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The characteristic equation of orbital angular momentum modes in a ring fiber is derived. By solving the
equation with the graphical method, mode distribution in a ring fiber can be precisely determined for arbitrary
fiber parameters without relying on simulation of the vector field. This will provide a useful method to determine
the separation between quasi-degenerate modes in a ring fiber.
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Light beams carrying orbital angular momentum (OAM)
are characterized as a spiral phase structure of expðilθÞ,
where l is topological charge (an integer), and θ is the
azimuthal angle[1,2]. The OAM modes with different
topological charge number l are inherently orthogonal
to each other, and therefore can be considered as an addi-
tional available degree of freedom for multiplexing
information[1,3]. Combining OAM with other traditional
multiplexing technologies such as wavelength division
multiplexing (WDM), the capacity and spectral efficiency
of optical communication systems will be greatly
enhanced[3–5].
Although there have been several reports for free-space

transmission based on OAM[3,5,6], transmission in fiber
can avoid atmospheric disturbance[7], and make long-
distance transmission feasible. However, OAM modes are
unstable in terms of propagation in a conventional step-
index fiber due to the mode coupling[2,8]. It is known that
hybrid modes (HElm and EHlm) are Eigen modes in a fiber.
The combination of quasi-degenerate HElþ1;m and EHl−1;m

modes results in linearly polarized (LP) modes (i.e.,
LPl;m ¼ HElþ1;m þ EHl−1;m, l ≥ 1), while the combination
of intrinsic degenerate HEodd

lm and HEeven
lm (EHeven

lm and
EHeven

lm ) modes with π∕2 phase shift generates OAMmodes
[i.e., OAM�ðl−1Þ ¼ HEeven

lm � i × HEodd
lm , OAM�ðlþ1Þ ¼

EHeven
lm � i × EHodd

lm ][8–10]. In a conventional multimode
fiber, LP modes are easily produced by coupling because
the effective refractive index (ERI) difference between
HElþ1;m and EHl−1;m modes is too small[2,4,8]. To overcome
this problem, several schemes were proposed such as
coiling the fiber[11], using spun elliptical and anisotropic fi-
bers[12], and the intensely twisted elliptical fiber was based
on band-gap Bragg selection[13]. Nevertheless, recently
more attention has been paid to the structure of a ring
fiber, which splits the quasi-degenerate modes by increas-
ing the ERI difference. The generation of a higher-order
OAM mode in a ring fiber has been studied[14] and analysis
of the modes has been given[15]. Then generation and

multiplexing OAM modes in a ring fiber was proposed[16].
To our best knowledge, theoretical analysis of the mode
properties in a ring fiber made before are all based on
the weakly guiding approximation (WGA), which focus
on LP modes and thus cannot show the difference between
quasi-degenerate modes[17,18].

In this Letter, a modal characteristic equation is derived
by rigorously solving the Helmholtz equation. Based on
this characteristic equation, we investigate the influence
of the ring fiber structure parameters on the ERI of the
Eigenmodes. Besides, it should be noted that the exact
degeneracy of two optical vortices with opposing topologi-
cal charges and spin will interact each other due to infini-
tesimal ellipticity induced by stress[19]. However, our
theory is applicable to the ideal ring fiber, and the situa-
tion where fibers are slightly elliptical deserves further
study.

Figure 1 shows the cross section and the refractive
index (RI) profile of a ring fiber. It consists of three
concentric regions: the inner clad, the core, and the outer
clad. The RI of the core is n1 while the RI of the inner and
outer clad are both n2 which satisfies n1 > n2. The inner
radius and outer radius of ring fiber are r1 and r2, respec-
tively. A cylindrical coordinates is set due to the longitude
invariance and the angular symmetry of the geometry.
We first deal with the longitudinal components of the
electric and magnetic field by solving the Helmholtz
equation[20].

∇2

�
Ez
Hz

�
þ k2

�
Ez
Hz

�
¼ 0; (1)

where ∇2 ¼ ∂2
∂r2 þ 1

r
∂
∂r þ 1

r2
∂2
∂θ2 þ ∂2

∂z2 , and k is the wavenum-
ber in the corresponding regions. By applying the method
of variable separation, Ez can be written as

Ez ¼ RðrÞ expð�ilθÞ expðiβzÞ; (2)
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RðrÞ ¼
8<
:
aI lðvrÞ 0 ≤ r < r1
bJ lðurÞ þ cY lðurÞ r1 ≤ r < r2
dKlðvrÞ r2 ≤ r

