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A population inversion study of GaAs/AliGai_xAs three-quantum-well quantum cascade structures is
presented. We derive the population inversion condition (PIC) of the active region (AR) and discuss the
PICs on different structures by changing structural parameters such as the widths of quantum wells or
barriers in the AR. For some instances, the PIC can be simplified and is proportional to the spontaneous
emission lifetime between the second and the first excited states, whereas some other instances imply that
the PIC is proportional to the state lifetime of the second excited state.
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The quantum cascade laser (QCL) has become an im-
portant source of coherent radiation in the mid-infrared
region, and its frequency range has been extended to the
terahertz region!!l. The QCL currently exhibits excel-
lent performance>~7. Theoretical research is an effective
tool to facilitate laser fabrication®. In this letter, we
study the mechanisms by which the widths of quantum
wells (QWs) and barriers in the active region (AR) can
affect the population inversion of QCL.

The time-independent Schrodinger equation of an elec-
tron with mass m in one-dimensional potential V(z) is

~ th(ldqﬁ
2 dx

H(x)o(z) = )+ V(@)(e) = Bé(), (1)

mdz
where V(z) includes —eF'z, the potential caused by the
applied electric field F', and e is the electron charge. To
solve Eq. (1), the wave function and potential are dis-
cretized. N+1 points are selected to equally divide the
AR, and the position coordinate of the electron can be
expressed as x; = jxhg, where hg is the step length, j
=0,1,2, N,and zj;41 = x; + hg. The total length
of the AR of the QCL is L, = Nhg. At each selected
point, the wave function and potential are ¢; = ¢(x;)
and V; = V(z;), respectively. The first-order deriva-
tive of the discrete wave function at two adjacent points
can be expressed in the finite difference approximation

%ddﬁj) = ¢(wj)7;fbh(mj’l). To obtain the second-order
3 1to

derivative of the discrete wave function, three adjacent
points must be considered, resulting in the following ex-

as

pression:
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After taking Eq. (2) into Eq. (1), we obtain the matrix
equations of the AR:

N
(H = B1)é(2) = Y [ - wolx;1)
=0
+(dj — B)o(a;) — w1 d(40)| =0, (3)

in which the Hamiltonian is a symmetric diagonal ma-
trix, wherein 1 is the unit matrix, the diagonal matrix

1 1 .
+ m—J) + V;, and the adjacent

M1

. B2
element is d; = m(

non-diagonal matrix element is u; = Setting xg

h2
and xz as the boundary coordinates of AR, the boundary
conditions of the region are

d(z0) = p(zn), (4)
1 do 1 d¢
mode|,_, ~ mnd|,_,, ©)

We also obtain the matrix equation of the AR:

(dl — E) —U9 0 —u1 d)('rl)
—U2 (dg — E) —Uus d)('rQ)
—uy—1 (dy-1—E) —un d(rn_1)
—uy —un (dy — E) (zN)
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The solutions of the matrix equation yield the eigen en-
ergies and wave functions of the AR. In our calculations
the electron density of the AR is sufficiently small that
we can neglect Poisson’s equation!®!.

Research results show a high probability of rapid sub-
band thermalization through electron—electron scatter-
ing processes!'%. For thermalized subbands, the emis-
sion process in the AR dominates the tunneling output,
which is extremely fast that the density of electrons in
the first subband shown in Fig. 1 is nearly zero. The
rate equations for the AR are

dN3 J Ns

= — 7
dt eLa T3 ’ ( )
dNy N3 Ny
4 _ =2 __“ 8
dt 732 T2 ’ ( )

where N;(N; = 2, 3) is the electron concentration in the i-
th subband and J is the electrical current density. 1/75 =
1/7324+1/731, where 73 is the state lifetime (SL) or relax-
ation time (RT) of the third subband, and 732 and 73; are
the reciprocals of the spontaneous emission rate (SER)
between the third subband and two other subbands in
Fig. 1, respectively. The SL or RT of the second sub-
band 1o satisfies 1/72 =1/72141/7op, where 721 is the re-
ciprocal of the SER between the second subband and the
first subband, 7., is the reciprocal of the intersubband
polar-optical-phonon (POP) scattering rate between the
second and the first subbands. In other words, 732, 731,
and 797 are the RTs of spontaneous emissions and can be

