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For linear electrooptic (EO) effect of femtosecond laser pulses that propagates along the direction of non-
optical axis in linear-chirped and periodically poled MgO:LiNbO3 (LCPPLMN), we explore the compensation 
scheme for the phase mismatch and the group-velocity mismatch between the o- and e-light, and discuss the 
effect of the linear chirp parameter of the LCPPLMN on the waveform of the output o- and e-light. It is found 
that, for any input pulse duration, the phase mismatch and the group-velocity mismatch can be simultane-
ously compensated by the optimization of the linear chirp parameter. As a result, high conversion efficiency 
of linear EO effect can be performed. In addition, we discuss the influence of the linear chirp parameter on 
the temporal evolutions of the output o- and e-light pulse.
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With the rapid development of femtosecond laser tech-
nology[1–4], femtosecond laser pulse has attracted con-
siderable interest owing to its applications to ultrafast 
optical communication, ultrafast nonlinear effect, micro-
nano-processing, high-density information storage, laser 
medical treatment and THz radiation[5–13]. In the above-
mentioned applications, the manipulation of polarization, 
phase and intensity is of importance. The linear EO ef-
fect is known as being a common and efficient method. 
For describing the linear EO effect of femtosecond laser 
pulse, we put forward the coupling-wave theory of lin-
ear EO effect for ultrashort laser pulse, and investigate 
the characteristic of the linear EO effect of ultrashort 
laser pulse in bulk LiNbO3 crystal[14]. It is found that 
the linear EO effect is limited to many factors, such as 
the phase mismatch (PM), the group-velocity mismatch 
(GVM), the group-velocity dispersion (GVD), and the 
first- and second- order refractive dispersions. These fac-
tors will limit the phase-matching bandwidth and de-
crease the effective interaction length of pulse and the 
crystal. As a result, the conversion efficiency of the 
linear EO effect is reduced, and the waveform of laser 
pulse is seriously distorted. To obtain high conversion 
efficiency and make the pulse shape to stay the same, 
the GVD and the first- and second-order refractive dis-
persion need to be compensated. Also, it is crucial that 
the PM and GVM between two polarization components 
are compensated simultaneously. For the GVD and the 
first- and second-order refractive dispersions, we perform 
their complete compensation by optical phase conjugate 
scheme in recent work[15]. For the compensations of the 
PM and GVM, the simplest method is that input laser 
pulse propagates along the direction of the optical axis 
of the crystal, which is considered to be the special situ-
ations of the birefringence technique. It is known that 
the birefringence technique has several disadvantages as  
follows. It cannot apply to all transparent wavelengths of 

the EO crystal, and the maximum electrooptic coefficient 
cannot be used to improve the EO  performance, whereas 
the developing quasi-phase matching (QPM) technique 
can overcome the above-mentioned disadvantages[16–20]. 
Recently, with the development of the wave-coupling the-
ory of linear EO effect[11,14–18,21,22], there has been increas-
ing interest in the use of periodically poled lithium nio-
bate (PPLN) with QPM capability for linear EO effect 
application[17,21,22]. PPLN doped with magnesium oxide is 
an important EO material and potential candidate in an 
EO effect since it has a high electric field of more than 5 
KV/mm for ferroelectric domain, and greatly improved 
resistance to photorefractive damage threshold[23,24]. In 
addition, linear chirped-periodically poled MgO: liNbO3 
(LCPPLMN), as one of linear chirped QPM gratings, has 
been used to broaden effect the acceptance bandwidth of 
the second-order nonlinear effects[20] since it can provide 
the compensations for the PM and GVM simultaneously. 
As known to all, linear EO effect is considered as one of 
the second-order nonlinear effects. So, it is prospective 
that the PM and GVM can be compensated simultane-
ously in a linear EO effect of femtosecond laser pulses 
based on LCPPLMN. However, the physical mechanism 
of the compensation for the PM and GVM is unclear in 
the processing of the linear EO effect for femtosecond la-
ser pulses. For this purpose, based on the wave-coupling 
theory[14], we explore the compensation mechanism for 
the PM and GVM in non-axis direction of LCPPMLN. 
Also, we discuss the influence of the linear chirp param-
eter of the crystal on the conversion efficiency of the 
linear EO effect and the waveform of output laser pulses.

