
COL 12(12), 122901(2014)  CHINESE OPTICS LETTERS December 10, 2014

1671-7694/2014/122901(4)  122901-1 © 2014 Chinese Optics Letters

Factors affecting the spectrum of an electromagnetic  
light wave on scattering from a semisoft boundary medium

Tao Wang (王  涛)*, Xiaoqing Li (李晓庆), and Xiaoling Ji (季小玲)

Department of Physics, Sichuan Normal University, Chengdu 610068, China
*Corresponding author: towerwang@126.com

Received July 11, 2014; accepted September 11, 2014; posted online November 14, 2014

The spectrum of an electromagnetic light wave on scattering from a semisoft boundary medium is discussed 
within the accuracy of the first-order Born approximation. It is shown that spectral shifts and spectral 
switches are affected both by the polarization of the incident light wave and by the characters of the scat-
tering medium. Moreover, numerical results show that the direction at which the spectral switch occurs is 
governed by the characters of the scattering medium, whereas the magnitude of the spectral switch is affected 
by the polarization of the incident light wave.
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The far-zone scattered field of light waves on scattering 
from a medium is a topic of considerable importance 
due to potential applications in areas such as medical 
diagnosis. Since the discovery made by Wolf that the 
spectrum of light may change as it is scattered from a 
medium[1], numerous papers were published on the scat-
tering of light waves from various scatterers[2–9]. In dis-
cussion of light wave scattering, the far-zone scattered 
spectrum attracts much attention[10–13]. It is found that 
the distribution of the scattered spectrum is closely re-
lated to the characters of the scattering medium. This 
phenomenon may provide a method for the determina-
tion of the structure characters from the measurements 
of the scattered spectrum. Recently, a new model, that 
is, the semisoft boundary model, was presented[14]. It is 
found that when a scalar light wave is scattered from a 
semisoft boundary medium, not only spectral shifts but 
also spectral switches can be produced in the far-zone 
scattered field[15]. On the other hand, the weak scat-
tering theory was generalized from scalar light waves 
to vector light waves in recent years[16,17]. It is shown 
that the polarization of the incident light wave is also 
a critical factor affecting the spectral coherence of the 
far-zone scattered field[18]. Then one may wonder wheth-
er there is any influence of the polarization on the spec-
trum of an electromagnetic light wave on scattering. 
In this letter, we will generalize the vector scattering 
theory from soft boundary medium to semisoft bound-
ary one, and discuss factors which play roles in the 
distribution of the far-zone scattered spectrum.

As shown in Fig. 1, consider that an electromagnetic 
plane light wave, with a propagation direction speci-
fied by a real unit vector s0, is incident on a scattering 
medium. The properties of the incident field at a pair 
of points 1′r and 2′r  are characterized by the so-called 
cross-spectral density matrix, which is defined as[19]
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Here the angular brackets denote the ensemble average, 
the asterisk denotes the complex conjugate, and Ex and 
Ey are the two mutually orthogonal components at fre-
quency ω of the electric field perpendicular to the prop-
agation direction (i.e., the z direction), with a form of

  0 0( , , ) ( )exp(i ),i iE a kw w= ⋅′ ′r s s r  (i = x,y), (2)

where ai(ω) is a random function and k = ω/c with c 
being the speed of light in vacuum. Assume that the 
two Cartesian coordinate components of the field are 
independent of each other. On substituting Eq. (2) into 
Eq. (1), one can readily find
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Equation (5) represents the spectrum of the incident 
field along the ith direction. In this case, the spectrum 
of the  incident field can be expressed as

 ( )( ) ( ) ( ).i
x yS S Sw w w= +  (6)

Fig. 1. Illustration of the notations.
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On substituting Eqs. (2), (8), and (12), first into 
Eq. (9), and then into Eq. (11), and after some calcula-
tions, one can find the far-zone scattered spectrum as
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Equation (16) is the three-dimensional Fourier trans-
form of the dielectric susceptibility with
 

0( ).k= −K s s  (17)
On substituting Eq. (13) into Eq. (16), and manipulat-
ing the three-dimensional Fourier transform, one finds
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It follows from Eqs. (15) and (18) that the scattered 
field can be expressed as
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For the simplicity of following discussion, let us con-
sider the scattered spectrum in a special plane, that is, 
the Y–Z plane. In this case, the unit vector of the scat-
tering direction should be expressed as 
 s = (0, sy, sz). (20)
On substituting Eq. (20) together with Eq. (17) into 
Eq. (19), we obtain the far-zone scattered spectrum as 
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where θ is the angle made by s and s0. As shown in 
Eq. (21), the scattered spectrum is, in general, different 
from the incident one and changes with the directions 
of the scattering path. In the following, an example 
is illustrated to shown the effects of the characters of 
the scattering medium and polarization of the incident 
light wave on the distributions of the far-zone scattered 
spectrum. For the following discussion, let us introduce 
the relative spectral shift of the far-zone scattered field, 
which is defined as[21]
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where ω0 is the central frequency of the incident light 
wave and ωm is the frequency at which the scattered 
spectral density (s)

0( , , )S r ws s  takes its maximum value. 