expressed as!']
1R 9
=% X | 1—>f|7 ( )
Tif
where 3P = 6:52:7%% and
2m*(Er — F;
Fi = (T) |Ziﬁf|27 (10)

where n is the refractive index, m* is the electron
effective mass, wo=(E;—Et)/h, where E; and Ff are the
eigen energies of the initial and final states of sponta-
neous emission, respectively, ¢ is the vacuum permittiv-
ity, c¢ is the light velocity, and |Z;_¢| is the dipole matrix
element. 7, is the intersubband POP scattering relax-
ation time (SRT) between the second and the first sub-
bands. Based on D. Ahn and S. L. Chuang’s work!'?l,
Top can be expressed as

1 2¢?
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1
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where Eq is the energy of POP, By = h?kZ /2m*, ky is
the wave vector of the electron in the plane parallel to

the QWs, and ¢4, and &5 are the optical and static di-
electric constants, respectively. The phonon occupation
number nq is given by the Bose-Einstein distribution
ng = {exp[(hwq) /ksT] — 1} ", where kg is the Boltz-
mann constant.

Supposing that the electric current J injects into the

third subband without loss, then it can be obtained from
Egs. (7) and (8),

N3 — Ny =

(1—-i51), (12)

€Ly T32

which is the population inversion condition (PIC) of
QCL.

As shown in Fig. 2, the widths of the four barri-
ers are denoted as Wgy, Wga, Wgs3, and Wgy, and the
widths of the three QWs are denoted as Wyy1, Wywe, and
Wiws. For component z, the electron effective masses of
Al,Gai_5As and GaAs are m§,,, = (0.063 + 0.087z)mg
and M gaas = 0.063mg, respectively, where mg is the
free-electron mass. The conduction band discontinuity
at Al,Ga;_,As/GaAs heterointerface is AE. =0.79z
eV, and the applied electric field is F = 10 kV/cm.
If Wg1= 4 nm, Wyw1=0.5 nm, Wga=1 nm, Wyw2=15.5
nm, Wp3=2 nm, Wws= 3 nm, and Wg4=6.5 nm, then
three subbands contribute to the performance of the
AR. The three subbands are denoted as subbandl, sub-

band2, and subband3, and the corresponding eigen
energies are marked as F;, F3, and FE3. The en-
ergy difference Eo—E; =~ 35.4-(-0.39) = 35.79 meV

is very close to the POP energy of the AR: E,, =
Eop—AlGaas 2818282 L o o p (1— 2419282 35,79 meV,
where Eop_algaas and Eop_gaas are ‘the POP energies
of Al,Gai_,As and GaAs, respectively, and Lop—A1Gaas
and Lop—gaas are total thicknesses of Al,Gai_,As

input __ subband3
current
density J
subband2
subband1

N

tunneling output

Fig. 1. Three-level diagram of the AR.
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Fig. 2. Three-quantum-well AR, W1 = 4 nm, Wwi1 = 0.5
nm, Wgs = 1 nm, Wy = 15.5 nm, Wz = 2 nm, Wws3 = 3
nm, Wga = 6.5 nm, and applied electric field F' = 10 kV /cm.
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and GaAs in the AR, respectively. The POP energy
is Fop—A1Gaas = 36.25+1.832+17.122%-5.1123 meV, and
Eop—Gaas = 35 meV. The energy difference E3—FEy =
64.9-35.4 = 29.5 meV shows that the lasing wavelength
(LW) is approximately 42.03 pm.

