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In this Letter, we present a possible methodology to directly “read” the force on an atom via the photons emitted
from the atom. In this methodology, the mean radiative force on an atom exerted by external fields can be
expressed as a function of the average number of emitted photons hNi and its derivatives via the generating
function approach developed by us recently.
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The force originating from the momentum of light is the
foundation of optically manipulating neutral particles[1–3].
Along with the magneto-optical trap (MOT) and cavity,
laser cooling has also become an important tool in control-
ling the dynamics and exploring the new physics of
atoms[4–8]. Early studies of Doppler cooling, which has be-
come the most common method of laser cooling, were
proposed in Refs. [9,10]. The first observation of radiation-
pressure coolingwas reported byWineland et al.[11]. Ashkin,
who developed optical tweezers, reported the first observa-
tion of a single-beamgradient force pressure particle trap in
Ref. [12]. Lett et al. employed optical molasses and ob-
tained ultracold atomic vapor[13]. Cohen-Tannoudji pro-
posed the theory of Sisyphus cooling[14]. Recently, Sagi et al.
demonstrated anomalous diffusion behavior using the Sis-
yphus cooling method on 87Rb atoms in a one-dimensional
optical lattice[15]. The anomalous diffusion of atoms can
help us study the complicated forces acting on atoms[16].
In this Letter, we study the radiative forces exerted by

two types of laser waves on the 87Rb atom. Based on the
generating function methodology of photon counting sta-
tistics developed recently, the force on the atom in exter-
nal fields can be expressed by the average number of
emitted photons hNi and its time derivatives. This means
that we can obtain the force via the photon statistical
quantities that are closely related to those in experiments.
The results provide us with a new perspective to study the
mean radiative force on the atom.
We consider the force exerted by an external laser

field on a 87Rb atom composed of a ground state jgi¼
j52S1∕2;F¼2i and an excited state jei¼j52P3∕2;F 0¼3i[17].
The transition frequency and transition dipole moment
are ωeg and μ, respectively. The external field is described
by ELðr; tÞ ¼ ϵ̂E0ðrÞ cos½ωLt þΦðrÞ�, where ϵ̂ is the polari-
zation unit vector, ωL is the angular frequency, and E0ðrÞ
and ΦðrÞ are the amplitude and phase at position r,
respectively.
The evolution of this system can be described by its re-

duced density matrix σðtÞ ≡ TrRfρðtÞg, where ρðtÞ is the
density operator[18]. σðtÞ satisfies

_σijðtÞ ¼ Lij;klσkl ; (1)

in Liouville space, where Lij;kl is the Liouville superoper-
ator[19].

Equation (1) can be solved via various methods, e.g., in
terms of the iterative expansion of Lij;kl . However, we
prefer the generating function method developed
recently, which can help us obtain the information with
respect to the photon statistics of the system. We
define the generating function as Gijðs; tÞ ≡

P∞
n¼0 σ

ðnÞ
ij sn,

where σðnÞij corresponds to the emission of n photons in
the time interval ½0; t�, s is an auxiliary counting variable,
and i; j ¼ e; g[20,21].

We further introduce the generalized Bloch vectors:
U ≡ 1

2 ðGgee−iωLt þ GegeiωLtÞ, V ≡ 1
2i ðGgee−iωLt − GegeiωLtÞ,

W ≡ 1
2 ðGee − GggÞ and Y ≡ 1

2 ðGee þ GggÞ. In the interaction
picture, by involving the rotating wave approximation
(RWA), U, V, W, and Y satisfy the generalized optical
Bloch equations[20,21]:

_U ¼ −
Γ
2
U þ δLV;

_V ¼ −δLU −
Γ
2
V − ΩðrÞW;

_W ¼ ΩðrÞV −
Γ
2
ð1þ sÞW −

Γ
2
ð1þ sÞY;

_Y ¼ −
Γ
2
ð1− sÞW −

Γ
2
ð1− sÞY; (2)

where ΩðrÞ ¼ −μ· ϵ̂E0ðrÞ∕ℏ is the Rabi frequency, δL ¼
ωL − ωeg þ ∂ΦðrÞ

∂t is the detuning frequency, and Γ is the
spontaneous emission rate from state jei to state jgi.