The schematic diagram of linear EO effect for fem-
tosecond laser pulses in LCPPLMN crystal is given in 
Fig. 1, where the optic axis of the crystal is along the 
direction of the z-axis of the crystal and the applied 
electric field is along the direction of the y-axis of the 
crystal. A light pulse propagating along the direction 
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 γΛ = Λ + −0[1 ( / 2) /x L L, (4)

where L0 = 2p/K0, g = LDp/K0 is the chirp param-
eter[22], k0 = 2p/l0. For different chirp parameter g, we 
calculate the dependence of the first-order reciprocal 
K1 on the location of the reciprocal K1. The related 
results are displayed in Fig. 2, where the related pa-
rameter values are given in Table.1. From Fig. 2, one 
sees that the K1 decreases linearly with x (the location 
of the K1). With l = 0.1 and x = 0, the maximum 
K1 (K1max) is 

−× 5 17.2 10 m . However, for SHG and PDC 
cases, such as eee, oee, eeo, oeo, ooo, ooe and oee, all 
their wave vector mismatches are much larger than the 
K1max (see Fig. 2), i.e., the phase mismatches in SHG or 
PDC effect cannot be compensated by the first-order 
 reciprocal K1. So, with the range of g from 0 to 0.2, 
SHG and PDC do not play an important role and are 
neglected because of phase mismatch. In the case, only 
linear EO effect in LCPPLMN crystal is considered. Let

=1 1 0 1 1( , ) ( , )t z n A t zωE a , =2 1 0 2 2( , ) ( , )t z n A t zωE a and  
E0 = cE0, where a1, a2 and c are unit vectors. And 
suppose that the light pulse meets with plane-wave ap-
proximation, and the absorption loss of the crystal is 
neglected, we obtain the coupling-wave equations of 
linear EO effect for femtosecond laser pulses in a new 
coordinate reference system x = |b21|x/T0

2 and t = t/
T0 – bx0/T0, as follows:

τ ξ τ ξ τ ξ
τ ξξ τ

τ ξ τ ξ
ξ τ

∂ ∂ ∂
− − −

∂ ∂∂ ∂
∂ ∂

+ − +
∂ ∂

2 2 2
1 1 1

11 12 1 222 2

1 1
21

( , ) ( , ) ( , )
( ) ( )

( , ) ( , )1( )
T

A A A
i r r i G d

A A
d

L

τ ξ τ ξ
τ ξ

δ ξ ϕ ξ

τ ξ τ ξ τ ξ τ ξ

∂ ∂
= + +

∂ ∂

+ − +� �

2 2
10 2 11 12

20 1 1 1 2 2 1

( , ) ( , )
[ ( , ) ]

exp[ ( )]

( , ) [ ( , ) 2 ( , ) ] ( , )

A A
id A d id

i k i

id A i A A A , (5)

τ ξ τ ξ τ ξ
τ ξξ τ

τ ξ τ ξ
ξ τ

∂ ∂ ∂
− − −

∂ ∂∂ ∂
∂ ∂

+ + −
∂ ∂

2 2 2
2 2 2

12 22 2 422 2

2 2
41

( , ) ( , ) ( , )
( ) ( )

( , ) ( , )1( )
T

A A A
i r r i G d

A A
d

L

τ ξ τ ξ
τ ξ

τ τ
δ ξ ϕ ξ

τ ξ τ ξ τ ξ τ ξ

∂ ∂
= + +

∂ ∂
− −

+ − +� �

2
1 1

30 1 31 32 2

1
2

40 1 3 2 4 1 2

( , ) ( , )
[ ( , ) ]

exp[ ( )]