Assume that the medium is a weak scatterer so that 
the scattering can be analyzed within the accuracy 
of the first-order Born approximation[20]. The far-zone 
scattered field then can be expressed as[17]
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where s = (sx,sy,sz) denotes the direction of the scattering 
path, ( )

0( , , )i w′E r s  is the incident field, ( , )F w′r is the 
scattering potential, and ( , , )G r w′s r  is the  free-space 
Green’s function, which can be approximated by[20]
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The three Cartesian coordinate components can be 
 obtained from Eq. (7) as
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The properties of the scattered field at a pair of points 
specified by position vectors rs1 and rs2 can also be 
characterized by a cross-spectral density matrix, which 
is defined as[19]
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The scattered spectrum, which can be obtained from 
the cross-spectral density matrix, is defined as[17]

 (s) (s)
0 0( , , ) Tr ( , , , ),S r r rw w=s s W s s s

�
 (11)

where Tr denotes the trace of the matrix.
The scattering potential of a semisoft boundary scat-

terer can be expressed as[15]
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Equation (13) is the dielectric susceptibility of the scat-
terer with
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It is shown from Eq. (13) that the parameter M plays 
a critical role in the boundary of the scatterer. In a 
special case (i.e., M = 1), the scatterer reduces to a soft 
boundary medium. Otherwise, the scatterer is a semi-
soft boundary one.
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tered field. As shown in Fig. 3, if the scattering angle is 
small, the influence of the effective width of the dielec-
tric susceptibility on relative spectral shifts is not obvi-
ous, and the spectrum is blue-shifted.  However, when 
the scattering angle continues to increase, the  influence 
of the effective width of the dielectric susceptibility on 
the relative spectral shift becomes obvious. Figure 3 
also shows that the effective width of the  dielectric sus-
ceptibility is a critical factor on the  direction at which 
the spectral switch occurs.

As shown in Eq. (21), the polarization of the inci-
dent light wave is also a critical factor on the distribu-
tion of the far-zone scattered spectrum. Figure 4 shows 
the relative spectral shift of the far-zone scattered field 
for incident light waves with different  polarizations. As 
shown in Fig. 4, when the scattering angle is small, 
the scattered spectrum is blue-shifted, and the spec-
tral shift is affected by the polarization of the incident 
light wave. With the increasing scattering angle, spec-
tral switch can be produced in the scattered spectrum. 
Moreover, numerical results show that the direction 
at which the spectral switch occurs is almost invari-
ant with the changes of the polarization of the inci-
dent light, whereas the degree of the spectral switch 
(i.e., the magnitude of the transition from red-shift to 
blue-shift) is affected by the polarization of the incident 
light wave.

In conclusion, we discuss the far-zone scattered spec-
trum of an electromagnetic light wave on weak scat-
tering from a semisoft boundary medium. It is shown 
that the far-zone scattered spectrum is affected by 
characters of the scatterer and the polarization of the 
 incident light wave. Moreover, the direction at which 
the spectral switch occurs is governed by the characters 
of the scatterer, whereas the magnitude of the spectral 

If 
0/ 0dw w < (i.e., m 0w w< ), the scattered spectrum is 

red-shifted; if 0/ 0dw w > (i.e., m 0w w> ), the scattered 
spectrum is blue-shifted. 

As an example, let us assume that the spectrum of 
the incident field has a distribution of Gaussian profile, 
which can be expressed as[1]
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where Bi is a constant, Γi is the spectral width of the 
field along the ith direction, and ω0 is the central fre-
quency. On substituting Eq. (23) into Eq. (21), one can 
find the far-zone scattered spectrum of an electromag-
netic light wave on scattering from a semisoft boundary 
medium. In the following, we present some numerical 
results to show the effects of the characters of the scat-
terer and the polarization of the incident light on the 
scattered spectrum of the far-zone scattered field.

Firstly, let us consider the effect of the characters of 
the scatterer on the changes of the far-zone scattered 
spectrum. In Fig. 2, the relative spectral shifts with 
different boundary conditions are presented. It is shown 
that when the scatterer is a soft boundary medium (i.e., 
M = 1), with the increasing scattering angle, the spec-
trum is first blue-shifted, and then  red-shifted. How-
ever, for scatterer with semisoft boundary (i.e., M = 2  
or M = 10), with the increasing scattering angle, the 
spectrum experiences a rapidly changes from red-shift 
to blue-shift, that is, a spectral switch (for a  detailed 
definition of the spectral switch, please refer Ref. [21]). 
Moreover, it can also be seen from Fig. 2 that the di-
rection at which the spectral shift occurs is affected by 
the boundary of the scatterer. In Fig. 3, we study the 
influence of the effective width of the dielectric suscepti-
bility on the relative spectral shifts of the far-zone scat-

Fig. 2. Relative spectral shifts of the scattered field for scat-
terers with different boundary values (i.e., M). The param-
eters for calculation are: A = 1, Bx = 1, By = 1, ω0 =3×1015  s-1, 
Γx = 0.05ω0, Γy = 0.075ω0, c = 3×108 m/s, k0 = ω0/c, and  
k0σ = 10.

Fig. 3. Relative spectral shifts of the scattered field for scatter-
ers with different effective widths of the dielectric susceptibility 
(i.e., k0σ ). The parameters for calculation are: A = 1, Bx = 1, 
By = 1, ω0 =3×1015 s-1, Γx = 0.05ω0, Γy = 0.1ω0, c = 3×108 m/s, 
k0 = ω0/c, and M = 5 .
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switch is affected by the polarization of the incident 
light wave. 
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