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Laser radar has become an important technique in a 
wealth of applications, such as remote sensing and tar-
get recognition, because of its high resolution, strong 
anti-interference, and small structure[1,2]. Almost all 
laser radars detect targets according to the scattered 
lights from rough surfaces and studies of scattering 
from rough surfaces provide different methods for tar-
get detection and identification[3,4]. Among these meth-
ods, detection based on light scattering intensity is a 
popular approach widely used in many laser radar ap-
plications for its simplicity and rapidness[5]. It is found 
that both the refractive index and roughness of target 
surfaces influence the scattering intensity[6]. However, 
single intensity parameter could not comprehensively 
reflect complete information of the targets which limits 
its potentiality in the future applications[7,8].

In order to overcome the deficiency of the intensity de-
tection, polarization detection is proposed which is able 
to provide more information of the target[9,10]. We pro-
pose a new criterion based on Mueller matrix analysis 
to realize metals/dielectrics identification and recogni-
tion via polarization detection. By using different ran-
domly rough surfaces as targets, we apply the Kirchhoff 
approximation (KA) method[11,12] to calculate scattering 
which shows there is obvious difference in the Mueller 
matrix between dielectric and metal surfaces. KA has 
been widely used in both numerical simulation[13,14] and 
experimental testing for realistic objects found in na-
ture[15,16]. Moreover, theoretical analysis is also proposed 
in this work, which proves that difference can be a robust 
and accurate criterion for metal/dielectrics detection. To 
the best of our knowledge, this is the first time to suc-
cessfully explain the criterion by theoretical analysis. 
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KA is applied to calculate the Mueller matrix for 
light scattering from randomly rough surfaces. Com-
pared with other numerical algorithms, such as the 
method of moment[17–19] and the finite-difference time-
domain method[20,21], KA owns much higher calculation 
efficiency in time-consuming, besides, it is easy to set 
different polarization conditions. In order to simplify 
simulations, only one-dimensional (1-D) rough surfaces 
are used in this model.

There are mainly three steps in KA to calculate 
the Mueller matrix for light scattering from randomly 
1-D rough surface. Firstly, the rough surfaces need to 
be generated with linear filtering method. Secondly, 
scattered fields are calculated via the Stratton–Chu 
equation from local fields of the rough surface solved 
by KA. After that, generating 1-D randomly rough 
surfaces repeatedly and the scattered fields with statis-
tical stability could be achieved by solving the ensem-
ble average of different scattered fields from different 
randomly rough surfaces. Finally, all elements in the 
Mueller matrix can be obtained from ensemble aver-
age of different scattered fields. Figure 1 reveals the 
whole procedures for calculating the Mueller matrix 
from rough surfaces.

The randomly rough surfaces could be generat-
ed by the sum of sinusoidal functions with different 
frequencies. Linear filtering method[22] is applied to ob-
tain these 1-D randomly rough surfaces as
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where xn is the nth sampling point and F(kj) is the 
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KA is introduced as the boundary condition to cal-
culate the local field on the rough surface. In the simu-
lation, KA is applied to treat the local field at every 
point as the sum of the incident field and the reflective 
field from the tangent plane of that point. The incident 
wave is
	

i i( ) exp i ,E r e k r =′ ′ i
. � (5)

where ei and ki are unit vector and wave vector of the 
incident wave, respectively. The reflective field can be 
calculated by the Fresnel reflective coefficient. There-
fore, the local field of each local area is explained as

	 si i s r pi i p r( ') ( ) ( ) exp(i ),E r E s r s E p r p r = + + + ′  i
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where rs and rp are the Fresnel reflective coefficients in 
s- and p-polarizations, respectively; Esi and Epi are am-
plitudes of s- and p-polarization incident waves; si(sr) 
and pi(pr) are unit vectors perpendicular to and parallel 
with local incident (reflective) plane, respectively. Sub-
stituting Eqs. (5) and (6) into Eq. (4), the scattered 
fields ES(r) can be calculated.

The Mueller matrix can be calculated via the obtained 
scattered fields ES(r). The Stokes vectors of the incident 
light and scattered light are S I = (I I,Q I,U I,V I)T and  
SS = (I S,Q S,U S V S)T, respectively. According to 
O’Donnell and Knotts[7], we have
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When the illuminating light is +45° linear polariza-
tion light, the Stokes vectors of the incident light are  
S I = (1,0,1,0)T, while those of the scattered light are  
S S = (I S,Q S,U S,V S)T = M × (1,0,1,0)T = (m11, m12, m33, -m34)T.  
Then, all the Mueller matrix elements could be solved as
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Based on KA and the Stratton–Chu equation, we have 
theoretically derived the Mueller matrix of 1-D ran-
domly rough surface. It is found in 1-D randomly rough 
surface case that there are only four independent pa-
rameters in the Mueller matrix: m11, m12, m33, and m34. 
Thus, in the following numerical simulations, only these 
parameters are calculated and analyzed, which can re-
flect the characteristics of the rough surfaces.

