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Flat-topped beam theoretical model and unified theory of coherence and polarization of light are used as the 
bases in examining aberrated, partially coherent, electromagnetic, square, flat-topped pulsed beams focused 
by a thin lens. This study demonstrates that Astigmatism is not necessarily undesirable in certain circum-
stances, and a certain amount of astigmatism can be guaranteed a similar spatial envelope of the beams in 
the geometric focal plane as the source of aberrated, partially coherent, electromagnetic, square, flat-topped 
pulsed beams. This feature may be useful in determining the fidelity of high-power laser-beam transmission 
areas.
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Laser beams with square, flat-topped spatial profile 
are required to improve the energy efficiency of iner-
tial confined fusion high-power laser systems and to 
make use of optical energy adequately. Several theoreti-
cal models have been proposed to describe laser beams 
with a flat-topped spatial profile. The super-Gaussian 
beam is the first laser beam proposed[1]. In 1994, Gori[2] 
and Bagini et al.[3] proposed another model called the 
flattened Gaussian beam, the field of which can be ex-
pressed as a finite sum of Laguerre–Gaussian model 
or Hermite–Gaussian model. Recently, Li proposed a 
new theoretical model to describe a flat-topped light 
beam by expressing its electric field as a finite sum of  
fundamental Gaussian beams[4,5]. Cai et al proposed a 
elliptical flat-topped beam to describe an elliptically 
symmetric flat-topped beam by expressing its electric 
field as a finite sum of astigmatic, elliptical Gaussian 
beams[6]. However, at present, most studies on flat-
topped beams have been confined to circular, flat-
topped beams, while research on square, flat-topped, 
spatial-profile beams has been scarce[7–17]. Partially co-
herent, square, flat-topped pulsed beams are shown to 
be practical models for high-power laser drivers since 
most light beams can be described with the use of par-
tially coherent beams[18]. As is known, aberrations may 
emerge as a laser beam passes through an optical sys-
tem or atmosphere, or they could be inherent, as in the 
case of laser diode astigmatism. In this case, the prop-
agation characteristics of the beams with aberrations 
need to be examined further, such as stochastic electro-
magnetic beams, Laguerre–Gaussian beams, and par-
tially coherent, flat-topped beams, among others. These 
beams with aberrations have been studied[19–22]. In other 
aspects, laser beams propagating through an aberrated 
optical system have also been presented [23–29]. However, 

to our knowledge, no research has been made on the 
influence of aberration on partially coherent, electro-
magnetic, square, flat-topped pulsed beams in a focused 
field before. In this study, we investigate the changes in 
aberrated, partially coherent, electromagnetic, square, 
flat-topped pulsed beams in the focused field, with 
astigmatic aberration duly taken into account. First, 
this astigmatic aberration is taken as a phase function 
that modifies the wave-front of the light beam. Second, 
we derive an analytical expression for this beam that 
propagates through a thin lens, based on which spectral 
density is investigated and expounded in detail.

In space–time domain, the electric mutual coherence 
matrix of a stochastic spatially and spectrally partially 
coherent electromagnetic pulsed beam at the source 
plane = 0z  is given by
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where ( )0
iE and ( )0

jE are the components of the electric 
field E(r, t) at z = 0 plane, r is the transverse posi-
tion vector (perpendicular to the z-axis), and t is the 
time. The asterisk denotes the complex conjugation, 
and the angular brackets denote the ensemble average. 

( ) ( )Γ ρ0 ,ij t  represents the elements of the cross-spectral 
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where Ω0i  and Ωci  represent the spectral width and 
the spectral coherence width of the i component of the 
electric vector, respectively. Eqs. (7b) and (7c) give the 
relation of the pulse duration T0, temporal coherence 
length Tci, spectral width Ω0i, and spectral coherence 
width Ωci. The spectral coherence width Ωci is a mea-
sure of the correlation between different frequency com-
ponents of the i component of the electric vector.

However, in Eq. (7a), the flat-topped beam is a circu-
lar flat-topped beam rather than a square type, which 
needs modification. In this study, an astigmatic aber-
rant source is taken into consideration. Various beams 
with different spectral distributions are modulated with 
a combination of optical systems, so the aberrations 
of the sources may be produced to a certain extent. 
Hence, it is critical to investigate the effect of the ob-
servation on the propagation properties of the source 
beams. The wave aberration function for astigmatism 
is characterized by

  ( ) ( )Φ = −2 2
6, ,x y C y x  (8)

where C6 is the astigmatism coefficient. For simplicity, 
other aberrations are not considered in this study.

Therefore, Eq. (7) is transformed as
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density matrix, which generates a beam in half-space 
> 0z . ( )0

iI  is the spatial spectral density of the com-

ponent ( )0
iE  in the electric field. In most cases, ( )0

iI  is 
expressed as a Gaussian-type distribution. Considering 
the light beam with flat-topped profile, the intensity 
distribution can be expressed as[4,5] 
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and ( )η 0
ij  is the spectral degree of correlation between 

the components ( )0
iE  and ( )0

jE  given by the expressions 
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In these expressions, the parameters Ai, Bij, s, and dij 
generally depend on the carrier frequency w0. The quan-
tities s and dij represent the effective widths of spectral 

density ( )0
iI  and correlation ( )η 0

ij , respectively. N is an 
integer, which is the order parameter of the partially 
coherent, flat-topped pulsed beams. T0 is the pulse du-
ration, and Tci describes the temporal coherence length 
of the i component of the electric vector. 

