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Improved Monte Carlo model for multiple
scattering calculations
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The coupling between the Monte Carlo (MC) method and geometrical optics to improve accuracy is inves-
tigated. The results obtained show improved agreement with previous experimental data, demonstrating
that the MC method, when coupled with simple geometrical optics, can simulate multiple scattering with
enhanced fidelity.
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Multiple scattering is a fundamental problem with ap-
plications in a wide spectrum of systems. Notable ap-
plication examples where multiple scattering holds an
important role include laser imaging through biologi-
cal tissues[1], remote sensing in the atmosphere[2], and
the development of laser diagnostics for dense sprays[3].
Fundamentally, the multiple scattering problem requires
solving the wave equation in a system of a large number of
scatterers, which is extremely difficult[4]. Under certain
assumptions, the problem can be simplified and the ra-
diative transfer equation (RTE) can be derived[5]. How-
ever, the solution of the simplified RTE is also difficult
under practical conditions (e.g., anisotropic phase func-
tion and non-ideal geometry), therefore there is a need
to resort to numerical techniques. The Monte Carlo
(MC) method has been demonstrated as a powerful nu-
merical technique for multiple scattering calculations,
which is capable of simulating multiple scattering under
various configurations and shows good agreement with
experiments[6−8]. On the other hand, the limitations of
the MC method are also well recognized, and the develop-
ment of new MC methods continues to be an active area
of research. For example, considerable progress has been
made in the experimental validation of MC methods[6,7]

and in the improvement of their efficiency[9,10]. Mean-
while, new MC methods have been developed to track
the polarization during multiple scattering[11,12] and to
capture the propagation of an ultra-short laser pulse in
optically dense media[13].

Based on previous studies, this letter investigates the
coupling between the MC method and geometrical optics.
The results obtained using the new model show improved
agreement with previous experimental data. Such an im-
proved agreement demonstrates that the MC method,
when coupled with simple geometrical optics, can simu-
late multiple scattering with enhanced fidelity.

Figure 1 illustrates the multiple scattering problem
studied in this letter. A collimated laser beam (labeled
as the “incident beam”) illuminates a cubic cell contain-
ing the scattering media. The beam is aligned perpen-
dicular to the incident plane of the cell, whose direction
defines the x axis of a Cartesian coordinate as shown in
the figure. The origin of the coordinate is defined as
the center of the exit plane of the cell, and the y and z

axes are defined to be parallel to the edges of the exit
plane. The incident photons are scattered multiple times
by the media, as illustrated by the zigzag line, and the
scattering events are simulated using a MC model. Af-
ter a certain number of scattering events, the incident
photons exit the cell via transmission through the exit
plane, reflection through the incident plane, or transmis-
sion through the four side planes of the cell. This study
considers all three scenarios. For illustration purposes,
Fig. 1 shows the transmission of a photon through the
exit plane to facilitate the description of our model. The
direction of a transmitted photon after the last scattering
event (i.e., in the direction of OA) is completely defined
by the azimuthal angle (θ) and the zenith angle (φ). The
scattering angle relative to the x axis (i.e., β) after the
last scattering event can be expressed as

cos β = sin φ · cos θ. (1)

Due to the refractive index mismatch between the scat-
tering media (water) and the ambience (air), the angle
(β′) of a transmitted photon after the refraction is deter-
mined by the following:

nw sinβ = na sinβ′, (2)

where β′ is the final exit direction of a transmitted pho-
ton out of the exit plane, nw is the refractive index of wa-
ter (taken to be 1.33 in this study), and na is the refrac-
tion index of air (taken to be 1). The refraction changes
the azimuthal and the zenith angles of the direction of
propagation correspondingly (from θ and φ to θ′ and
φ′, respectively). The new azimuthal (θ′) and the zenith

Fig. 1. Illustration of the model configuration and definition
of the coordinate system.
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angles (φ′) after refraction are determined by solving the
following equations:

cos β′ = sin φ′ · cos θ′ (3)

and

cos φ′

cos φ
=

sinβ′

sinβ
. (4)

In order to be transmitted, the scattered photons must
travel through the scattering media (which have higher
refractive index) into air (which has lower refractive in-
dex). Therefore, total reflection can occur and prevent
a portion of the photons from transmitting through the
exit plane. The critical angle of total reflection is deter-
mined by the following equation:

βc = sin−1

(
na

nw

)
. (5)

Photons that have a scattering angle β larger than βc

after its last scattering event are scattered back into the
media, while those that have a β smaller than βc will
be partially transmitted and the transmission is given by
the following[14]:

T =1− 1
2

{[
(nw/na) cos β − cos β′

(nw/na) cos β + cos β′

]2

+
[
cos β − (nw/na) cos β′

cos β + (nw/na) cos β′

]2
}

. (6)

Such refraction/reflection effects as described in
Eqs. (2)–(6) have been discussed previously[15,16], but
they are also often neglected[1,6,7]. Therefore, one goal
of this study is to quantitatively examine such effects.
Results obtained in this research show that such effects
affect both the profile and the magnitude of the distri-
bution of the scattered photons.