We set By = F,p in calculating intersubband POP
SRT. Setting Wp1=4 nm, Wge=1 nm, Wp3=2 nm, and
Wg4=6.5 nm, the spontaneous emission lifetimes (SELS)
T32, T31, and 791, together with the POP SRT between
subband2 and subbandl 7., and the LW of the QCL
as functions of W1, Wwe, and Wyys were calculated.
The calculation results are shown in Fig. 3. Setting
Wiy as the linear variable, Whys is changed correspond-
ingly, and Wyy3 is changed slightly to make sure that Fa—
Eiy = E,p. The calculated values of Wiy, Wiye, and
Wiws are listed in Table 1. Among the three SELs, 731
has the longest time (Fig. 3(a)). When 731 &17.66 us and
732 ~0.69 us, the ratio 732/731 has the maximum value

_ T32XT31 __ 1~ 1 ~
0039, then T3 = ToitTas T32 1_’_:272 ~ T32 150.039 T32.-

A comparison between Figs. 3(a) and (b) shows that the
ratio 7op/721 has the maximum value 1.57x107%, then
TopXT21 7 & Ty a1 A Top. Under
TatTop TP T TOPAHLETXA0TE T SO

these considerations, the PIC of the QCL is N3 — Ny =

J Top : .
oI: T32(1 — E)’ and the ratio 7o, /732 has the maximum

value 1.5x10~4 (Fig. 3). Then, we obtain

T2 =

J
T32. (13)

N3 — Ny =~
3 2 L.

Thus, PIC can be simplified to Eq. (13). Assigning
Wwi1=3 nm, Wyw2=14.15 nm, and Wyw3=3 nm, 735 has
the maximum value, and the AR has the maximum pop-
ulation inversion (MPI). The corresponding LW is 46.44
pm, which is also the longest wavelength in Fig. 3(b),
and the shortest one is 41.33 pm at Wy, = 1 nm, Wyye
= 15.25 nm, and W3 = 2.95 nm.

Figures 4(a) and 4(b) show the results when Wy is
set as the linear variable, Wyys is changed correspond-
ingly, and Wpgy is changed slightly by setting Wp; = 4
nm, W = 1 nm, Wyyo = 15.5 nm, and W3 = 2 nm. The
calculated values of Wyy1, Wiys, and Wy are listed in Ta-
ble 2. Similar to Fig. 3, 731 has the longest time among
the three SELs, and 731 changes from approximately
7.93 us to 2.20 ms. As shown in Fig. 4, 132/731 < 0.045,
Top/T21 < 0.94x 1074 and 7o /732 < 0.98 x 10~%. Hence,
PIC can be also simplified to Eq. (13). The LW corre-
sponding to the PIC is approximately 42.03 um, which is
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Fig. 3. (a) SELs 732, 731, and 721 as functions of Wwy1, Wz,
and Wws. (b) POP SRT between subband2 and subbandl
Top and LW of QCL as functions of Ww1, Ww2, and Wys.
Ww1 is set as the linear variable shown in the horizontal coor-
dinate, Wwy is changed correspondingly, and Wyy3 is changed
slightly to make sure that Ex-E1 ~ Eop.

Table 1. Calculated Values of Wxy1, Wwe, and Wiys
Corresponding to Fig. 3.

Variable Ww1 Wwa Wws

0.50 15.50 3.00

0.75 15.45 3.00

1.00 15.25 2.95

1.25 15.00 3.05

Value (nm) 1.75 14.90 2.95

2.00 14.70 3.00

2.25 14.55 3.00

2.50 14.45 3.00

2.75 14.30 3.00

3.00 14.15 3.00
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Fig. 4. (a) 732, 731, and 721 as functions of Wyy1, Wwys, and
Waa4. (b) Top and LW of QCL as functions of W1, Wws, and
Wg4. Wy is set as the linear variable shown in the horizon-
tal coordinate, Wyvs is changed correspondingly, and Wpg4 is
changed slightly to make sure that Ex-E1 =~ FEop.

also the longest wavelength in Fig. 4 (b), and the short-
est wavelength is 31.88 pym when Wyyp = 3 nm, Wyys =
0.85 nm, and W4 = 6.55 nm.