In the numerical simulation, 105 1-D randomly rough 
surfaces are generated with a length of 100l, l is the 
wavelength of the incident light which is 1.064 mm. We 
have calculated the Mueller matrix with different inci-
dent angles, roughness, materials, etc.

Firstly, we show the Mueller matrices of the dielec-
trics. Figure 2 shows the four independent elements in 

Fig. 1. Whole procedures for solving the Mueller matrix for 
light scattering by KA.

Fourier transform of surface distribution f(xn):

(0,1) i (0,1) , 2 1, , 12( ) ( ) ,
(0,1), 0, 22j j

N N j N
F k S k

N j Nk
p  + = − + − = 

=∆ 

�
�(2)

where kj is spatial frequency which equals 2pj/L, L is 
length of the surface, Dk is the difference of spatial fre-
quency, N(0,1) is random number with Gaussian dis-
tribution, and S(kj) is the power spectral density of 
Gaussian distribution which is

	 2 2( ) (2 )exp( 4).j jS k T kd p= − � (3)

By setting height RMS d and correlation length T of ran-
domly rough surfaces, and combining with Eqs. (1)–(3),  
1-D randomly rough surfaces can be generated as shown 
in Step 1 of Fig. 1.

Next, we use Stratton–Chu equation to calculate the 
spatial scattered fields from the integral of local fields 
at each point on the rough surface[23].
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where r′ is the vector in 1-D randomly rough surface 
and r is vector in the space, E(r′) is the local field at 
r′, n̂  is the normal vector of the local point, G(r, r′) 
is Green’s function, ds′ is the unit area of randomly 
rough surface, and ES(r) is the scattered field (Step 2 
of Fig. 1).
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Fig. 2. Four independent elements in the Mueller matrix of the 
randomly rough K5 glass surfaces. The x-axis indicates scatter-
ing angle (unit: deg.) while the y-axis indicates intensity.

the Mueller matrix of 1-D randomly rough dielectrics 
surface. The dielectric model is chosen as K5 glass with 
refractive index of 1.52[24]. In the condition of dielec-
trics, refractive index is a real number which neglects 
the absorption of such materials. The four rows repre-
sent different wave incident angles which are 0°, 10°, 
20°, and 30°, respectively. Different columns show dif-
ferent height RMS of randomly rough surfaces with the 
same correlation length 4l.

Moreover, we have calculated LaSF30 glass with a 
refractive index of 1.80[24] as shown in Fig. 3.

In Figs. 2 and 3, for dielectrics, the values of m11 
and m33 are much larger than that of m12. With the 
increase in roughness, m11, m12, and m33 are broaden-
ing obviously, while all m34 keep as zeros for dielectrics. 
Moreover, with the increase in the incident angles, the 
peaks of m11, m12, and m33 are all shifted according to 
the incident angles.

Besides, Mueller matrices of randomly rough metal 
surfaces are also calculated. We chose gold and iron 
surfaces as the targets. The refractive indexes at 1.064 
μm of gold and iron are 0.1 + 6.54i and 3.24+4.26i, 
respectively[24]. The calculation results are shown in  
Figs. 4 and 5.

Similar to the randomly rough dielectric surfac-
es, with the increase in roughness, all elements from 
Mueller matrices of randomly rough metal surfaces are 
broadening. Besides, with the increase in the incident 
angles, the peaks of m11, m12, and m33 are all shifted ac-
cording to the incident angles. These results can also be 
seen in our previous simulation work[8].

There are no obvious differences in m11, m12, and m33 
between dielectric and metal surfaces; however, in the 

case of randomly rough metal surfaces, m34 is a nonzero 
value which is different from that of randomly rough 
dielectrics surfaces.

This obvious difference in the Mueller matrix could 
be applied as a criterion in polarization detection for 
metal and dielectric identification. In order to have 
deep understanding of the effect, we will use theoreti-
cal analysis to explain this obvious difference in the 
Mueller matrix elements between metals and dielec-
trics.

