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Investigations of ionization-induced injection of laser wake

field acceleration using phenomenological model
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We develop a phenomenological model to investigate dynamics of ionization-induced injection. In the
“bubble” regime of laser wakefield acceleration (LWFA), it is found that there is an upper limit for laser
intensity of ionization-induced injection. In the plane perpendicular to the laser polarization, when the
laser pulse is linearly polarized, ionization-induced injected electrons exhibit a filamented structure and
semi-coherent betatron oscillation.
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Laser wakefield acceleration (LWFA)[1] concept offers
more efficient path to produce high-energy electron
beams (e-beams) than conventional radio frequency tech-
nology. Using the ultra-short e-beams of LWFA, it is
promising to downsize kilometer-range X-ray free elec-
tron lasers to a table-top scale[2]. Experiments in 2004
demonstrated the generation of quasi-mono energetic
(QM) e-beams with peak energy of near 200 MeV[3−5].
And the acceleration gradient exceeds 100 GeV/m, which
is 3 orders of magnitude larger than that of the radio fre-
quency linear accelerators. Howevera single-stage LWFA
is not suitable for generating QM e-beams beyond 1 GeV
because of lacking independent control on the injection
and the acceleration stage[6]. And it is recognized that a
two-stage LWFA[7,8] is required to obtain energy gain up
to multi-GeV with a narrow energy spread.

Controlled injection of the cascaded LWFA scheme
would benefit the matching between the seeding phase
of the e-beams and accelerating phase of plasma waves.
Tunnel-ionization-induced injection[9] is supposed to be
a potential trapping mechanism for efficient injection of
the e-beams into the plasma wave with lower injection
threshold, more trapped charge, and lower transverse di-
vergence. The large difference in ionization potentials be-
tween successive ionization states enables the ionization-
induced injection, and electrons ionized at rest within the
electron cavity gain additional energy from the net poten-
tial difference between the edge of electron cavity and its
interior[10]. LWFA experiments demonstrate that intense
laser pulses ionize the atoms near the peak of the laser
field and accelerate e-beams up to GeV level[11]. While
the accelerated e-beams exhibited large energy spread
due to the continuous injection before the pump deple-
tion of the driving laser pulse.

Generally speaking, there are three types of methods
for the analysis of the wakefield generation. Hamiltonian
analysis is capable of examining three-dimensional (3D)
linear wakefield and one-dimensional (1D) nonlinear
wakefield generation. Two/three-dimensional (2D/3D)
particle-in-cell (PIC) simulations are necessary for ex-

plaining and predicting experimental LWFAs[2]. And the
phenomenological method provides brief explanation of
complicated phenomena and practical estimations of scal-
ing laws. In this letter, we propose a phenomenological
test particle model to investigate dynamics of ionization-
induced injection. Our model assumes that the am-
plitudes of laser electromagnetic field and the plasma
wakefield remain constant during ionization-induced in-
jection. As theoretical and experimental results revealed,
a short mixed gas length and mild density[12] (for exam-
ple, 1.5×1018 cm−3, which is much smaller than the criti-
cal density associated with 0.8-µm laser wavelength, i.e.,
1.7×1021 cm−3) of plasma is preferable for generating
high-quality e-beams with large charge and low energy
spread. In the plasma with such a short length and a
relatively low density, ionization-induced injection takes
place much earlier before self-injection of the background
electrons and the driving laser pulse is far from depleted
after ionization-induced injection. We neglect the influ-
ence of beam loading so that the quasi-static approxima-
tion is reasonable. And we also adopt a ‘single electron’
assumption, which takes into dynamics of one electron a
time, simplifying the calculation, while maintaining relia-
bility of the quasi-static approximation by avoiding beam
loading inducedby mass electrons. By accumulating se-
ries of the observations of ‘single electron’, dynamics of
ionization-induced injection can be investigated.

An intense laser pulse can expel the plasma electrons
outward and create a bare ion bubble, which is suitable
for accelerating and focusing the e-beams. In the high-
intensity and 3D limit, the LWFA phenomena are typi-
cally observed by 3D PIC simulations. And the wakefield
of the highly nonlinear bubble regime remain stable
in PIC simulations through the acceleration.Theoretical
works has worked out the accelerating and focusing field
inside the ion cavity[2] (assumed spherical):

Ez ≈ (kpς/2)E0,

Er ≈ (kpr/4)E0, (1)

Bθ ≈ −(kpr/4)E0,
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where Ez is the axial electric field, Er is the radial elec-
tric field, Bθ is the azimuthal magnetic field, kp is the
plasma wave number, ς and r are the axial and radial
distance away from the bubble center, respectively. Al-
though no currently rigorous derivation is available for
analysis of the matched spot size and laser profile in the
bubble regime, the requirement for the matched spot size
can be estimated by the rough balance between the trans-
verse ponderomotive force of the laser and the restoring
force of the ion channel, which gives kpR ≈a0, where a0

is the normalized laser amplitude and R is the radius of
the bubble. While a more refined condition[6] was refor-
mulated and presented as

kpR ≈ kpω0 = 2
√

a0, (2)

where ω0 is the beam waist of the laser pulse. Equation
(2) holds for a0 >2 with only slightly oscillations, and it
is also found by theory and 3D PIC simulations that a
spherical shape is still roughly formed for 2 6 a0 6 4.
The peak of the wakefield[6] could be estimated as

Ez,max =
√

amecwp/e =
√

aE0, (3)

where me is the electronmass, e is electron charge, and
E0 is wavebreaking limit of the cold plasma.