Setting W2 as the linear variable, Wyys is changed
correspondingly, and Wgy is changed slightly when Wg,
=4 nm, Wy = 0.5 nm, Wgo = 1 nm, and Wg3 = 2 nm.
We obtain 732, 731, 721, and 7,p, and the LW is shown in
Fig. 5. The calculated values of Wyya, W3, and Wgy
are listed in Table 3. For all the calculated AR structures,
despite the longest 7o, ~1.78 ns, Top /721 < 0.28 x 1072
and T,p /732 < 0.24 x 1072, Meanwhile, the ratio 732/731
changes as the structure of AR changes. For example,
7'32/7'31 ~ 0.64 at sz =12 nm, ng =4 nm, and
Wg4 = 6.4 nm, and 7'32/7'31 ~ 1.88x10~% at Wiwe = 16
nm, Wyws = 2.4 nm, and W4 = 6.5 nm. Thus, 75 can-
not be simply replaced by 732, and the PIC of the QCL
becomes

J

el,

N3—N2f-li

T3. (14)

By calculating 73, we find that the MPI about the struc-
tures of the AR in Fig. 5 is the structure when Wyy =
15 nm, Wws = 3.3 nm, and W4 = 6.5 nm, and that
the corresponding LW is 44.93 pum, where the longest
and shortest wavelengths are 46.27 and 25.89 um, re-
spectively.

The results in Fig. 6 are 733, 731, and 791, together
with 7., and LW as functions of Wgs, Wyys, and Wyys.
Setting Wp3 as the linear variable, Wyys is changed
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Fig. 5. (a) 732, 731, and 721 as functions of W2, Wws, and
Was. (b) 7op and LW of QCL as functions of W2, Wiys,
and Wgs. Wiws is set as the linear variable shown in the hori-
zontal coordinate, Wiys is changed correspondingly, and Wg4
is changed slightly to make sure that Fo—FE1 ~ FEqp.

Table 2. Calculated Values of Wyw1, Wws, and Wgy
Corresponding to Fig. 4.

Variable Ww1 Wi Wga
0.50 3.00 6.50

0.75 2.90 6.45

1.00 2.80 6.55

1.25 2.75 6.50

Value (nm) 1.50 2.45 6.50
1.75 2.30 6.55

2.00 2.20 6.55

2.25 1.90 6.55

2.50 1.65 6.55

2.75 1.40 6.50

3.00 0.85 6.55

correspondingly, and Wyye is changed slightly at Wg;
= 4 nm, Wy, = 0.5 nm, Wgs = 1 nm, and Wpy =
6.5 nm. The calculated values of Wg3, Wws, and Wyyo
are listed in Table 4. As shown in Fig. 6, for the cal-
culated structures of AR, 7op,/721 < 0.82 X 1072 and
Top/T32 < 2.05 x 1073, 735 may be longer than 73, and
reach 47.12 us. The ratio 732/731 prominently changes so
that the PIC of the QCL is also expressed as Eq. (14).
The LW corresponding to the PIC is approximately 80
pm, and the longest and shortest wavelengths are 187.88
and 30.54 pm, respectively.

In Flg 7, T32, T31, T21, Top; and LW of the QCL as
functions of Wgy and Wpgy were calculated by setting
Wpo as the linear variable. Hence, Wpy is changed cor-
respondingly at Wp1 = 4 nm, W1 = 0.5 nm, Wys =
15.5 nm, Wg3 = 2 nm, and W3 = 3 nm. The calculated
values of Wgo and Wpgy are listed in Table 5. As shown
in Fig. 7, Top/T21 < 0.75 X 1072, 74, /732 < 0.78 x 1073,
and 732/731 < 0.058. Thus, the PIC of the QCL can
be expressed as Eq. (13), and the MPI can be obtained
when Wgo = 4 nm and Wgy4 = 6.55 nm, where the corre-
sponding LW is 40.79 pym, and the longest and shortest
wavelengths in Fig. 7(b) are 42.03 and 40.13 pm, respec-
tively.

