
particular time instant, while other transmitters remain
silent[10]. The transmitted light propagates over a
negative-exponential channel for a strong turbulence or
a log-normal channel for a moderate turbulence. Further-
more, it is assumed that the received signal suffers from
shot, thermal, and dark noise. The shot noise is assumed
to dominate other noise sources[16] and it can be modeled as
an additive white Gaussian noise (AWGN).
The received signal vector r is given by

r ¼ ηHþ n; (1)

where r ∈ CNr×1 with received signal at each branch, rj , η
is the optical-to-electrical conversion coefficient, H ∈
CNr×Nt is the channel irradiance matrix with channel
irradiance entries, hjk ≥ 0 denotes the channel irradiance
between the active transmitter k ¼ 2p; 1 ≤ p ≤ log2ðNtÞ
and receiver j ¼ 1;…;Nr , and n ∈ CNr×1 is the received
AWGN vector with entries nj at the receiver input with
zero mean and variance σ2n ¼ No∕2 with No being the
noise power spectral density. A RC MPAM signal has
different intensity levels according to the symbol sequence

as (IPAMi ¼ I
M−1 ði − 1Þ, i ¼ 1; 2;…;M), where I denotes

the average light intensity and M is the signal constella-
tion size[13].
Channel state information (CSI) is considered available

at the receiver side and maximum likelihood (ML) decoder
is used to decode the received signals. The decoder decides
the estimated active transmitter as[13]

k̂ ¼ argmin
k

‖r− ηH‖2F ; (2)

where ‖:‖F is the Frobenius norm[17].
For strong-turbulence condition, the channel irradiance

hjk can be modeled as an independent and identically dis-
tributed (IID) negative-exponential random variables
(RVs) with probability density function (pdf) given by[3]

f hjk ðhjkÞ ¼ expð−hjkÞ: (3)

However, in moderate turbulence, hjk can be modeled as
an IID log-normal RV with pdf given by[4]

f hjk ðhjkÞ ¼
1

hjk
�����������
8πσ2x

p × exp
�
−
ðlnðhjkÞ− 2μxÞ2

8σ2x

�
; (4)

where hjk ¼ expð2XjkÞ with Xjk being modeled as an IID
Gaussian RV with mean μx and variance σ2x . To ensure

that the fading channel does not attenuate or amplify
the average power, the fading irradiances are normalized
as E½hjk � ¼ e2ðμxþσ2x Þ ¼ 1 (i.e., μx ¼ −σ2x).

A tight upper bound of the BER of SSK can be calcu-
lated by[13]

BERU
SSK ≤

1
Nt log2ðNtÞ

XNt

k¼1

XNt

i¼1

dH ðbk ; biÞ

×Q

0
@ 1
Nr

�����������������������������������������������������
γ̄ log2ðNtÞ

2

XNr

j¼1

jhjk − ĥji j2
vuut

1
A; (5)

where QðyÞ ¼ 1����
2π

p
R
∞
y expð− x2

2 Þdx is the Gaussian-Q func-

tion, with γ̄ ¼ ðηI Þ2∕No being the average signal-to-noise
ratio (SNR)[16]. The Hamming distance dH ðbk ; biÞ counts
the number of bit errors between received symbol, bi ,
and transmitted symbol, bk

[11]. Besides, the 1∕Nr term is
added to make sure that the total area of the receivers
is the same as the single-input single-output (SISO)
receiver aperture[16] and ĥji is the channel irradiance
between the receiver j and the estimated active transmit-
ter i.

A tight lower bound of the BER of RC MPAM using
maximum ratio combining (MRC) at the receiver is
given by[18]

BERL
RC≥

2ðM−1Þ
M log2ðMÞ

×Q

0
@ 1
NrNtðM−1Þ

���������������������������������������������������������
γ log2ðMÞNr

2

XNr

j¼1

�XNt

k¼1

hjk

�2
vuut

1
A:
(6)

The term 1∕Nt is added to ensure that the total power for
theNt transmitters is the same as the active transmitter of
SSK system[16] and the term

�������
Nr

p
is due to the use of MRC

where the noise variance in each aperture is equal
to No∕2Nr

[16].
If X and Y are two independent RVs and U ¼ X − Y ,

the pdf of U is equal to the cross correlation between the
two pdfs as in Ref. [19, Eq. (4.160)]

f U ðuÞ ¼
Z

∞

−∞
f Xðu þ yÞf Y ðyÞdy: (7)

Let X ≥ 0 and Y ≥ 0 be IID negative-exponential
RVs, then it is shown in Ref. [17, Eq. (3.310)]
that f U ðuÞ ¼ expð−jujÞ∕2. If Z ¼ jU j ¼ jhjk − ĥji j then
f Z ðzÞ ¼ f U ðzÞ þ f U ð−zÞ ¼ expð−zÞ. The histogram of
the absolute difference of the two negative-exponential
RVs and exact negative-exponential pdf are depicted
in Fig. 2.

