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Null testing toroidal surface and biconic surface

with cylinder compensator
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Toroidal surface and biconic surface are employed increasingly, however their profile cannot be null tested
easily for they are non-rotationally symmetrical. Null testing method with cylinder compensator is pro-
posed to solve this problem. The theory of this method is revealed. The errors of this method are present.
Three typical testing optical systems with cylinder compensator are demonstrated at last. The design
results and total error indicate that this method is feasible.
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Toroidal surface and biconic surface are increasingly used
in modern advanced optical instruments. The toroidal
surface which has different radii in sagittal and tangen-
tial plane can reduce effectively astigmatism and coma.
Thus it is employed widely in off-axis or multi-pass opti-
cal system. Biconic surface which has two more degrees
of freedom than toroidal surface can improve optical sys-
tem’s performance greatly. They will be widely used in
future.

The toroidal surface and biconic surface cannot be
tested directly by interferometer without any compen-
sators because they are non-rotationally symmetrical.
There are two common methods to test these types of
surfaces. One method is use of profilometry. The surface
is measured one point or one line at a time by profilom-
etry, profile of the surface can be generated by mapping
out several hundred points or lines. This process is not
expensive, but it does not offer the detail of an inter-
ferometric map. Precision of this method is several tens
of nanometers. Accuracy will degrades when table’s in-
stability increases due to long distance (in excess of a
couple inches). Another option available is null testing
with computer generated holograms (CGH), figures can
be measured interferometrically. This method is the com-
monest method, but hologram required the customized
program for different surfaces and lithography etching
on chrome made it time-consuming, laboring, and expen-
sive. One hologram cannot be used to different profiles[1].

Cylinder surface is also non-rotationally symmetrical.
It is curving in one direction and flat in orthogonal di-
rections. As a compensator, cylinder lens can turn the
spherical wavefront from one point (the cat-eye) into non-
rotationally symmetrical wavefront which fits the tested
toroidal surface or biconic surface and take the place of
CGH in null testing. Compared with hologram, cylinder
lens can be got easily, and one cylinder lens can be used
for different profiles.

Methods of null testing toroidal surface and biconic
surface with cylinder compensator are discussed in de-
tail. The compensation theory of toroidal surface and bi-
conic surface is shown, and tolerance analysis is covered

as well. Three null testing optical systems with cylinder
compensator for three typical surfaces are designed. De-
sign results demonstrate this method’s feasibility.

The curve of toroidal surface in the tangential plane is
defined by

Z =
y2

R

1 +
√

1 −
y2

R2

. (1)

This curve is then rotated about an axis parallel to the
Y axis and intersecting the Z axis with a distance ρ from
the vertex. Toroidal surface has 2 radii: radius R in sagit-
tal plane and rotate radius ρ in tangential plane. In most
cases, the toroidal surface is concave. We set the cylin-
der lens’ generatrix perpendicular to the tangential plane
to correct the wavefront from the cat-eye, and discuss its
theory in sagittal plane and tangential plane respectively.

In sagittal plane, the cylinder can be considered as a
plane plate lens. The plane plate lens whose thickness
is not neglected will lead to the longitudinal displace-
ment and wavefront aberration. As a compensator, the
primary aberration is 3rd-order spherical wavefront aber-
ration.

As shown in Fig. 1, the longitudinal displacement L
produced by passage through a plate of thickness T and
refractive index n is easily found by Snell’s law for small
angle of incidence to be

Fig. 1. Layout of compensation optical system in sagittal
plane.
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∆L =
(n − 1)

n
T. (2)

Then the distance between cat-eye O and the center of
toroidal surface is

L = ρ −
(n − 1)

n
T. (3)

The 3rd-order spherical wavefront aberration with aper-
ture of 1 is given by

∆Wsph = −
Tu4(n2

− 1)

8n3
, (4)

where u is the numerical aperture of optical system[2].
Figure 2 gives the graph of ∆Wsph for 3rd-order spheri-
cal wavefront aberration in wavelength of 632.8 nm, as a
function of 2u, the plate thickness T in millimeters, and
refractive index n = 1.5168 (N-BK7).

We know from Fig. 2, when 2u 6 1/6, T 6 20, ∆Wsph

is very small, which can be neglected, otherwise we must
set another negative spherical lens or cylinder lens to re-
duce 3rd-order spherical wavefront aberration.

