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Free-space optical (FSO) communication systems can 
realize point-to-point communication links in the atmo-
sphere. FSO systems have many virtues; for example, it 
can provide low-cost, low-power, high-security, and high 
rates. However, the systems always suffer from atmo-
spheric turbulence and pointing errors (misalignment). 
Meanwhile, the laser power is always attenuated as the 
communication distance increases[1,2]. Atmospheric tur-
bulence can cause severe degradation in the received 
signals, known as fading or scintillation. Pointing errors 
due to building sway is another concern in outdoor FSO 
links. Thermal expansion, dynamic wind loads, and 
weak earthquakes result in the sway of high-rise build-
ings, which causes vibrations of the transmitted beam, 
so the effect of misalignment (pointing errors) occurs be-
tween the transmitter and receiver[1]. Many earlier works 
have been developed to study the  performance of FSO 
communication systems by considering the combined ef-
fect of turbulence and pointing errors[3–6]. The major-
ity of these studies refer to the on-off keying (OOK) 
modulation. Besides, Gappmair and Hranilovic consider 
pulse position modulation (PPM) and present the aver-
age symbol error probability (ASEP) of PPM for FSO 
links with this combined effect[7]. Comparing with OOK, 
PPM belongs to the pulse modulation schemes and has 
higher power efficiency; however, it needs higher band-
width and symbol-level synchronization in the receiver 
and increases the system complexity[8,9]. Recently, digital 
pulse interval modulation (DPIM) is studied as another 
pulse modulation scheme for FSO links by Ghassem-
looy et al.[9]. In J. Ma et al [10]. pointed out DPIM was 
a compromise between OOK and PPM for FSO links, 
which has less bandwidth requirement and needs no 
symbol synchronization. However, the effect of pointing 
errors has not been taken into account for analyzing 
the performance of DPIM FSO communication systems. 
On the other hand, the former works always firstly ana-
lyze the performance of different modulation schemes 

in FSO communications with bit error rate and sym-
bol errors rates by considering the intensity fluctuation 
and the process of ensemble average of intensity, and 
then packet error rate (PER) for different modulation 
schemes are calculated by the corresponding equations. 
In fact, for all the modulations, time duration of the 
slot or even the packer is much smaller than the coher-
ent time of atmosphere, so the PER should be calculat-
ed before the ensemble average process is carried out[10].

In this Letter, we present the average PER in 
 closed-form solution for this DPIM FSO communication 
system. A DPIM–FSO communication system is consid-
ered by the combined effect of atmospheric turbulence 
and pointing errors. A Gamma–Gamma (GG) distribu-
tion is used to model the atmospheric turbulence fading. 
The theoretical model can be used to analyze the PER 
performance of DPIM FSO systems with the effect of 
turbulence condition, beamwidth, receiver aperture size, 
jitter variance, data rate and transmitted optical power.

For an M-ary DPIM system, information is encoded 
by varying the number of empty slots between adjacent 
pulses. Symbol durations are variable and each sym-
bol is initiated with a pulse. Sometimes, a guard band 
may be added to each symbol immediately following 
the pulse, to avoid the symbols, which have no slots 
between adjacent pulses. A DPIM pulse signal x can be 
expressed as[9]

  ( ) ( )n s
n

x t a p t nT
∞

=−∞

= −∑ , (1)

where p(t) is the rectangular pulse shape, Ts is the slot 
duration, and an is a set of random variables that rep-
resent the presence or absence of a pulse in the nth 
time slot.

We consider an FSO communication system using 
 M-ary DPIM. The laser beams propagate along a hori-
zontal path through GG turbulence channel with ad-
ditive white Gaussian noise (AWGN) in the presence 
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of  pointing errors. The channel is assumed to be mem-
oryless, stationary and ergodic, with independent and 
identically distributed intensity fast-fading statistics. 
We also consider that the channel state information is 
available at both transmitter and receiver. The received 
signal y is given by
   y hx n= + , (2)

where h is normalized channel fading coefficient con-
sidered to be constant over a large number of trans-
mitted bits, and n is AWGN with variance s2

n. Since 
the atmospheric turbulence and pointing errors are ran-
dom factors that cause the channel fading, h can be 
expressed as h = hahp, where ha is the attenuation due 
to atmospheric turbulence and hp is the attenuation due 
to pointing errors. For the GG turbulence channel, the 
probability density function (PDF) of ha is given by[1]
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whereKn[.] is the modified Bessel function of the second 
kind of order. Positive parameters a and b represent 
the effective number of large-scale and small-scale cells 
of the scattering process, which are defined for the case 
of a spherical wave by[1]
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where 2 2 7/6 11/60.5 ( )I nC h k Lσ =  is Rytov variance for 

spherical wave, 2/4d kD L=  is defined as receiver 
aperture, 2 /k π λ=  is optical wave number, D is the 
receiver  aperture diameter, l is communication wave-
length, and L is link length. Here, 2( )nC h  is the refrac-
tive-index structure parameter at the altitude of h. The 
most commonly used model for 2( )nC h is the Hufnagle–
Valley model[1]

    ( )
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where v is the rms wind speed in meters per second, A 
is the nominal value of 2(0)nC  at the ground in 2/3m − . In 
general, 2( )nC h  varies from 13 2/310 m− −  for strong turbu-
lence to 17 2/310 m− −  for weak turbulence with 15 2/310 m− −  
that often is defined as a typical average value.