In conclusion, we analyze the QCL structures of
GaAs/Aly.15Gag ssAs and consider the ARs of the
different widths of wells and barriers. We also discuss
the PIC of the QCL. For some special cases, the PIC can
be simplified and is proportional to the SEL between

50 T 9200 =
40k W, =4nm e ;ﬁ e ggveleng’t‘h g
A0 s 2™ /| 1000} T A0S
S 30 - Wy, = 1nm é W A// ?o
- 65 . =Anm
qé; 20l Wy, = 6.5 nm § 100 _‘ WB11= obom | 100 §
£ 10 S Wiy = Inni | 50 S
oLs P W0E®), Wwzboanty 2
1 2 3 4 5 6 1 2 3 4 5 6

Wgs (nm) Wg3 (nm)

Fig. 6. (a) 732, 731, and 721 as functions of Wg3, Wws, and
Wiwa. (b) Top and LW of QCL as functions of Wgs, Wws, and
Wwea. Was is set as the linear variable shown in the horizon-
tal coordinate, Wiys is changed correspondingly, and Wyy2 is
changed slightly to make sure that Exo—-FE; ~ FEqp.

40 . - 43 ~
30 b Tor | BO000F Tlhibngn ()| T E
2 90 L Wmsdnm Tl 4000F Wy-dnm 142 S
S JoL Ww=05ame . |2 3000 Wy g
r Wy =155
& 0.7 Wy =3nm -+ () 1000 B 2
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Fig. 7. (a) 732, 731, and 721 as functions of Wgs and Wga.
(b) Top and LW of QCL as functions of Wg2 and Wga. Wae
is set as the linear variable shown in the horizontal coordi-
nate, and Wpy4 is changed correspondingly to make sure that
Ey-FE1 = Eop.

Table 3. Calculated Values of Wyw2, Wws, and Wgy
Corresponding to Fig. 5.

Variable Wiwa Wivs Wga
12.0 4.00 6.4

12.5 3.90 6.5

13.0 3.90 6.5

13.5 3.80 6.5

14.0 3.70 6.5

Value (nm) 14.5 3.70 6.5
15.0 3.30 6.5

15.5 3.00 6.5

16.0 2.40 6.5

16.5 1.50 6.5

17.0 0.45 6.5

Table 4. Calculated Values of Wg3, Wws, and Wwa
Corresponding to Fig. 6.

Variable Was Wws Ww2
1.0 2.35 15.45

1.5 2.75 15.40

2.0 3.00 15.50

2.5 3.25 15.50

3.0 3.55 15.45

Value (nm) 3.5 3.75 15.45
4.0 3.90 15.50

4.5 4.00 15.50

5.0 4.00 15.50

5.5 4.05 15.40

6.0 4.15 15.50
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Table 5. Calculated Values of Wgs and Wgy
Corresponding to Fig. 7.

Variable Waa Wga
0.50 6.65

1.0 6.50

1.5 6.50

2.0 6.50

Value (nm) 2.5 6.60
3.0 6.40

3.5 6.50

4.0 6.55

the second and the first excited states only, whereas
some other cases imply that the PIC is proportional to
the SL of the second excited states. Our results show
the SELs between the states and the intersubband POP
SRT between the second and the first subbands depend
on the widths of the wells and barriers. Some optimal
results are discussed in detail. The expressions of 733,
T31, T21, T3, T2, Top, and PIC show the mechanism behind
the obtained results. The changes in the widths of the
QWs and barriers in AR lead to changes in the wave
functions of the electron at different eigen states, which
consequently cause changes in 732, 731, T21, T3, T2, and
Top- Different PICs are obtained when different ARs are
adopted.
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