( , ) [ ( , ) 2 ( , ) ] ( , )

A A
id A d id

i k i

id A i A A A , (6)

where the normalized variables are used; the normal-
ized phase mismatch dk = T0

2Δk/|b21|, Δk = k1 – k2 
is the phase mismatch between o-light and e-light; T0 
is the half-width at 1/e-intensity of input light pulse; 
b21 = d 2k1(w)/dw2|w=w 0 is the second-order group-ve-
locity dispersion of the o-light pulse. The normalized 
walk-off length LT = |b21|/[T0(b12– b11)], b11 = dk1(w) 

of the x-axis of the LCPPLMN can be decomposed 
into two independent polarized components, i.e., o- and  
e- light. So the light field is

2

0
1

1, { , exp[ ( )]} .
2

ω
=

= − +∑E( ) E ( )m m
m

t x t x i t k x C C , (1)

where the subscript m = 1 and 2 denote the o- and 
e-light, respectively; E1 and E2 the slowly varying am-
plitude of the o-and e-light; w0 the central frequency of 
the laser pulse; k1 = 2p n1/l0 and k2 = 2p n2/l0 are the 
wave vectors of two polarized components at w0, l0 the 
central wavelength; n1 and n2 the unperturbed refrac-
tive indices of two polarized components at the central 
frequency; C.C, complex conjugate. Besides, for one-
dimension LCPPLMN crystal, its structure function is 
expanded by Fourier series, as follows:

 ξ ϕ ξ
+∞

= −∞

= ∑ M M
m

( ) exp[ ( )]f f i , (2)

where 
ξ

ϕ ξ = ∫ ,

0
( ) ( )M Mk u du , kM(x) = 2pM/L(x ) is the M-

order reciprocal, L(x) is the poled period. The Fourier 
coefficient fM = [1 – cos(2pMD) + isin(2pMD)/(ipM) 
for M ≠ 0, f0 = 2D – 1 for M = 0. The duty ratio  
D = l+/ (l+ + l–), l+ and l– are the lengths of positive 
domain and that of negative domain, respectively. With 
an external electric field applied on LCPPLMN crystal, 
light pulse can undergo rich quadratic effects[21]. For ex-
ample, EO effect: w1z (o-light)↔ w1y (e-light). Second 
harmonic generation (SHG) or parametric down con-
version (PDC): w1y+w1y↔w2y (eee), w1z+w1y↔w2y (oee); 
w1z+w1z↔w2y (ooe); w1y+w1y↔w2z (eeo); w1z+w1z↔ w2y 
(oeo); w1z+w1z↔w2z (ooo). Here the first-order recipro-
cal (M = 1) is considered to be very near the phase 
mismatch between the o- and e-light in linear EO effect. 
The other order reciprocals do not play an important 
role in linear EO effect because of phase mismatch. So 
these terms are neglected. In the coordinate reference 
system of the crystal, x = L/2 (L, the crystal length) 
is considered as the reference point, where the recipro-
cal is fixed at K0. The K0 is designed to compensate the 
phase mismatch for linear EO effect, i.e., K0=k1-k2. In 
the case, the first-order reciprocal K1 is form of

   = − −1 0[ ( /2)]PK K D x L , (3)

where DP is the chirp coefficient. From the poled period 
of the crystal L = 2p/K1, we have

Fig. 1. The schematic diagram of linear EO effect for femtosec-
ond laser pulses in LCPPLMN crystal.
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/dw |w=w0 and b12 = dk2(w)/dw|w=w0 are the first-order 
group-velocity dispersion parameters of the o- and e-light,  
respectively. The normalized coefficients: r11 = |b21|/
(T0