The pdf of the electrical SNR, γ ¼ z2γ̄, can be obtained
from the pdf of Z
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Fig. 1. Synoptic diagram of the proposed model.
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f γðγÞ ¼
1

2
�����
γγ̄

p exp
�
−

���
γ

γ̄

r �
; γ > 0: (8)

The MGF is defined by[20]

Ψγð−sÞ ¼
Z

∞

0
expð−sγÞf γðγÞdγ: (9)

Using Ref. [17, Eq. (3.322/2)], the MGF of Eq. (8) can be
derived as

Ψγð−sÞ ¼
�����
π

sγ̄

r
exp

�
1
4sγ̄

�
Q

 �������
1
2sγ̄

s !
; s > 0: (10)

Since the RVs are IID, the MGF of their difference
becomes independent of the transmitter indices (i and
k). Therefore, the Q function can be taken outside the
summation in Eq. (5) and the 2-fold summation can be
replaced by[21]

1
Nt log2ðNtÞ

XNt

k¼1

XNt

i¼1

dH ðbk ; biÞ|��������{z��������}
Nt log2ðNtÞ∕2

¼ Nt

2
: (11)

With the use of QðxÞ ≈ 1
12 e

−x2
2 þ 1

4 e
−2x2

3 which is accurate
for x > 0.5[22] and Eq. (11), Eq. (5) can be rewritten as

BERU
SSK ≤

Nt

24
exp

�
−

PNr
j¼1 γj log2ðNtÞ

4N 2
r

�

þ Nt

8
exp

�
−

PNr
j¼1 γj log2ðNtÞ

3N 2
r

�
: (12)

The upper bound of the average BER (ABER) probability
of SSK over negative-exponential channels can be ob-
tained as, ABERU

SSK ¼ R
∞
0 � � � R∞0 BERU

SSKf γðγÞdγ, where
γ ¼ γ1…γNr

and since the RVs are IID, the total MGF,
ΨT ð−sÞ ¼ QNr

j¼1 Ψγj ð−sÞ ¼ Ψγð−sÞNr . The upper bound
of the ABER using Eqs. (10)–(12) is derived as

ABERU
SSK ≤

Ntξ

2

�
1
12

Ψγ

�
−
log2ðNtÞ
4N 2

r

�
Nr

þ 1
4
Ψγ

�
−
log2ðNtÞ
3N 2

r

�
Nr
�
; (13)

where ξ is added to improve the tight bound of the ABER
of SSK over log-normal and negative-exponential chan-
nels. It is observed through extensive simulations and
when employing different Nt and Nr that ξ ¼ 0.8 will
improve the tight bound for Nr > 2. SSK uses only an
active transmitter at any time instance, so it cannot pro-
vide transmit diversity. Using Eq. (13) it is evident that
the diversity gain of SSK is equal to Nr .

If X and Y are IID log-normal RVs, there exists no
closed-form expression for the pdf of Z ¼ jX − Y j,
f Z ðzÞ. Hence, obtaining the ABER of SSK system over
log-normal channel is analytically not possible. However,
we assume that f Z ðzÞ for moderate turbulence can be mod-
eled approximately as G–G distribution. G–G channel
represents the effective number of small-scale and large-
scale eddies denoted by α and β, respectively[4]. To demon-
strate the accuracy of this approximation, Fig. 3 shows a
comparison between the exact and approximate pdf of the
absolute difference of two log-normal RVs of σx ¼ 0.37. In
our work, extensive simulations are used to obtain accu-
rate estimates of α and β. Figure 3 shows that G–G RVs
with α ¼ 3.3 and β ¼ 1.1 achieve accurate approximation.

The average lower bound BER probability of SSK over
log-normal channels is shown to be equivalent to Eq. (13)
with the MGF of G–G distribution using the series repre-
sentation which was originally proposed by[23], ΨI ð−sÞ,
and after a few manipulations the MGF of the SNR of
G–G[20] is given by

Ψγð−sÞ ¼
X∞
p¼0

�
dpðβ; αÞΓ

�
β þ p
2

�
ðsγ̄Þ−βþp

2

þ dpðα; βÞΓ
�
αþ p
2

�
ðsγ̄Þ−αþp

2

�
; (14)

where ΓðwÞ is the gamma function defined as Γ ¼R∞
0 tw−1 expð−tÞdt and dpða; bÞ is given as
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Fig. 2. Histogram of the absolute difference of the two negative-
exponential RVs.
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dpða; bÞ ¼
πðbaÞaþp

2 sin½πðb− aÞ�p!ΓðbÞΓðaÞΓða − bþ pþ 1Þ :

(15)