; (3)

u2 ¼ n2
1k

2
0 − β2;

v2 ¼ β2 − n2
2k

2
0; (4)

where β is the propagation constant along the z-axis direc-
tion, ω is the angular frequency, and k0 is the wavenumber
in vacuum. Jl and Yl are Bessel functions of the first kind
and the second kind, respectively. I l and Kl denote the
modified Bessel functions of the first kind and the second
kind, respectively. The subscript l is the order of the Bessel
function which is an integer. The terms a, b, c, and d are
constants to be determined by boundary conditions. The
term of expð�ilθÞ in Eq. (2) shows the total angular mo-
mentum (AM) of the Eigen modes in the ring fiber, where
“�” denotes that each of the modes (l ≥ 1) has two inher-
ent degeneracies. If fsinðlθÞ; cosðlθÞg is set as the basis in-
stead of fexpðilθÞ; expð−ilθÞg for the angular part in
Eq. (2), we can get the odd and the even modes as

mentioned previously[9,20,21]. Note that total AM consists
of both spin angular momentum (SAM) and OAM[14].
The combination of the odd and even modes with π∕2
phase shift become OAM modes with a total AM of 1ℏ,
where the OAM part is ðl þ 1Þℏ when the SAM is antipar-
allel with the OAM or ðl − 1Þℏ when the SAM is parallel
with the OAM. The corresponding magnetic field compo-
nentHz can be obtained by substituting the constants e, f ,
g, and h for a, b, c, and d, respectively.

After Ez and Hz were formulized, the rest of the
components Er , Eθ, Hr , and H θ can be derived from the
following relations[20]

8>>>>>>>>>>><
>>>>>>>>>>>:

Er ¼
iβ

ω2με− β2

�
∂Ez

∂r
þ ωμ

βr
∂Hz

∂θ

�

Eθ ¼
iβ

ω2με− β2

�
−
ωμ

β

∂Hz

∂r
þ 1

r
∂Ez

∂θ

�

Hr ¼
iβ

ω2με− β2

�
∂Hz

∂r
−
ωε

βr
∂Ez

∂θ

�

H θ ¼
iβ

ω2με− β2

�
ωε

β

∂Ez

∂r
þ 1
r
∂Hz

∂θ

�
; ð5Þ

where μ and ε are permeability and permittivity of the cor-
responding regions, respectively. In our calculation, μ ¼ μ0
and ε ¼ ε0n2 is adopted where μ0 and ε0 are respectively
permeability and permittivity of vacuum[20].

To determine the eight constants a–h, we apply the con-
tinuity conditions of the electromagnetic field components
Ez , Eθ, Hz , and H θ at the interfaces of r ¼ r1 and r ¼ r2
to obtain eight (¼4 × 2) equations. Then a nonzero solu-
tion for the set of equations requires its determinant of
coefficient to equal zero[22], which is shown as Eq. (6).
By using the Gauss elimination method[22], the 8 × 8 deter-
minant mentioned previously can be reduced to a 4 × 4
form of Eq. (7).

����������������������������
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ilβ
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¼ 0; (6)

Fig. 1. Cross sectional diagram of a ring fiber.

COL 13(3), 030501(2015) CHINESE OPTICS LETTERS March 10, 2015

030501-2



����������������

ilβ
ωμr1

�
1
u2

þ 1
v2

�
ilβ
ωμr1

�
1
u2

þ 1
v2

�
E F

ε0W ε0X −
ilβ
ωr1

�
1
u2

þ 1
v2

�
−

ilβ
ωr1

�
1
u2

þ 1
v2

�

ilβ
ωμr2

�
1
u2

þ 1
v2

�
ilβ
ωμr2

�
1
u2

þ 1
v2

�
G HK

ε0Y ε0ZK −
ilβ
ωμr2

�
1
u2

þ 1
v2

�
−

ilβ
ωμr2

�
1
u2

þ 1
v2

�
K

����������������

¼ 0: (7)

Here variable substitution is adopted in the following two
steps.

Step1: A1 ¼
I 0lðvr1Þ
I lðvr1Þ

; Bi ¼
J 0
lðuriÞ

JlðuriÞ
;

Ci ¼
I 0lðuriÞ
I lðuriÞ

; D2 ¼
K 0

lðvr2Þ
Klðvr2Þ

ði ¼ 1;2Þ; (8)

Step 2: E ¼ B1

u
þ A1

v
; F ¼ C1

u
þ A1

v
;

G ¼ B2

u
þ D2

v
; H ¼ C2

u
þD2

v
;

K ¼ Ylður2Þ∕Ylður1Þ
Jlður2Þ∕Jlður1Þ

W ¼ n2
1B1

u
þ n2

2A1

v
;

X ¼ n2
1C 1

u
þ n2

2A1

v
; Y ¼ n2

1B2

u
þ n2

2D2

v
;

Z ¼ n2
1C 2

u
þ n2

2D2

v
; M ¼ lβ

k0

�
1
u2

þ 1
v2

�
: (9)

Finally the characteristic equation of a ring fiber is ob-
tained in Eq. (10) by expanding the determinant.