2k1); r12 = b11/T0k1; r21 = |b21|/(T0
2k2); r22 = b11/

T0k2; G1 = (b11
2 + 2k1b21 – b0

2)/(2k1|b21|) and G2 = (b12
2 

+ 2k2b22 – b0
2)/(2k2|b22|) are the normalized and effective 

GVD parameters. b22 = d2k2(w)/dw2|w=w 0 is the second-
order group-velocity dispersion of the e-light pulse, b0 = 
(b11 + b12)/2. The normalized self-phase  modulation coef-
ficients are: = =2 2 2

1 0 0 0 1 21 1 3 0 0 03 / (8 ); 3effT k R n T kω β ω� � ;
2

3 21 2/ (8 )effR nβ ;

The normalized cross-phase modulation coefficients are: 
ω β=� 2 2

2 0 0 0 2 21 13 / (8 )effT k R n  and ω=� 2
4 0 0 2 23 / 8effk R n . 

The effective third-order nonlinear coefficients are of forms 
χ= ∑1eff ijkl i j k l

ijkl
R a a a a  ({i, j, k, l} = {1, 2, 3}, the same 

below), χ= ∑2eff ijkl i j k l
ijkl

R a a b b  and χ= ∑3eff ijkl i j k l
ijkl

R b b b b , 

where χijkl  are the tensor elements of third-order suscep-
tibility of LCPPLMN crystal. The normalized d-coeffi-
cients are of forms as

Table 1. The Parameter Values of the System for Calculation

Parameter Symbol and value
The length of the crystal L = 15mm
The reciprocal located in x = L/2 K0 = K1 – K2 = 3.199 × 105m–1

The refractive index of o-light n1 = 2.1726

The refractive index of e-light n2 = 2.093
The center wavelength of input pulse (the corresponding frequency) l0 = 1550nm (ω = × 15

0 1.2161 10 )
The electro-optic coefficients of the crystal r22 = 3.4, r23 = 8.6, r33 = 30.8,

and r51 = 28 (in 10−12 m/V)
The tensor elements of the third-order susceptibility of the crystal χ =12 1.12, χ =14 1, χ =33 9, χ =23 0.8  

(in 10–21m2/V2)
The azimuth angle j = 0
The polarization angle q = p/2,
The light velocity in vacuum c = 3 × 108m/s
The dielectric permittivity susceptibility in vacuum e0 = 8.854187818 × 10–12F/m
The initial peak intensity of the pulse I0 = 2GW/cm2

The duty ratio D = 0.5
The first-order group-velocity dispersion parameter of o-light b11 = 7.4162 ns/m

The first-order group-velocity dispersion parameter of e-light b12 = 7.1223 ns/m

The GVD parameter of o-light b21 = 37.097 ps2/km

The GVD parameter of e-light b22 = 47.874 ps2/km

The initial and normalized chirp parameter of the pulse C1 = 0

Fig. 2. (Color Online) For different chirp parameter g, the 
dependence of the first-order reciprocal of the crystal K1 the 
 location of the reciprocal K1.
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 polarization angle and j is the azimuth angle. As shown 
in Fig. 1, q = p/2 and j = 0 when light propagates along 
the direction of x-axis of the crystal, and we obtain a = 
(0, –1, 0) and b = (0, 1, 0). Besides, c = (0, 1, 0) be-
cause that the applied electric field 0E is along the y-ax-
is of the crystal. Suppose further the input light pulse is 
a Gaussian one and comes only with the o-light compo-
nent, i. e., = − + 2

1 0 0 0 1( ,0) 2 / exp[ (1 i ) /2]A I c Cτ ε ω τ  and  
A2 = (t, 0), where 0I  is the initial peak intensity of 
the pulse and C1 is the initial and normalized chirp 
 parameter of the pulse. In the following calculation, the 
parameter values of system are given in Table.1. The 
conversion efficiency of the linear EO effect is defined as

η τ τ τ τ τ
∞ ∞

−∞ −∞
= +∫ ∫2 1 2( , ) / [ ( , ) ( , )]I L d I L I L d , (14)

where

 τ ε ω τ=
2

1 0 0 1( , ) ( , ) / 2I L c a x ,

 τ ε ω τ=
2

2 0 0 2( , ) ( , ) / 2I L c a L , (15)