In practice, scattered photons are collected by an imag-
ing system. In this study, again using the example of
transmission through the exit plane, the imaging system
is considered by a lens (whose diameter is DL) placed at
a distance of L away from the exit plane. At a given
DL and L, the determination of whether a transmitted
photon can be collected by the lens depends both on the
direction of propagation (characterized by θ′ and φ′) and
the location of the last scattering event (characterized by
ye and ze). The following condition must be satisfied for
a transmitted photon to be collected by the lens:

√
(ye + L · tan θ′)2 +

(
ze+

L

cos θ′ · tanφ′

)2

6 DL

2
. (7)

In summary, Eqs. (1)–(7) completely describe the
transmission of photons through the exit plane. More
specifically, the model used in this study used Eqs. (1)–
(3) to calculate the direction of the transmitted photons,
Eqs. (5) and (6) to determine the fraction of photons
that are transmitted, and Eq. (7) to determine the frac-
tion of transmitted photons that are collected by the lens.
Similar equations are developed for photons that exit the

cell through other planes and implemented in the model.
Based on the above discussions, a MC model was im-

plemented to simulate multiple scattering in the cell, in-
corporating Eqs. (1)–(7) to account for reflection, refrac-
tion, and collection. The MC model was implemented
according to Ref. [8] using FORTRAN90. In the model,
photons were generated one by one and sent into the
scattering cell, where they performed a random walk in
three dimensions. The step length was generated from
an exponential distribution determined by the scattering
coefficient of the media; the direction of each step was
generated from the phase function of the scatterer cal-
culated using the Mie theory[17]. The model determines
if each photon exits the cell after each step. Equations
(1)–(7) are used to determine the location/direction of
the exit and whether it is collected by the imaging sys-
tem. Otherwise, the random walk continues until the
photon exits.

The model described above was applied to simulate
multiple scattering in a cell, and the results were com-
pared with experimental data reported in Refs. [6, 18].
We first briefly summarized the experiments performed
in Refs. [6, 18] to facilitate the discussion in this study.
In previous experiments, a collimated laser beam at a
wavelength of λ =800 nm was used as the incident beam.
The incident beam probed into a quartz cell (d=10 mm),
which contained a scattering media consisting of distilled
water and polystyrene particles (with diameter D=1, 5,
and 10 µm). A chargel-coupled device (CCD) camera was
then used to record the distribution of the scattered pho-
tons. These experiments used two imaging lenses, both
with a focal length of 10 cm, but different sizes (DL=5.55
and 1.79 cm, respectively). The lenses were placed at a
distance of L=15.2 cm away from the surface to be im-
aged. Based on the geometry of the lens, an acceptance
angle can be defined as

θa = tan−1

[
(DL − d)/2

L

]
. (8)

The larger lens (with DL = 5.55 and F/# = 1.8) cor-
responds to θa= 8.5◦, while the smaller lens (with DL =
1.79 and F/# = 5.6) corresponds to θa= 1.5◦.

Note that θa only serves as a simplified and qualita-
tive indicator of the collection efficiency of the imaging
systems. In practice, each transmitted photon exits at
a different location; depending on the exit location, a
photon exiting at an angle larger than θa may still be
collected. Therefore, quantitative analysis of the collec-
tion requires the use of Eqs. (1)–(7), as implemented in
our model.

The parameters in our model were set to match those
used in the experiments in order for direct comparisons
to be made between the simulations of our model and
the experiments. The refractive index of the polystyrene
particles was taken to be 1.578. At each particle size, the
particle concentration was adjusted to achieve the desired
optical depth (OD). The intensity profiles of the incident
laser beams used in the model are shown in Fig. 2, which
are obtained by measuring the transmitted laser beam
at the exit plane with the cell containing distilled water
but no polystyrene particles. The intensity profile of
the incident laser beams is found to be approximately
Gaussian along the z axis, thus this study uses the full-
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Fig. 2. Intensity distribution of the incident laser beams used
in the model.

Fig. 3. Intensity profile of the transmitted photons obtained
using the new model in comparison to the results obtained
from the old model and the experiments.

width at half-maximum (FWHM) to characterize the in-
tensity profile. The FWHM of the incident laser beam
was measured to be 2.55 mm at θa=8.5◦ at y=0 and
2.61 mm at θa=1.5◦ at y=0. These intensity profiles were
used as the input in the MC model to simulate the in-
tensity profile of the scattering photons.