The electric vector components in the x and y direc-
tions are assumed as uncorrelated at plane z = 0 in 
order to simplify the analysis, i.e.,

 ( ) ( ) ( ) ( )Γ = Γ =0 0
1 2 1 2 1 2 1 2, , , , , , 0.xy yxt t t tρ ρ ρ ρ  (5)

With Fourier transform,
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the cross-spectral density matrix at plane z = 0 can be 
derived and given by 
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On the basis of the unified theory of coherence and 
polarization introduced by Wolf, the spectral density of 
partially coherent, square, flat-topped pulsed beams is 
expressed as
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where Tr is the trace of the cross-spectral density ma-
trix. Eq. (12) represents the main analytical result ob-
tained in this study. Eqs. (12) and (13) describe the 
changes in spectral density of the partially coherent, 
square, flat-topped pulsed beams from z = 0  plane to 
z-plane in the focused field, which depends on the astig-
matism coefficient C6, spatial correlation parameter dii, 
frequency w, pulse duration T0, temporal coherence 
length Tci, and propagation distance z.

We now illustrate the propagation properties of the 
aberrated, partially coherent, electromagnetic, square, 
flat-topped pulsed beams through an unapertured thin 
lens with the use of some numerical examples. For sim-
plification in our calculations, = = 1x yA A , 5 mm,σ =  

= =δ δ δxx yy , = =cx cy cT T T , =ω0 3.106 rad/fs, and 
= 500 mmf are fixed. First, we present the spa-

tial spectral density distribution in the source plane. 
Fig.  1(a) and 1(b) show the spatial spectral density 
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where one of the key steps is the separation of coordi-
nates x and y. The substance of the square flat-topped 
beam is the superposition of two sections of waves. 

The propagation of the cross-spectral density matrix 
through a paraxial optical ABCD system follows a well-
known propagation:
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where c is the speed of light in vacuum, and A, B and 

D are elements of the transfer matrix 
 
 
 

A B
C D

. When 

the aberrated, partially coherent, square, flat-topped 
pulsed beam passes through a thin lens at z = 0 plane, 
the transfer matrix is expressed as 
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where f is the focal length of the thin lens located at  
z = 0 plane. Substituting Eqs. (8) and  (11) into Eq. 
(10) after a series of integral calculations then gives
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z - x plane in Fig. 2(a). In the case of ≠6 0C , the 
distribution of the spectral density in the z - y plane 
is different from that in the z - x plane, and that in 
the z - y plane is likely to turn over the distribution 
of the spectral density right and left around 0.5 m. 
However, it is clearly characterized by a strong spectral 
density distribution between the geometric focal plane 
and the light source plane. This effect is called focal 
shift, which can be mainly attributed to astigmatism of 
the pulsed beams.

Fig. 4 presents the three-dimensional (3D) irradi-
ance spectral density distribution in the x - y plane 
in the aberration case of C6 = 0.03. m-1. With astig-
matism, the spectral density profile are not square but 
rectangle, except in the geometric focal plane. We can 
also observe two strong areas around = 0.45 mz  and 

= 0.55 mz  based on the value of the spectral density. 
The contours of the spectral density for different val-

ues of d are presented in Fig. 5. Astigmatism is more 
obvious with an increase in d. Fig. 6 shows the 3D 
 irradiance distribution of the spectral density for dif-
ferent values of C6. Fig. 6 shows two stronger areas 
that are widely separated as the astigmatism coefficient 
increases.

The influence of the astigmatism coefficient C6 on the 
frequency is presented in Fig. 7. Notably, one strong 
area is split into two strong areas in the focused field, 
and two strong areas are widely separated with an in-
crease in astigmatism coefficient. Fig. 8 shows the in-
fluence of the coherence length d on the frequency for 
the astigmatism coefficient −= 1

6 0.03 mmC . One strong 
area is also found to split into two stronger areas in 
the focused field, and two strong areas become stronger 
with an increase in coherence length d.

The analytical expressions for the cross-spectral den-
sity matrix of aberrated, partially coherent, electromag-
netic, square, flat-topped pulsed beams focused by a 
thin lens have been derived. These analytical  expressions 

of the  flat-topped light beams with Eqs. (7) and (8), 
respectively. As indicated in Fig. 1, Eq. (8), which is 
derived from Eq. (7), shows a good spatial distribution 
of the square flat-topped light beam. 