In tangential plane, L is not equal to the radius R, the
cylinder compensator needs at least one spherical surface
to change the testing wavefront from the cat-eye to which
fits the tangential radius of toroidal surface for astigma-
tism eliminating. This progress is equal to image the
cat-eye O at the center of curvature of tested surface O′.
We list three possible optical compensating structures in
Fig. 3. Figures 3(a) and (b) are the condition that the
difference between R and ρ is small, Fig. 3(a) represents
R > L, while Fig. 3(b) represents R < L, they are equal
because we can rotate the system by 90◦ along the op-
tical axis and exchange the tangential plane and sagittal
plane; Fig. 3(c) represents the condition that difference
between R and L is great, we cannot compensate it like
the way for Figs. 3(a) and (b) because the compensator is
very large, so in the plane the radius is small, a converge
point is introduced like the way of Offner compensator.

Let the compensating lens be a single thin lens, l be
the distance of cat-eyes O to compensating lens, l′ be
the distance between compensating lens and O′, D be
the aperture of tested surface in tangential plane. We
can get

l′ − l = R − L. (5)

Fig. 2. Third-order spherical wavefront sberration produced
by plane plate lens.

Fig. 3. Layouts of three optical compensating structures in
tangential plane. (a) R > L; (b) R < L; (c) difference be-
tween R and L is great.

The 3rd-order spherical aberration produced by a thin
lens in imaging progress is

Wsph =
h4φ3
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where h is the semidiameter of pupil, h = Dl′/2R, n is
the refractive index of lens, ϕ is the power of single lens,
ϕ = (n − 1)(C1 + C2), C1, C2 are the curvatures of lens’
two surfaces. From Eq. (6) and Gaussian Formula, we
can get
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(7)

the B is the lens shape factor, B = (C1 +C2)/(C1 −C2),
C is the magnification factor, C = (l′ + l)/(l′ − l).

Then Wsph can be expressed as

Wsph =
D4l′(L − R)3
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. (8)

For a toroidal surface, R, ρ, and D are constant, L does
not vary greatly. Therefore spherical aberration of single
lens is the function of l, l′, C1, C2, and n. At the same
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time, they must follow the relation:

φ = (n − 1)(C1 − C2) +
n − 1

n
TC1C2

=
L − R

l′l
. (9)

We can find the best optical system parameters to min-
imize Wsph by optimizing these variables (l, l′, C1, C2 and
n). In most cases, D/R is not great, R and ρ are approx-
imately equal, so l and l′ are also approximately equal
according to Eqs. (3) and (5). From Eqs. (6) and (7),
we can obtain that in tangential plane, the most influ-
ential 3rd-order spherical aberration produced by a thin
lens will be extremely tiny, thus we can use one compen-
sator in hand to compensate tested toroidal surfaces with
different parameters, its feasibility will be demonstrated
below. This is a significant advantage of cylinder com-
pensator.

On the other hand, if the difference between R and ρ or
D/R is too big, the optimal result may be unacceptable,
then a pair of compensating lenses with opposite signs
are needed. Obviously, compensator with two or more
lenses will play a better role than compensator with sin-
gle lens, however more lenses means more cost, and more
errors introduced by fabrication and alignment.

The biconic surface is defined by

z =

x2

Rx

+ y2

Ry

1 +
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1 −
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R2
x

−
(1+ky)y2

R2
y

. (10)

It has four parameters: Rx, kx, Ry, and ky. The el-
liptical surface which has three degrees of freedom can
also be presentd by Eq. (10). As shown in Eq. (10),
both curves of biconic surface in tangential and sagittal
plane are aspherical, hence we cannot deal with it us-
ing the same way of testing toroidal surface. There have
been methods of null testing aspheric surface like Offner
compensation and Shafer compensation right now. We
can employ two or more cylinder lenses perpendicular to
each other to compensate the non-rotationally symmet-
rical wavefront. The total Seidel coefficient for 3rd-order
spherical aberration in every plane is

SI = SM
I + 2Splane1

I + 2Scom1
I + 2Splane2

I + 2Sfield2
I , (11)

where SM
I , Splane1

I , Scom1
I , Splane2

I , and Sfield2
I are the Sei-

del coefficients for 3rd-order spherical aberration in the
tested surface, compensating lens, and field lens, respec-
tively. In order to get good effect, we need SI close to 0
in both sagittal and tangential plane. Undoubtedly, four
compensators will produce a lot of troubles in the process
of fabrication and alignment, so that we discard two field
lenses can get good result as well.