Dynamics of the ionized electrons within the bubble
is sensitive to theirinitial positions relative to the laser
pulse and the wakefield. Electrons ionized at the front
edge of bubble would not be trapped by the wakefield,
but more inner electrons can gain more net energy from
the wakefield and are more likely to be injected. The
“tunneling ionization area”, where the inner electrons of
atoms are ionized, is determined by the laser pulse, while
the “injection area” (which means that when an electron
is put within the injection area at rest, it will be in-
jected into and trapped by the wakefield) is determined
by both the laser and the wakefield. The overlap of the
“tunneling ionization area” and the “injection area” is
the final “ionization-induced injection area”, where the
ionized inner electrons of atoms are just the injected elec-
trons. Therefore, it is very important to determine the
relative position between the laser pulse and the nonlin-
ear wakefilds in the ion bubble.

However, the analytical method is difficult for the de-
tailed analysis of the relative position in 3D nonlinear
regime and currently there is no special description about
this topic. Applying linearly polarized ultra-short laser
pulses with the full width at half maximum (FWHM) of
30 fs, and the plasma density are all set as ne = 1.5×1018

cm−3, we observe the 2D PIC simulations for estimations
of the relative position. As shown in Fig. 1, the center of
the laser pulse is approximately located near the forehead
of the wakefield, for laser amplitude a0 = 4 and 3. The
distance is normalized to the plasma wave number, and
the time is normalized to light velocity in the vacuum,
and it is the same for the rest of the letter.

For both of the a0 = 4 and 3 laser pulses,the bubble
form are retained, and the most forehead point of the
bubble is 30 fs (i.e., FWHM) ahead of the center of the
laser pulses. We then analyze the ionization-induced in-
jection of N5+ ions (ionized to N6+ ions) for both a0 =
4 and 3. The threshold for tunneling-ionization of N5+

ions toN6+ ions (ionized to N7+ ions) is 2.3. We scan

the trajectories of series of “single electron” in the po-
larization plane of the laser pluses, and label the initially
ionization positions of the trapped electrons as “injection
area”, as shown in Fig. 2.

The average tunneling ionization rate for the oscillating

electric field
−→
F (t) = F cos(ωt)−→y is

W =
1

π

∫ π/2

−π/2

Wstat(t)d(ωt), (4)

where Wstat is the ionization rate for the electrostatic
field with F as its amplitude

Wstat =
|B|2

2|m||m|!
1

κ2Zc/κ−1
(
2κ3

F
)2Zc/κ−|m|−1e−2κ3/3F .

(5)

We list the intermediate parameters together as

B = D(−1)(m+|m|)/2

√

(2l + 1)(l + |m|)!
2(l − |m|)! , (6)

D = Cn∗lκ
Zc/κ+1/2, (7)

C2
n∗l = (

4e2

n∗2 − l2
)n∗

(
n∗ + l

n∗ − l
)l∗+1/2 1

2πn∗
, (8)

κ =
√

2Ip, (9)

where Zc is net charge of the ion, n∗ = Zc/κ is the
effective principal quantum number, l is the orbital an-
gular momentum quantum number, m is magnetic quan-
tum number, and Ip is the ionization potential.

Fig. 1. (Color online) The relative position between the laser
pulse and the wakefields, using 2D PIC simulations. The laser
field, the axial accelerating field, and the plasma density after
laser propagating 80 µm in plasma, are represented by blue
solid line, red dashed line, and green dashed line. All of the
peak amplitudes are all normalized to unity. (a) a0=4; (b) a0

= 3. The distance is normalized to the plasma wave number,
and it is the same for the rest of the figures.

Fig. 2. (Color online) The “injection area” and the “ioniza-
tion area” of (a) a0 = 3 and (b) a0 = 4. The “injection area”
is presented by blue stars and the “ionization area” of N5+

ions (ionized to N6+ ) is near the equipotential line of a0 =
2.3, represented by the purple loop.
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As shown in Fig. 2(a) (the axes are rescaled for clarity)
for a0 = 3, the “injected electrons” in the forehead of the
laser pulse is represented by stars. Here we only consider
the “injected electrons” in the forehead part of the laser
pulse, since the N6+ ions are almost totally ionized before
the amplitude of the laser pulse increases to its maxi-
mum. We set l = m = 0, and the ionization potential
of N5+ ions (ionized to N6+ ions) and N6+ ions (ionized
to N7+ ions) are 552 and 667 eV, respectively. Then the
calculation indicates the “ionization areas” for N5+ ions
are just before the forehead part of purple loop (a0 =
2.3), and the “injection area” for N6+ ions covers the
forehead part within the purple loop. The “ionization-
induced injection area” is the overlap of “injection area”
and “ionization area”. The loop crosses both the N5+

and N6+ “injection area”, which indicates the existence
of “ionization-induced injection area”. In another word,
for laser amplitude of a0 = 3, the ionization-induced in-
jection scheme works.