Figure 3 shows a set of transmission profiles at the exit
plane obtained by our model described above (termed
as the “new model” hereinafter). The transmission is
defined as It/Ii, where Ii represents the intensity of
the incident laser and It the intensity of the transmit-
ted beam. The results obtained by the new model was
compared against the results obtained from experimen-
tal measurements and from a model that does not con-
sider the refraction, total reflection, and collection by the
lens (termed as the “old model” hereinafter). The line
showing the experimental result corresponds to the peak
transmission, which was measured along the line shown
in Fig. 2 (where the maximum transmission occurs).

Comparisons were also made under other conditions,
and the results are summarized in Fig. 4. Figure 4(a)
compares the maximum transmission, while Fig. 4(b)
shows the difference of the model predictions relative to
the experimental value. As can be seen from these re-
sults, the new model consistently predicts a lower trans-
mission and shows better agreement with the experimen-
tal data than the old model. This can be attributed to
the fact that in the old model, neglecting the reflection
(including total reflection) at the surface and the collec-
tion efficiency by the lens (i.e., Eq. (6)) leads to over-
prediction.

Figure 5 shows a set of normalized intensity profiles to
compare the shape of the transmission profile. It shows
the intensity profile of the transmitted photons at the

Fig. 4. (a) Summary of the peak transmission predicted by
the old and new models compared with that obtained experi-
mentally and (b) difference in the peak transmission of the old
and new models relative to the experimental measurements.
The acceptance angle is 8.5◦.

mid-plane (i.e., along the z axis when y=0). The re-
sults were again compared with those obtained from
the old model and the experimental measurements. All
profiles were normalized to facilitate the comparison of
the shape. As shown in Fig. 5, there is a noticeable
difference in the intensity profiles between the old and
the new models. With D=5 µm particles at OD=10, the
FWHM predicted by the old and the new models differs
by ∼5% (3.43 mm versus 3.27 mm). The experimentally
measured FWHM was 3.19 mm in this case[6]. There-
fore, both the old and the new models over-predicted
the FWHM, by ∼7.5% and ∼2.5% relative to the exper-
imental measurements, respectively. The comparisons
were also made under other conditions, and the results
are summarized in Fig. 6. Figure 6(a) of shows the sim-
ulated FWHM of the intensity profile at the exit plane
in comparison to the experimental measurements, while
Fig. 6(b) shows the difference of the simulated FWHM
relative to the experimental measurements. The new
model predicts a FWHM that is different from that by
the old model by an appreciable amount, which shows
improved agreement with the experimental results. The
cause of such difference in FWHM is more complicated
than the intensity discussed above. Several factors (in
addition to the generic scattering properties of the par-
ticles) considered in the new model affect the width
of the transmitted profile: refraction, reflection, and
lens collection. Refraction tends to increase the width
of the transmitted profile, while both reflection and lens

Fig. 5. Normalized intensity profile obtained using the new
model in comparison to the results obtained from the old
model and the experiments.
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Fig. 6. (a) Summary of the FWHM predicted by the old and
new models compared with that obtained experimentally and
(b) difference in the FWHM of the old and new models rela-
tive to the experimental measurements. The acceptance angle
is 8.5◦.

collection tend to decrease the width of the transmitted
profile. In this study, the transmitted photons exit from
water (with higher refraction index) into air (with lower
refraction index), hence refraction essentially bends the
transmitted photons away from the forward direction and
broadens the profile. On the other hand, reflection and
lens collection tend to decrease the width of the transmit-
ted profile because of the following: 1) a higher fraction
of photons exiting at large angles are reflected according
to Eq. (6); 2) total reflection completely blocked photons
with angles larger than βc from exiting; 3) the consider-
ation of the lens collection according to Eq. (7) prevents
photons exiting with large angles from being collected.
These factors compete with each other, and the overall
effects on FWHM vary with OD, as shown in Fig. 6.

In conclusion, a new model has been developed to in-
tegrate the MC method and geometrical optics for the
simulation of multiple scattering. The model considers
factors that have been usually neglected in past studies:
refraction, reflection, and lens collection. This study
has shown that the consideration of these factors from
simple geometrical optics affects both the magnitude
and shape of the profiles of the transmitted photons
and generally improves the agreement with experimental
measurements. Such improved agreement naturally mo-
tivates an integration of the MC model with a full-scale
ray-tracing program[19] to simulate imaging using mul-
tiple scattered photons. Moreover, the model developed
in this study offers several key advantages, such as the
simplicity of implementation and the efficiency in exe-
cution. These are especially important when the model

is applied to solve the inverse scattering problem.

We thank the authors of Ref. 6 (Drs. Berrocal,
Sedarsky, Paciaroni, Meglinski, and Linne) for providing
the laser source profile shown in Fig. 2 and for the many
useful discussions.
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