As shown in Step 2 of Fig. 1, when the incident and 
scattering angles, qi and qs are determined, scattered 
field is decided by both slope and reflective coefficients 
of local area in randomly rough surface. Major contri-
butions for the scattered fields are those localized areas 
whose s = dz/dx = tan[(qi - qs)/2)] and the probability 
density is[8]
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When the incident angle is decided, the reflective coef-
ficients of the local areas are mainly dependent on the 
scattering angles and refractive index. Since the sample 
can be described by a constant complex valued refrac-
tive index, the reflective coefficients of p- and s-polar-
izations are shown as
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Fig. 3. Four independent elements in the Mueller matrix of 
the randomly rough LaSF30 glass surfaces. The x-axis indicates 
scattering angle (unit: deg.) while the y-axis  indicates intensity.
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Fig. 4. Four independent elements in the Mueller matrix of the 
randomly rough gold surfaces. The x-axis indicates scattering 
angle (unit: deg.) while the y-axis indicates intensity.

Fig. 5. Four independent elements in the Mueller matrix of the 
randomly rough iron surfaces. The x-axis indicates scattering 
angle (unit: deg.) while the y-axis indicates intensity.

Fig. 6. Comparison between results of (a)–(d) numerical calculation and (e)–(i) theoretical analysis of randomly rough K5 glass 
surface in the Mueller matrix at different incident angles.

where n is the refractive index. Assuming a +45° linear 
polarization wave whose amplitudes are perpendicular 
to and parallel with the incident plane are Asi=1 and 
Api = 1, respectively, we use 11 12 33 34, , , andm m m m′ ′ ′ ′  to ex-
press the Mueller matrix obtained by this theoretical 
analysis, which are

	 * *
11 pi p pi p si s si s( )( ) ( )( ) * ( ),m A r A r A r A r p s = +′   � (12)

	 * *
12 pi p pi p si s si s( )( ) ( )( ) * ( ),m A r A r A r A r p s = −′   � (13)

	 * *
33 pi p si s pi p si s( )( ) ( ) ( ) * ( ),m A r A r A r A r p s = +′   � (14)

	 * *
34 pi p si s pi p si si ( )( ) ( ) ( ) * ( ).m A r A r A r A r p s = − −′   � (15)

It is worth noting that all 11 12 33 34, , , andm m m m′ ′ ′ ′  are 
real values. Figures 6 and 7 compare the numerical sim-
ulation and theoretical analysis of the four independent 
elements in the Mueller matrix of 1-D randomly rough 
surfaces. The results show that numerical calculations 
match well with those obtained from theoretical analy-
sis, which illustrate the accuracy and robustness of the 
numerical calculation method used in the work.

From Figs. 6 and 7, it is obvious that the trends of 
m11, m12, and m33 are similar in both randomly rough 
dielectric and metal surfaces. Moreover, theoretical 
analysis also reflects the difference in the Mueller ma-
trix parameters between randomly rough dielectrics 
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and metal surfaces. In randomly rough dielectric sur-
faces, m34 keeps as zero, while in randomly rough met-
al surfaces, m34 owns the opposite form of the m12 as 
shown in Figs. 6(d), 6(i), 7(d) and 7(i). 

The obvious difference in m34 is induced by the dif-
ference in Fresnel reflective coefficients in metals and 
dielectrics. As explained in Eq. (15), m34 is obtained 
by amplitudes and Fresnel reflective coefficients. Since 
the amplitudes in the theoretical are Asi=1 and Api=1, 
the Fresnel reflective coefficients play a main role in 
m34 modulation. For dielectrics, Fresnel reflective coef-
ficients are all real numbers, therefore, m34 is zero ac-
cording to Eq.   (15). While for metals, their Fresnel 
reflective coefficients are complex numbers which gener-
ate nonzeros in m34.

In addition, Fresnel reflective coefficients are decided 
by refractive index as shown in Eqs. (10) and (11). Since 
the refractive index of the material is independent of sur-
face roughness, therefore, m34 in the Mueller matrix can 
be used as a robust criterion to distinguish metals and 
dielectrics based on the rough surface scattering. Besides, 
the Mueller matrix imaging is able to extract more in-
formation such as degree of polarization[9] and mutual 
anisotropy[25,26], which could be a potential guidance for 
target identification in laser radar and remote sensing.

In conclusion, we propose a new criterion to realize 
metal/dielectric identification and recognition based 
on scattered analysis. By studying m34 in the Muel-
ler matrix, metals and dielectrics are well identified. 
Moreover, we prove the criterion is robust and owns 
potentials in laser radar and remote sensing, and so on.
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