For the other case, a0 = 4, as shown in Fig. 2(b),
ionization-induced injection is impossible. N5+ ions are
completely tunneling-ionized to N6+ much before a0

reaches 2.6, which is the boundary of the injection area.
Therefore, for laser amplitude of a0 = 4, the ionization-
induced injection of N5+ ions is impossible. Although the
“injection area” enlarges when the amplitude of the laser
pulse increase from 3, 4, the “ionization area” goes much
further away from the laser pulse. As a result, no more
ionization injection area exits. It is easy to conclude,
with larger laser amplitude than a0 = 4 (plasma density
remain unchanged), the injection area would enlarge, but
N5+ ions would be ionized more further away from the
laser pulses, and the “ionization area” never cross with
the “injection area”.

We have revealed that in the polarization plane there
is an upper limit for the laser amplitude of ionization-
induced injection of N5+ (ionized into N6+). And we
can qualitatively get that, it is same for the 3D analy-
ses of ionization-induced injection of N6+ (ionized into
N7+). More specifically, when the amplitude of the laser
pulse is large enough, N6+ ionization happens much ear-
lier before the laser increase to its maximum. And the
ionized electrons is directly expelled by the laser pulse,
rather than trapped by the wakefield. Nevertheless, more
quantitative analyses, 3D PIC simulations and LWFA ex-
periments are expected in the future for verification.

Inside the bubble, the radial focusing force is on the
same level of the axial accelerating force, contributing
to pull back the outward moving electrons with resid-
ual momentum. The pulling back of the relativistic
injected electrons by the focusing force performs a be-
tatron oscillation along the axis with a characteristic
betatron wavelength λβ = (2γ)1/2λp, i.e., a frequency

ωβ = ωp/(2γ)1/2, where γ is the Lorentz factor of the
electrons. The emission of the betatron radiation is char-
acterized by the normalized transverse momentum[13] of
the oscillator aβ = γβ⊥ = kp(γ/2γβ)1/2, where β⊥ is the
normalized transverse velocity, γβ is the excursion of the
oscillator. And the radiation frequency is ω = 2γ2Nhckβ/
(1+a2

β/2), where Nh is the harmonic number and c is the
light velocity in the vacuum. For aβ >> 1, the spec-
trum contains many harmonics with the maximum inten-
sity occurring near the critical harmonic[2] Nc ≈ 3a2

β/4,

Fig. 3. (Color online) Trajectories of the ionization-induced
injected electrons observed in (a) the parallel plane to the po-
larization of the laser pulse and (b) the perpendicular pane.

and aβ varies throughout the electron beam, from along
the axis γβ = 0 to the beam edge with γβ maximized. As
for the bubble regime of the LWFA, aβ can be very large,
and the radiation can reach the hard X-ray regime.

Applying the phenomenological model, we choose the
a0 = 3 mentioned above to observe the betatron oscil-
lations of electrons from N6+ ionization (ionized to N7+

ions). The driving laser pulse is linearly polarized, as
mentioned above. The betatron oscillations are observed
in the two perpendicular planes, the s-plane (parallel
to the polarization of linearly polarized laser) and the
p-plane (perpendicular to the polarization of linearly
polarized laser), respectively. Then we also scan many
ionization-induced injected electrons, assumed that ion-
ized in 200-µm region and run for 2 mm with the accel-
erating wakefield. The accumulated trajectories of these
electrons are shown in Fig. 3.

The trajectories of the ionized ionization injected elec-
trons start from the region in the bubble where ioniza-
tion of the electrons take place near the peak of the laser,
and moves inside the bubble, as shown in Fig. 3, quite
different from the trajectories of the self-injected elec-
trons, which moves along the bubble surface and then
injected in the rear the bubble. The betatron oscilla-
tions of the electrons differ between the s-plane and the
p-plane. In the s-plane, the ionization-induced injected
electrons’ betatron oscillations are out of phase with each
other, while in the p-plane, the betatron oscillations are
basically in phase with each other, which is potential for
the generation of semi-coherent X-ray radiation.

In conclusion, we propose a phenomenological model
to investigate dynamics of ionization-induced injection of
LWFA. As for bubble regime, there exists an upper limit
of laser pulses amplitude for ionization-induced injection.
We also investigated semi-coherent filamented structure
of ionization-induced injection electrons in the plane
perpendicular to the laser polarization plane,which is
potential for the generation of semi-coherent X-ray radi-
ation. We would like to anticipate that the model would
enable convenient analyses of more complicated geome-
tries using multiple pulsesor more potential schemes for
ionization injection technique, as well as the generation
of X-ray generation by the betatron oscillations of the
ionization-induced injection electrons.
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