 τ τ π
∞

−∞
= Ω Ω Ω∫1,2 1,2( , ) ( , ) exp( ) / 2a L a L i d . (16)

For different input durations, Fig. 3 gives the de-
pendence of the conversion efficiency h on the crys-
tal length L, where E0 is fixed at 3 KV/mm. From 
Fig.  3(a), it is found that, in the case of T0 = 5 
fs, the maximum hmax is 80% when 0.03 ≤ g ≤ 0.05; 
with T0 increasing to 20fs, it becomes 90% when the 
g is between 0.015 and 0.04; for T0 = 50 fs, it can 
achieve 100% when the g varies from 0.005 to 0.02. 
For different chirp parameter g, Fig. 4 displays the 
dependence of the conversion efficiency h on the 
crystal length L. As seen from Fig. 4, the maximum 
conversion efficiency hmax is inversely proportional 
to the g, and the optimal point xpm becomes small-
er with the h decreasing further. For example, from  
Fig. 4(a), one sees that, in the case of T0 = 5 fs, 
the maximum conversion efficiency hmax locates at  
xpm = 15 mm for g = 0.04, and hmax = 75%. With the 
g fixed at 0.2, hmax is 28% at xpm = 9.2 mm. If input 
duration T0 is considered to increase further, hmax lo-
cates smaller xpm. For example, for g = 0.04, when T0 
is increased to 10 fs, 20 fs and 30 fs in turn, hmax is 
at 13mm, 11mm and 9mm in turn [see Fig. 4(b)–(c)].  
From Fig. 4, it is further found that the conversion 
efficiency h is  independent of the crystal length when 
L > xpm. These results show that the conversion ef-
ficiency h heavily depends on the chirp parameter g. 
By optimizing the value of the g, high conversion ef-
ficiency h can be performed. The above-discussed 
results are obtained in the case of E0 = 3 KV/mm. 
In the following, with T0 fixed at 5 fs, we calculate 
the dependence of the h on the applied electric field 
E0 for different g, the related results is  displayed 
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where Sc = 0 for q = 0, while Sc = 1 for q = 1 and 
2; f0 = 2D – 1 and f1 = [1 – cos(2pD) + isin(2pD) 
+ isin(2pD)]/(ip) are the zero- and first-order Fourier 
coefficients, respectively; The EO coefficients of r(0)

effj  
(j = 1, 2, 3) are the same as those of reffj (j = 1, 2, 3)  
in the Ref [17]; r(1)

effj and r(2)
effj are the first- and sec-

ond-order derivatives of r(0)
effj at w0; d1q and d3q describe 

the strength of EO coupling between two polarization 
components of light pulse; d2q and d4q result in the 
phase delays of these two polarization components, re-
spectively. According to the phase 

ξ
ϕ ξ = ∫ '

1 10
( ) ( )K u du   

(K′1 = K1T0
2/|b21|), we have
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1 0 0 21( ) [ ( / 2) ( / 2) / 2]/PT K L D L .  (11)

Let A1(t, x) = a1(t, x) exp{i[dkx + j1(x)]/2} and  
A2(t, x) = a2(t, x) exp{–i[dkx + j1(x)]/2}; from Eqs 
(5)–(6), we obtain the coupling-wave equations of linear 
EO effect in frequency domain, as follows:
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where x’ = x – LT0
2/(2|b21|2); W = w – w0; ΔG(W, x’) = 

W/LT + g K0x
’/L. The group-velocity mismatch can be 

compensated completely when ΔG(W, x’
pm) = 0, where 

x’
pm is the optimal dispersion compensation point.
For LCPPLMN crystal, the unit vectors of o-and e-

light are of the forms of a = (sinj, –cosj, 0) and b 
= (–cosq cosj, –cosq sinj, sinq ), respectively. q is the 
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Fig. 3. (Color Online) The dependence of the conversion ef-
ficiency h on the chirp parameter g and the crystal length L 
for different input durations, where E0 is fixed at 3 KV/mm.