This study aims to examine how the parameters of 
the light source affect the spatial spectral density distri-
bution of the aberrated, partially coherent, square, flat-
topped pulsed beams in the focused field. Fig. 2 shows 
the distribution of the spectral density of the aberrat-
ed, partially coherent, square, flat-topped pulsed beams 
in the z - x plane. Fig. 2 shows that astigmatism affects 
the spatial spectral density, and the distribution of the 
spatial spectral density is different for different values 
of C6. In Fig. 3, we present the spectral density of the 
aberrated, partially coherent, square, flat-topped pulsed 
beams in the z - y plane. The corresponding results in 
the aberration-free case of C6 = 0 and the distribution 
of the spectral density in the z - y plane are depicted 
in Fig. 3(a), which are similar to the behavior in the  

  

Fig. 1. (Color online) Spatial spectral density distribution in 
the source plane. Calculated (a) using Eq. (7) and (b) Eq. (8). 

1 mm,δ = 0 70 fs,T = 4 fs,cT = 0,ω ω=  and 10N = .

 (a) (b)

 (c) (d)

Fig. 2. Spectral density distribution in z - x plane. (a) 1
6 0 m ,C −=  

(b) 1
6 0.01 m ,C −=  (c) −= 1

6 0.03 m ,C  and (d) 1
6 0.08 m .C −=   

The other parameters are the same as in Fig. 1.

       (a)               (b)

       (c)               (d)
Fig. 3. Spectral density distribution in z - y plane. (a) C6 = 0 m-1,  
(b) C6 = 0.01. m-1, (c) C6 = 0.03. m-1, and (d) C6 = 0.08. m-1. 
The other parameters are the same as in Fig. 1.
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calculations, we mainly illustrate how the parameters of 
aberrated beams have effect on the spectral density in 
the focused field. Other propagation properties will be 

provide a convenient and effective way to study the 
propagation properties of this type of pulse beams. Not 
only the spectral density but also other focused prop-
erties such as spectra, coherence, and polarization are 
characterized in this study. However, with a number of 

  

        (a) −= 1
6 0 mmC    (b) −= 1

6 3 mmC

 

        (c) −= 1
6 8 mmC             (d) −= 1

6 20 mmC

Fig. 6. (Color online) 3D irradiance spectral density distribution 
for different values of 6C . (a) −= 1

6 0 mmC , (b) −= 1
6 3 mmC ,  

(c) −= 1
6 8 mmC , and (d) −= 1

6 20 mmC . The other param-
eters are = 5 mmσ , =0 70 fsT , = = 4 fscx cyT T , = = 1x yA A ,  

=0 3.106 rad/fsω , = =1 2 0ω ω ω , = 500 mmf , = 10N , and 
= 1 mm δ .

    
 (a) (b) (c)

      

     (d)             (e)              (f)              (g)

Fig. 4. (Color online) 3D irradiance spectral density distribution in the x - y plane in the aberration case of C6 = 0.03. m-1.  
(a) z = 0.4 mm, (b) z = 0.45 mm, (c) z = 0.48 mm, (d) z = 0.5 mm, (e) z = 0.52 mm, (f) z = 0.55 mm, and (g) z = 0.6 mm. The other 
parameters are the same as in Fig. 2.

  

       (a)                   (b)

  

       (c)            (d)
Fig. 5. Influence of the coherence length d on astigmatism. (a) 

= 0.1 mm δ , (b) = 0.5 mm δ , (c) = 1 mm δ , (d) = 3 mm δ .  
The other parameters are = 5 mmσ , =0 70 fsT , = = 4 fscx cyT T ,  

= = 1x yA A , =0 3.106 rad/fsω , = =1 2 0ω ω ω , = 500 mmf ,  
and = 10N .
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considered in future work. Light source parameters, es-
pecially correlation length and astigmatism, are shown 
to determine the distribution of the aberrated, partially 
coherent, electromagnetic, square, flat-topped pulsed 
beams in the focused field. The dual-focus phenomenon 
caused by the astigmatism of the beams has been ex-
plained more clearly in this study than in the other 
references used in this paper. In  certain  circumstances, 
astigmatism is not necessarily undesirable, and a  certain  
amount of astigmatism can guarantee a similar spatial 
envelope of the beams in the geometric focal plane as 
the source of square, flat-topped pulsed beams. This 
feature may be useful in determining the fidelity of 
high-power laser beam transmission areas.
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        (a)          (b)

   
                   (c)                (d)
Fig. 8. Influence of the coherence length d on the frequency for 
the astigmatism coefficient −= 1

6 0.03 mmC . (a) 0.1 mm δ = ,  
(b) = 0.5 mm δ , (c) = 1 mm δ , (d) = 3 mmδ . The other param-
eters are = 5 mmσ , =0 70 fsT , = = 4 fscx cyT T , = = 1x yA A ,  

=0 3.106 rad/fsω , = =1 2 0ω ω ω , = 500 mmf , and = 10N .

  
                   (a)                  (b)

  
                   (c)               (d)
Fig. 7. Influence of the astigmatism coefficient 6C  on the frequen-
cy. (a) −= 1

6 0 mmC , (b) −= 1
6 0.01 mmC , (c) −= 1

6 0.03 mmC ,  
(d) −= 1

6 0.05 mmC . The other parameters are = 5 mmσ ,
=0 70 fsT , = = 4 fscx cyT T , = = 1x yA A , =0 3.106 rad/fsω , 
= =1 2 0,ω ω ω  = 500 mmf , = 10N , and = 1 mm δ .