Independent identical Gaussian distributions for el-
evation and horizontal displacements are considered. 
Assuming a circular detection aperture of radius r and 
a Gaussian beam, the PDF of hpcan be derived[4] as
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where /2Zeq sWγ σ= is the ratio between the equivalent 
beam radius at the receiver and the pointing error dis-
placement standard derivation (jitter) at the receiver, 
A0 is the fraction of the collected power at r = 0 and 

ZeqW  is the equivalent beam width, and
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where efr(.) is the error function, Wz is the beam waist 
at distance z, and / 2 zr Wυ π= . The channel fad-
ing will vary by the combined effect of turbulence and 
pointing errors, the combined PDF of h is given as[4]
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where ( )
a ah hf h h is the conditional probability and is 

expressed by[4]
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Using Eqs. (7) and (10), (9) results in
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Using the following Meijer G function in[11]
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Then, using [12, Eq.07.34.21.0085.01], a closed-form ex-
pression for the combined effects is presented as
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where /2Zeq sWγ σ= is the ratio between the equivalent 
beam radius at the receiver and the pointing error dis-
placement standard derivation (jitter) at the receiver, 

2

0 erf( )A υ =    is the fraction of the collected power 
at pointing deviation a = 0 and WZeq is the equivalent 

beam width, and 2 2 2erf( )/(2 exp( ))Zeq zW W π υ υ υ= − , 
where erf(.) is the error function, Wzis the beam waist 
at distance z, and / 2 zr Wυ π= .

For M-ary DPIM, the average slot number per symbol 
can be given as ( )2 2 1 /2m

gn n= + + , where 2logm M=  
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can be improved by increasing the parameter b and M 
for a given transmitted optical power.

In Fig. 2, the average PER for 2-DPIM, 4-DPIM 
and 8-DPIM is plotted against the normalized beam-
width for the different values of parameter a and b 
assuming a constant value of transmitted optical power  
Pt = 10dBm. The normalized beam width is assumed to 
vary between 6 and 16 with the normalized jitter, ss /r 
= 0.1. It is showed that the average PER increases with 
the increment of the beamwidth for a given transmitted 
optical power.

Next, we increase the normalized jitter for 4-DPIM 
with a = 4, b = 4 assuming the normalized beam width 
Wz/r = 6. The results are shown in Fig. 3. It indicates 
that the average PER falls with the decrement in the 
normalized jitter. It is shown that the combine effects 
of turbulence and pointing errors degrade the PER 
performance of FSO links and for a constant transmit-
ted optical power the average PER for DPIM can be 
 affected by the pointing errors.

and ng is the number of guard band. The number of 
the slot in a packet is given as /sn nl m= , where l is 
the length of the packet. We assume an erasure error 
P0/1 is equal to a false alarm error P1/0, and the detec-
tion threshold level is half the amplitude of the received 
DPIM pulses at the sampling instant. With the fading 
coefficient h, the PER for M-ary DPIM can be given 
as[9]

      
   < > −      

-DPIM

1PER ( )= erfc
2 2 2M s

b s
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, (14)

where erfc(.) is the complementary error function, R is 
the photo-detector responsivity, q is the charge of the 
electron, and Ib is the average background photocurrent 
which can be calculated by 2

b B WI I B rπ= , where IB is 
the spectral density of the background light (near the 
communication wavelength), BW is the bandwidth of the 
optical filter, RS is the data rate, and 2 24 /t zI Pr W< >=
is the average received irradiance[10], where Pt is the av-
erage transmitted optical power.

Considering the combined effect of turbulence and 
pointing errors, the average PER for M-ary DPIM, 

-DPIM<PERM > can be obtained as
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By substituting Eqs. (13) and (14) in Eq. (15), using 

the Meijer G function of 
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in[11], and utilizing [12, Eq.07.34.21.0013.01] and [13, eq. 
(9.31.1)], a closed-form expression for -DPIM<PERM >  
will be  derived as
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In this section, the average PER for an FSO link with 
DPIM is investigated based on the following param-
eters: the number of guard band ng = 1, the length 
of the packet l = 1024bits, photo-detector responsiv-
ity R = 1, the spectral density of the background light 

− − −= 9 2 110 Wm nmBI , the bandwidth of the optical fil-
terBW = 10nm, the diameter of the receiver apertureD 
= 20cm, and the data rate Rs = 1Gbps. These pa-
rameters are acceptable values in[9,10–14]. In Fig. 1, it 
shows that the average PER as the function of trans-
mitted optical power in dBm for 2-DPIM, 4-DPIM and 
8-DPIM with different values of parameter b. These re-
sults are based on parameters of normalized beamwidth 
(i.e., Wz/r = 6) and normalized jitter (i.e., ss/r = 0.1), 
which are acceptable values for the system[4]. The ob-
tained results indicate that the average PER for DPIM 

Fig. 1. Average packet error rate for 2-DPIM, 4-DPIM, 8-DPIM 
with (a, b) = (4, 2), (4, 4), as a function of transmitted optical 
power, assuming Wz/r = 6 and ss/r = 0.1.

Fig. 2. Average packet error rate for 2-DPIM, 4-DPIM, 
8-DPIM with (a, b) =(4, 2), (4, 4), as a function of normalized 
 beamwidth, assuming Pt = 10dBm and ss/r = 0.1.
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In this work, we study the average PER of DPIM 
for an FSO link with pointing errors over GG turbu-
lence channel. A closed-form PER expression for M-ary 
DPIM is derived for this fading channel. It can be used 
to evaluate the average PER with the effects of some 
important system parameters, such as turbulence condi-
tion, beamwidth, receiver aperture size, jitter variance, 
data rate and transmitted optical power. This work is 
helpful for predict the error performance of DPIM for 
an FSO system design.

Fig. 3. Average packet error rate for 4-DPIM with (a, b) =  
(4, 4), as a function of transmitted optical power for three val-
ues of normalized jitter (ss/r = 1, 3, 5), assuming Wz/r = 12 .
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