Errors of the null testing aspheric surface with com-
pensator has been discussed[3]. We quote some results
and classify them into the interferometer error, environ-
ment disturbance error, plane surface irregularity error,
cylinder surface irregularity, and the error of optical sys-
tem design and alignment. The error of optical system
design and alignment are different since the optical sys-
tems are various. Detail parameters of previous four er-
rors have been listed in Table 1. Tolerances of fabrication
and alignment are listed in Table 2. The error created
by tolerances of fabrication and alignment can only be
calculated for every design.

We know that high-precision cylinder surface is diffi-
cult to test and fabricate, the radius tolerance is not
smaller than ±0.5 fringes, but fortunately in the progress
of testing, removing the compensating lens and the tested
surface is feasible, so we can set the thickness between
cat-eyes and compensating lens and the thickness be-
tween compensation lens and tested surface as compen-
sator when we analyze the tolerances using optical design
software.

The total error can be calculated by

δtotal =

√

√

√

√

N
∑

i=1

δ2
i (N is the quantity of errors). (12)

In order to demonstrate the method’s feasibility, test-
ing optical systems for three typical surfaces have been
designed using optical design software, and the results
have been presentd and analyzed.

The first testing system is for a toroidal surface whose
radius and rotate radius are approximately equal, the
surface’s parameter is from the toroidal substrate of
extreme-ultraviolet imaging spectrometer’s (EIS) grat-
ing for Japanese satellite Solar-B. The radius and rotate
radius are 1182.873 and 1178.097 mm, respectively, and
the aperture of the surface is 90 mm[4]. The D/R and
the difference between radius and rotate radius are small,
so the aberration created by cylinder lens is small, it

Table 1. Error of Null Testing

Errors
Error Value

(RMS, λ=632.8 nm)

Interferometer Elements Error λ/500∗

Environment Disturbance Error λ/500∗

Plane Surface Irregularity
√

2(n − 1)λ/80∗∗

Cylinder Surface Irregularity
√

2(n − 1)λ/40∗∗

*Interferometer elements’ error and environment disturbance
error are different for different interferometer and testing en-
vironment;
**Testing optical beam is through compensator’s surface
twice.

Table 2. Tolerances of Fabrication and Alignment

Cylinder Surface Surface Surface Surface Surface spherical and Elements Elements Index

Radius Thickness Tilt Decenter Astigmatism Irregularity Decenter Tilt Tolerances

±0.5 fringes ±0.005 mm ±5 arc sec ±0.01 mm ±0.2 fringes ±0.01 mm ±5 arc sec ±10−6∗
*The glass is N-BK7 of Schott.
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Fig. 4. Design result of first testing optical system. (a) 3D
layout in tangential plane and sagittal plane; (b) wavefront
map in (0◦, 0◦).