M 4

r21r
2
2
ðK − 1Þ2 þ ðKEH − FGÞðKWZ − XY Þ

−M 2

�ðKH −GÞðKZ − Y Þ
r21

þ ðKE − FÞðKW − XÞ
r22

−K
ðE − FÞðY − ZÞ þ ðH −GÞðX −W Þ

r1r2

�
¼ 0: (10)

To go back into the case of the step-index fiber, the first
four rows and the first, third, fifth, and seventh column of
the last four rows of the determinant in Eq. (6) should be
removed. To go back into the case of WGA for the ring
fiber, β ≈ k0n1 ≈ k0n2 should be adopted in Eq. (10).
It means variables in Eqs. (8) and (9) evolving like
W → n2

1E, X → n2
1F , Y → n2

1G, and Z → n2
1H . These

two special cases can be considered as verification of
the modal characteristic equation[17–19].
Equation (10) is a complicated transcendental equation

with Bessel function contains the propagation constant.
We define the left-hand side of Eq. (10) as a function f
and study its curve intersection with the x-axis. For we
set the structure parameters as n1 ¼ 1.5, n2 ¼ 1.45,
r1 ¼ 4 μm, and r2 ¼ 5 μm and obtain the ERI of different

modes. Table 1 shows the comparison between the simu-
lation results of the finite element analysis software COM-
SOL and roots of our mode characteristic equation, where
the solution of Eq. (10) fits the simulation results very well
with a relative error at the magnitude of 10−6 or less.

Then we can use Eqs. (3) to obtain the electric field dis-
tribution of them, which is depicted in Fig. 2.

Based on Eq. (10), we can investigate the ERI difference
between quasi-degenerate modes. Here we take TE01 and
HE21 as an example so as to compare with the previous
work by Yue et al.[9,10] Figure 3 shows the influence caused
by changing wavelength λ and the RI difference of the fiber
core Δn ¼ n1 − n2. The parameters are set fixed as
r1 ¼ 4 μm, r2 ¼ 5 μm, and n2 ¼ 1.444. Figure 3 shows
that the ERI difference between the quasi-degenerate
modes is larger than 10−4, which was proven valid for
mode separation and stable transmission of OAM[4,8,21].

Analogously to the step-index fiber, we introduce the
normalized propagation constant b, the normalized fre-
quency V , and the average radius of the ring rave as

[20]

b ¼ β2 − k0n2
2

k0n2
1 − k0n2

2
; (11)

V 2 ¼ k20ðr2 − r1Þ2ðn2
1 − n2

2Þ; (12)

Table 1. Comparison between Simulation Results and
the Solution of Eq. (10)

Mode
Simulation
Result

Eq. (10)
Solution

Relative
Error

HE11 1.467350 1.467352 1.4 × 10−6

TE01 1.466638 1.466641 2.0 × 10−6

HE21 1.466159 1.466162 2.0 × 10−6

TM01 1.465566 1.465566 <10−6

HE31 1.462827 1.462831 2.7 × 10−6

EH11 1.462714 1.462715 6.8 × 10−7

HE41 1.457518 1.457526 5.5 × 10−6

EH21 1.457473 1.457475 1.4 × 10−6

EH31 1.450510 1.450517 4.8 × 10−6
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rave ¼ ðr1 þ r2Þ∕2: (13)

The term V is determined by structure parameters of
the ring fiber. The term b can be regarded as a single-value
function of V and rave, which is of great importance for
guiding the structure design of a multimode ring fiber.
Figure 4 shows the influence of V and rave to the b value
of HE11 mode, in which r2 − r1 ¼ 2 μm and n2 ¼ 1.4 both
remain unchanged. We can find that the HE11 mode

exhibits a zero cutoff. Figure 5 shows b of the low-order
modes in a ring fiber as a function of V with the average
radius of the ring is set as 3, 5, 7.5, and 10 μm, respectively.
As b is a normalized variable, Fig. 5 illustrates the relative
degree of separation among quasi-degenerate modes. The
ERI difference of HE21 from TE01 and TM01 achieve 10−4

Fig. 2. Electric field distribution on the cross section for several modes; (a) TE01; (b) TM01; (c) EH11; (d) HE31.

Fig. 3. ERI difference between TE01 and HE21 as a function of
the index difference and the wavelength.

Fig. 4. Normalized propagation constant b for HE11 as a function
of the normalized frequencyV and the average radius of the ring.
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with n1 − n2 ¼ 0.05 while the separation between EH11
and HE31 is guaranteed with n1 − n2 ¼ 0.1. In addition,
the cutoff frequency of the modes decreases as the average
radius of the ring increases.
In conclusion, we strictly deduce the OAM modal char-

acteristic equation of a ring fiber from the Helmholtz equa-
tion. It also points out that our equation can reduce to the
conventional cases of a step-index fiber and a ring fiber
under the condition of WGA. Furthermore, the mode dis-
tributions in a ring fiber can be precisely illustrated for
arbitrary fiber parameters without relying on simulation
of the vector field.
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(No. 2012AA011302) and the National Natural Science
Foundation of China (No. 61475004).
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