In the analysis, the ABER performance of SSK and RC
MPAM are compared with respect to that of SNR. Differ-
ent scenarios over negative-exponential or log-normal
channels are employed while considering similar spectral
efficiency for compared systems. Hence, MPAM and
SSK provide spectral efficiency of log2ðMÞ and log2ðNtÞ
bits/s/Hz, respectively. It is shown that the upper bound
in Eq. (5) is loose at low SNR values but tightens at
pragmatic values. This is in accordance with other ob-
tained results using similar bound as in Refs. [13,18]. For
negative-exponential, it is worth mentioning that the
ABER of SISO is considered as a benchmark using Eq. (6)
with Nt ¼ Nr ¼ 1 as in Ref. [7]. For log-normal channels,
the ABER of SISO is considered as in Ref. [24], while using
MPAM for fair comparison with the same spectral
efficiency of Figs. 4–6.
Furthermore, the performance of commercially avail-

able MIMO systems using RCs with Nt ¼ Nr ¼ 2 and
employing OOK modulation is compared with that of
the proposed SSK system. For this purpose and for the
sake of fair comparison, the power of OOK (γ̄ is propor-
tional to the square of the IM/DD optical power) is
normalized by log2ðMÞ.
To achieve a spectral efficiency of 3 bits/s/Hz, an 8 × 8

MIMO system is considered and the simulation results are
reported in Fig. 4. Analytical and simulation results show
close match for a wide range of SNR values which support
the analysis. Additionally, Fig. 4 shows that SSK outper-
forms RC system for SNR <28 dB. This is due to the ben-
efits of SSK over RC MPAM, namely, increased SNR gain
along with greater spectral efficiency and/or higher turbu-
lence effects. This, while RC systems show better perfor-
mance at higher SNR due to the high diversity gain.
Increasing the number of receivers to ten instead of eight
enhances the performance of SSK systems as compared to

RC for high SNR. The SSK system gains about 2 dB in
SNR at ABER of 10−6.

Figure 5 shows the results of increasing the spectral ef-
ficiency to 4 bits/s/Hz. This increase is made by consid-
ering a 16 × 16 MIMO setup. SSK system shows superior
performance as compared to RC and a gain of about
6.5 dB is achieved at ABER of 10−6. Simulation results
in Fig. 5 depict the case of an ABER of 10−9 and shows
the accuracy of the Q-function approximation[25].

Finally, Fig. 6 shows the case of a moderate turbulence
in a log-normal channel with σx ¼ 0.37 as an example of a
moderate turbulence. Based on the approximation, the re-
sults of which are shown in Fig. 3, the MGF of G–G is used
to derive a tight bound ABER for SSK over log-normal
channel. This approximation leads to a narrow gap be-
tween the upper bound Eq. (5) and the derived lower
bound of SSK. This is unlike the results shown in Figs. 4
and 5, which are based on exact MGF of the absolute dif-
ference of negative-exponential RVs. Obtained results
show that at an ABER of 10−6, SSK gains 4 and
7.5 dB over RC 16-PAM and RC OOK (2 × 2), respec-
tively. The SNR corresponding to RC illustrated in Fig. 6
is lower than that of the RC illustrated in Fig. 5 by 0.3 dB,

15 20 25 30 35
10

−6

10
−5

10
−4

10
−3

10
−2

10
−1

A
B

E
R

Avg. SNR[dB]

Derived Upper Bound SSK (13)
Lower Bound RC 8−PAM (6)
Simulations
Upper Bound SSK (5)
SISO−8PAM (6)

2 × 2 RC OOK − 1 bit/s/Hz (6)

Nr = 10
Nr = 8

Fig. 4. Comparison of SSK and RCs with spectral efficiency =
3 bits/s/Hz in a negative-exponential channel with Nt ¼ 8 and
increasing the number of receivers Nr ¼ 8 and 10.
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while SSK system is shown to perform better in strong tur-
bulent channels as compared to moderately turbulent
channels. This is mainly because the ABER of SSK system
is not determined by the actual channel realizations as in
the case of RCs and SISO, rather by the differences among
different channels associated with various transmitters.
It is shown that the SSK system outperforms RC

MPAM system for large number of transmitters, however,
it might not be feasible in all applications, since the SSK
uses a single transmitter at each time instant and all
others are off for that time. Hence, single-stream transmit-
ter are needed and the active transmit unit, among the
spatially separated units, is selected each time instant
based on the incoming bits sequence. As such, transmitter
synchronization requirement is omitted and complexity is
significantly reduced enabling the use of large number of
transmitters.
In conclusion, the ABER performance of FSO links with

SSK over negative-exponential and log-normal atmos-
pheric turbulence channels are investigated. Tight upper
and lower bounds for ABER expressions corresponding to
negative-exponential channels and log-normal channels,
respectively, are obtained. In comparison to SISO and
RC MPAM techniques, our results are in favor of SSK
FSO links for high-spectral-efficiency applications and/
or channel high-turbulence effects. Moreover, increasing
the number of receivers is shown to yield lower SNR in
SSK systems as compared to RC MPAM systems.
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