Table 3. Detail Parameters of Testing Optical
System

Parameter (mm) System 1 System 2 System 3

Air Thickness 1(d1) 61.896 292.755 44.655

Glass Thickness 1(d2) 5.000 10 9.047

Air Thickness 2(d3) 1113.089 19.966 4.967

Glass Thickness 2(d4) —— 10 5.623

Air Thickness 3(d5) —— 674.083 355.018

Radius 1(R1) ∞ 61.683 ∞
Rotate Radius 1(ρ1) –500 ∞ 27.326

Radius 2(R2) —— 34.847 ∞
Rotate Radius 2(ρ2) —— ∞ 26.250

Radius 3(R3) —— 52.25 –22.106

Rotate Radius 3(ρ3) —— ∞ ∞
Radius 4(R4) —— –129.470 53.155

Rotate Radius 4(ρ4) —— ∞ ∞

provide a chance to simplify compensator to reduce the
compensator’s fabrication error and the alignment error.
We built a optical system with one plane-convex cylinder
lens whose radius is 500 mm, thickness is 5 mm, a satis-
factory result is got after optimizing. The final parame-
ter is shown in Table 3 (system 1), and three-dimensions
(3D) layout in tangential plane and sagittal plane, the
wavefront map in (0◦, 0◦) of the testing optical system
before adding tolerance is shown in Fig. 4. We calculated
the RMS wavefront employ Monte Carlo Analysis after
adding the tolerance list in Table 2, the RMS wavefront
is 90%<0.0390λ, 80%<0.0360λ. Add the other errors
list in Table 1, the total error δtotal=0.0441λ. After that
we change the radius of plane-convex cylinder lens to
200, 300, 1000 mm, equivalent result has been got. Sup-
pose we have a plane-convex cylinder lens whose radius
is 500 mm, thickness is 5 mm, and use it to compen-
sate toroidal surface in Refs. [5] and [6], their radius,
rotate radius, aperture are (1192.092, 1189.814, 80 mm)
and (150.000, 149.520, 24 mm), respectively. After de-
sign and calculation, the total errors are δtotal=0.0424λ
and δtotal=0.0432λ, respectively. From the results, we
can conclude that cylinder compensator is effective in
the null testing for toroidal surface likes the substrate
of EIS. We have many choices in cylinder compensator’s
radius. At the same time, one cylinder compensator can
be employed for more than one surface.

The second system is for toroidal surface shown in Fig.
3(c), the radius and rotate radius are supposed to be 500

and 1000 mm, respectively. The aperture is 110 mm. The
minimal creative aberration by one cylinder lens cannot
be accepted in this example, so a pair of cylinder lenses
include a positive lens and a negative lens is adopted. Af-
ter optimizing, the final parameter is shown in Table 3.
3D layout in tangential plane and sagittal plane and the
wavefront map in (0◦, 0◦) of the testing optical system
before adding tolerance is shown in Fig. 5. The RMS
wavefront after adding the tolerance is 90%<0.0350λ,
80%<0.0330λ, and the total error δtotal=0.0507λ. From
the simulation result, we can conclude that cylinder com-
pensator is also effective as the toroidal surface for the
case in Fig. 3(c).

The third testing system is for a biconic surface whose
parameters is from a mirror of infrared multi-object spec-
trometer (IRMOS). Detail parameters are: Rx = 407
mm, kx = 0.127, Ry = 377 mm, ky = 0.787, aperture:

94 × 76 (mm)[1]. We set up one cylinder surface in both
sagittal and tangential plane and achieve wonderful com-
pensation effect after optimizition. The final 3D layout in
tangential plane, sagittal plane, and the wavefront map
in (0◦, 0◦) of the testing optical system before adding
tolerance are shown in Fig. 6. The RMS wavefront af-
ter adding the tolerance is 90%<0.0125λ, 80%<0.0100λ,
and the total error is δtotal=0.0387λ. From the simula-
tion result, we can conclude that although we use just two
compensation lens and discard the field lens, method of
cylinder compensator is also efficient to the biconic sur-
face.

Optical system design results of three typical surfaces
have demonstrated the feasibility of null testing toroidal
surface and biconic surface with cylinder compensator.
Now there are still two obstacles as we know for the cylin-
der compensator’s widely popularity. One is the hard-
fabrication and low-regularity of high-precision cylinder
surface, however, fabricating and testing technology def-
initely improve because the requirement increases; the
other is the time-consuming of testing optical system’s
alignment, more advanced alignment technology is ap-
plied to this testing optical system. In this letter, we
only discuss the most common concave tested surface,

Fig. 5. Design result of second testing optical system. (a) 3D
layout in tangential plane and sagittal plane; (b) wavefront
map in (0◦, 0◦).

Fig. 6. Design result of third testing optical system. (a) 3D
layout in tangential plane and sagittal plane; (b) wavefront
map in (0◦, 0◦).
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further research for the surface like convex or saddle-
shaped will be carried out in the future.

This work was supported by the National Natural
Science Foundation of China (Nos. 40974110, and
41104122), and White Russian International Coopera-
tion Projection (No. 2011DFR10010).

References

1. V. J. Chambers, R. G. Minka, and R. G. Ohla, Moor-
wood, Editors, Pro. SPIE 4841, 689(2003).

2. D. Malacara, Optical Shop Testing, (Wiley-Interscience
A John Wiley & Sons, Inc, New Jersey, 2007).

3. Z. Zhang and J. Yu, Opt. Pre. Eng. 7, 1 (1999).

4. C. M. Korendyke, C. M. Brown, and R. J. Thomas, Appl.
Opt. 45, 34 (2006).

5. Z. Liu and Y. Gong, Spectrosc. Spect. Anal. 32, 3
(1012).

6. L. Yu, S. Wang, Y. Qu, and G. Lin, Appl. Opt. 50, 22
(2011).

S22202-5