Fig. 4. (Color Online) For several fixed chirp parameter g, the 
dependence of the conversion efficiency h on the crystal length 
L in the case of different input duration T0.

in Fig. 5. As shown from Fig. 5, the h increases  
almost with the applied electric field E0 when 0.08 
≤ g ≤ 0.2. If the g  decreases to 0.04, the h increases 
almost linearly with the E0 which varies from 0 to  
4kv/mm. But the h is almost independent of the 
E0 when E0 > 4kv/mm. From Fig. 5, one sees fur-
ther that, for g = 0.04, the increased rate of the 
h with the E0 is the maximum; but for g  = 0.2, it 
is the minimum. These results show that the influ-
ence of the  applied electric field on the conversion 
efficiency is limited to the chirp parameter of the 
crystal, owing to the  compensation for the group-
velocity mismatch depends heavily on the chirp pa-
rameter. In other words, from Figs. (3)–(5), it is 
concluded that the linear EO effect does not only 
depend the applied electric field and the crystal 
length, but also mainly depends on the chirp pa-
rameter. Besides, the chirp parameter influences se-
riously the temporal evolutions of the output o-and  
e-light pulses, as displayed in Fig. 6. From Fig. 6(a), 

one sees that, for any g, the output durations of the 
o- and e- light pulses are broadened severely when 
T0 is fixed at 5 fs. This is due to the evident effect 
of the effective GVD and first- and second- order re-
fractive dispersions. With T0 increasing further, the 
broadening degree of the output durations becomes 
the smaller [see Figs. 6 (b)-(d)], owing to the decrease 
of the effective GVD and first- and second- order re-
fractive dispersions[14]. However, the output durations 
of two polarization components are sensitive to the 
g. The further decreased g causes the broader output 
duration of the e-light and the narrower that of the 
o-light. For example, as seen from the green curve 
in Fig. 6(a), of all the durations of output e-light 
pulses, for g = 0.04, the output duration is broadened 
severely, and becomes the largest, if g = 0.2, it is the 

Fig. 6. (Color Online) For different input duration T0, the tem-
poral evolution of the output o- and e-light pulse in the case of 
different chirp parameter g, where the solid-line: the output o-
light pulse; the dotted-line: the output e-light pulse; the blue line:  
g = 0.2; the red line: g = 0.1; the black line: g = 0.08; the green 
line: g = 0.04.

Fig. 5. (Color Online) For different the chirp parameter g, 
the dependence of the conversion efficiency h on the applied  
electric field E0, where L = 15 mm and T0 = 5 fs.
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smallest [see the blue curve in Fig. 6(a)]. By compari-
son, of all the duration of the output o-light pulses, 
with g fixed at 0.04, the output duration becomes the 
smallest, but for g = 0.2, it is the largest.

In conclusion, the conversion efficiency of linear EO 
effect is decreased seriously due to the PM and the 
GVM between the o-and e-light, and the output wave-
form is distorted by the group-velocity mismatch when 
light pulse propagates along the direction of the non-
optic axis of EO crystal. To solve these problems, in 
this paper, we take LCPPLMN crystal as an example 
to explore the compensation scheme for the phase mis-
match and the group-velocity mismatch. It is found 
that, for any input duration, the PM and the GVM 
can be compensated. Thereby, high conversion efficien-
cy can be performed. In addition, the output dura-
tions of two polarization components are sensitive to 
the linear chirp parameter of the crystal. The further 
decreased linear chirp parameter results in the smaller 
output duration of the o-light pulse and the larger one 
of the e-light pulse. The results presented in this paper 
may have a potential application in EO switching, EO 
modulator and EO filter with  femtosecond pulse.
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