When Y ¼ 1∕2 and s ¼ 1, Eqs. (2) reduce to the
ordinary Bloch equations[14,18,22,23]. Based on Refs. [14,22]
and Eqs. (2), the mean force exerted by the laser field on
the atom can, after some algebra, be written as

F ðr; tÞ ¼ −ℏΩðrÞ½Uðr; tÞαðrÞ þ Vðr; tÞβðrÞ�; (3)
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where

αðrÞ ≡ ∇ΩðrÞ
ΩðrÞ ; βðrÞ ≡ ∇ΦðrÞ: (4)

We usually separate the total force F ðr; tÞ into two
parts: the reactive force F reactðr; tÞ and the dissipative
force F dissipðr; tÞ, defined as

F reactðr; tÞ ≡−ℏΩðrÞUðr; tÞαðrÞ;
F dissipðr; tÞ ≡−ℏΩðrÞVðr; tÞβðrÞ; (5)

respectively.
We first consider a laser plane wave propagating along

the negative direction of the x axis with wave vector
kL ¼ −kL î and angular frequency ωL, where kL is the wave
number and î is the unit vector of the x axis. Without a
loss of generality, we assume that the atom also moves
along the x axis, and the position of the atom r can be
replaced by x ¼ x î. The velocity of the atom is v0 ¼ dx

dt î.
In this case, the Rabi frequency ΩðxÞ ¼ Ω is a constant,

and the phase isΦðxÞ ¼ −kL · x î ¼ kLx. From Eq. (4), we
have

αðxÞ ¼ 0; βðxÞ ¼ kL; (6)

and the detuning frequency is δL ¼ δð0ÞL þ ∂Φ
∂t ¼ δð0ÞL þ kLv0,

where δð0ÞL ¼ ωL − ωeg.
Since αðxÞ ¼ 0, only the dissipative force in Eq. (5) is

preserved. We can solve the generalized Bloch vector V
from Eq. (2) as

Vðv0; tÞ ¼
1
Ω

�
I þ 1

Γ
∂I
∂t

�
; (7)

where I ¼ 2 d
dt ð ∂∂sYÞ

��
s¼1 is the photon emission intensity[21].

The mean force exerted by the laser plane wave on the
atom is

F ðv0; tÞ ¼ −ℏkL

�
I þ 1

Γ
∂I
∂t

�
: (8)

In the long time limit, ∂I∂t ¼ 0, the force in Eq. (8) reduces
to the time independent form[14],

F ðv0Þ ¼ −ℏkLI : (9)

In Fig. 1 we plot the mean force F as a function of Γt
with different δL. For δL ≠ 0, F exhibits a damping oscil-
lation and finally reaches a constant value. The larger jδLj
is, the more violently F oscillates, and the faster it ap-
proaches a constant value. For δL ¼ 0, the absolute value
of F monotonically increases to a maximum without
oscillation (note that the symbol of F only indicates its
direction). If we change the symbol of δL while keeping
other parameters unchanged, the dependence of F on
Γt does not change, as shown by the overlapping blue solid
line and green dotted line.

In Fig. 2 we plot the emission intensity I and mean force
F as functions of v0 and δð0ÞL in the long time limit. When
−kLv0 ¼ δð0ÞL , I and the absolute value of F reach their
peaks. Note that in the long time limit the shapes of I
and F are identical, as indicated by Eq. (9). Since the
emission intensity I can be measured in experiments, this
result may provide us with a way to “read” the force on the
atom directly.

We next consider the force exerted by a laser standing
wave on a 87Rb atom fixed on the x axis. The laser stand-
ing wave along the x axis and linearly polarized along the z
axis can be written as

ELðx; tÞ ¼ ϵzE0ðxÞ cosðωLtÞ; (10)

where ϵz is the unit vector of the z axis, E0ðxÞ ¼
2E0 cosðkLxÞ, x is the ordinate of the atom, and kL is
the wave number.
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Fig. 1. Mean force F as a function of Γt in a laser plane
wave. Parameters are Γ ¼ 2π × 6 MHz, Ω ¼ −2π × 0.6 MHz,
kL ¼ 2π × 1.28 × 106 m−1, δL ¼ −Γ (blue solid line), δL ¼ 0
(red dashed line), δL ¼ Γ (green dotted line), δL ¼ 2Γ (black solid
line). Note that the blue solid line and green dotted line overlap
each other. F is scaled by its maximum absolute value.
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Fig. 2. Emission intensity I [(a),(c)] and mean force F [(b),(d)]
as functions of v0 and δð0ÞL in the long time limit. For (a) and (b),
δð0ÞL ¼ −2Γ (blue solid line), δð0ÞL ¼ −Γ (red dashed line), δð0ÞL ¼ 0
(green dotted line), and δð0ÞL ¼ Γ (black solid line). The other
parameters are the same as in Fig. 1. F and I are normalized.
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In this case, the Rabi frequency is position dependent:

ΩðxÞ ¼ −
μ· ϵzE0ðxÞ

ℏ
¼ 2Ω0 cosðkLxÞ; (11)

where Ω0 ¼ −μ· ϵzE0∕ℏ. The phase ΦðxÞ is a constant,

yielding δL ¼ δð0ÞL þ ∂ΦðxÞ
∂t ¼ δð0ÞL , where δð0ÞL ¼ ωL − ωeg.

From Eq. (4) we obtain

αðxÞ ¼ −kL tanðkLxÞ; βðxÞ ¼ 0: (12)

In this case, only the reactive force in Eq. (5) is pre-
served. The generalized Bloch vector U can be obtained
from Eq. (2) as

Uðx; tÞ ¼ 1
2ΩðxÞδL

∂I
∂t

þ 4δ2L þ 3Γ2

4δLΩðxÞΓ
I

þ 4δ2L þ Γ2 þ 2ΩðxÞ2
4δLΩðxÞ

hNi− ΩðxÞΓ
4δL

t; (13)

where hN i ¼ 2 ∂
∂sYjs¼1 is the average number of the

photons emitted by the system in time interval ½0; t�[20,21].
The force exerted on the atom can be written as

F ðx; tÞ ¼ −ℏΩðxÞαðxÞUðx; tÞ

¼ ℏkL tanðkLxÞ
�

1
2δL

∂I
∂t

þ 4δ2L þ 3Γ2

4δLΓ
I

þ 4δ2L þ Γ2 þ 2ΩðxÞ2
4δL

hN i− ΩðxÞ2Γ
4δL

t
�
: (14)

In the long time limit, F ðx; tÞ reduces to

F ðxÞ ¼ ℏkL tanðkLxÞ
2δL
Γ

I : (15)

In Fig. 3 we plot the mean force F ðx; tÞ, average emitted
photon number hNi, emission intensity I , and the first

derivative of I with respect to time, _I , as functions of Γt
with different δL. For small t, there is fluctuation in F . As
t increases, the fluctuation in F attenuates and finally
disappears. When t is large enough, F reaches a steady
value. For large t, hNi is approximately proportional to
t, with a gradient inversely proportional to jδLj. Similarly
to F , I and _I fluctuate when t is small and finally reach
constant values when t is large enough.

In Fig. 4 we plot F and I as functions of δL (upper
panel) and x (lower panel) in the long time limit. From the
upper panel we can see, as functions of δL, F and δLI have
the same shape. This indicates that we can “read” the
mean force F via I experimentally. According to the lower
panel, both F and I are periodic, and the period of I is
twice as much as that of F . Hence, we can calculate
the force after some algebraic operation of I .

In conclusion, we present a way to “read” the mean ra-
diative force F exerted on a 87Rb atom in a plane wave
field and in a standing wave field. By employing the
generating function approach, the mean force F can be
expressed by the average emitted photon number hNi
and (or) its time derivatives. Since hNi and its time deriv-
atives can be measured in experiments, this may serve as a
way to “read” the mean force exerted by the laser fields on
the atom directly.

This work was supported by the National Science Foun-
dation of China (Grant No. 11374191) and the National
Basic Research Program of China (973 Program, Grant
No. 2015CB921004).
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Fig. 3. Mean force F , average emitted photon number hN i,
emission intensity I , and the first-order time derivative of emis-
sion intensity, _I , as functions of Γt in a laser standing wave.
Parameters are δL ¼ −2Γ (blue solid line), δL ¼ −Γ (red dashed
line), δL ¼ −Γ∕2 (black solid line), and δL ¼ Γ (green dotted
line). The red dashed lines and green dotted lines overlap in
the subfigures of I , hNi, and _I . The other parameters are the
same as in Fig. 1. F , hNi, I , and _I are normalized.
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Fig. 4. Mean force F and emission intensity I as functions of the
detuning frequency δL (upper panel) and position x (lower panel)
in the long time limit. The parameters are Γ ¼ 2π × 6 MHz,
Ω0 ¼ −2π × 0.6 MHz, kL ¼ 2π × 1.28 × 106 m−1, x ¼ 1 (for the
upper panel), and δL ¼ −2π MHz (for the lower panel). F is
scaled by its maximum absolute value and I is normalized.
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