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Cylindrical vector beams are described by the representation formalism of finite electromagnetic beams in
free space. This is achieved by factorizing the field vector into a mapping matrix and a Jones-like vector.
The vectorial property of a finite beam can be described by a degree of freedom of the mapping matrix
that can be determined by the azimuthal angle of a fixed unit vector with respect to the wave vector. In
addition, it is a simple and flexible experimental device for converting linearly polarized light beams into
cylindrical vector beams. The radially or azimuthally polarized beam is easily converted into either one of
these by varying the applied voltage.
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Polarization is one of the fundamental characteristics of
a laser beam[1,2]. Most past research has dealt with spa-
tially homogeneous states of polarization, such as linear,
elliptical, and circular polarizations. In these cases, the
state of polarization does not depend on the spatial lo-
cation in the beam cross section. However, the inhomo-
geneous state of polarization has been investigated only
in recent years[3−7]. The cylindrical vector (CV) beam,
which obeys cylindrical symmetry in both amplitude and
polarization, has attracted increasing attention[8]. The
radially and azimuthally polarized beams as two basis
states of CV beams have been generated using various
methods[9−19]. Polarization propagation and interaction
with materials have been extensively explored in opti-
cal inspection and metrology, display technologies, data
storage, optical communications, materials sciences, bio-
logical studies, astronomy, and terahertz technology.

The CV beam is the finite electromagnetic wave in
free space. As for a finite beam, the state of polariza-
tion is not a global property. Rather, it is local and
changes upon propagation[20]. Recently, Li advanced a
characteristic[21] represented by a unit vector I and found
that this symmetry axis was a global property and, to-
gether with the Jones vector of the angular spectrum,
could describe the vectorial property of a beam. In this
letter, we analyze perpendicular I to the propagation
axis corresponding to the uniformly polarized beam in
the paraxial approximation, and a parallel I to the prop-
agation axis corresponding to the CV beam, including the
radially and azimuthally polarized beams. Since 1972[22],
various methods for generating CV beams have been de-
veloped. Linearly polarized light can be locally rotated
to the desired spatial polarization pattern using a de-
vice with twisted nematic liquid crystal (LC)[23,24]. In
this letter, the device is a simple and flexible experimen-
tal tool for converting linearly polarized light beams into
CV beams through a liquid crystal polarization converter
(LCPC). The radially or azimuthally polarized beam is
easily converted into either one of these by varying the
applied voltage. Meanwhile, the interaction of the vector
beams with materials also leads to other effects such as

the spin Hall effect of light[25−29], a transverse displace-
ment of a reflected or a transmitted beam taking place at
a dielectric interface. Such phenomenon pertains to the
description of the vectorial property of a finite beam.

In a source-free position space, the electric-field vector
F (x) of a monochromatic finite electromagnetic beam
satisfies the transversality condition[21]. In a source-free
position space, the finite electric-field vector takes the
following factorized form:

F(x) = M(x)α, (1)

M(x) =
1
2π

∫ ∫
mf exp(ik · x)dkxdky, (2)

where α = (αp αs)T; m = (p s), σ = −i (α∗
pαs−α∗

sαp); α
is the normalized Jones-like vector describing the polar-
ization state of the angular spectrum; αp and αs denote
complex numbers satisfying the normalization condition,
|αp|2 + |αs|2 = 1; σ represents the polarization ellipticity;
and M(x) is the mapping matrix (MM) for the beam that
is determined by the local MM of wave vector space, m.
Thus, the field vector in position space is the result of
the mapping of the normalized Jones-like vector by the
MM.

The unit vectors p and s are defined from wave vector
k in terms of an arbitrary fixed real unit vector I as p=

s×k
k , s =

k × I
|k × I|

. The unit vectors p and s are satisfied,

Fig. 1. Unit vector I in the xoz plane.
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|p| = |s| = 1, p·s=p·k = s·k = 0.
Assume that the fixed unit vector I that is common

to all the plane-wave components lies in the plane zox
and creates an angle θI with the z axis (Fig. 1), the
propagation axis has

I(θI) = ez cos θI + ex sin θI , (3)

so that the MM of the plane-wave component takes the
form

m =
1

k|k × I| (k2
y + k2

z) sin θI − kzkx cos θI kkx cos θI

−ky(kx sin θI + kz cos θI) k(kz sin θI − kx cos θI)

(k2
y + k2

x) cos θI − kzkx sin θI − kky sin θI

 ,

(4)

where|k × I| = [k2 − (kx sin θI + kz cos θI)2]1/2.
In a circular cylindrical system with the z axis being

the symmetry axis, the integral Eq. (2) is changed into

M(x) =
1
2π

∫ k

o

∫ π

o

mf exp(ik · x)kρdkρdϕ. (5)

The scalar amplitude of the angular spectrum includes
the phase index exp(ilϕ)

f(kρ, ϕ) = fl(kρ) exp(ilϕ), (6)

where l is an integer. From Eq. (4), we discuss the polar-
ized state of the electric field vector when the unit vector
I is respectively perpendicular or paralled to the prope-
gation axis.

1) unit vector I perpendicular to the propagation axis:

θI =
π

2
,m =

1
k(k2 − k2

z)
1
2

 (k2 − k2
x) 0

−kxky kkz

−kzkx − kky

 . (7)

By applying the paraxial approximation, kx

k ,
ky

k can be
regarded as a small number in comparison with unity,

then m =

( 1 0
0 1
0 0

)
.

The longitudinal component is zero. At this time, m is
independent of the wave vector and represents the uni-
form state of polarization beams, the electric-field vector
as

F(x) = (αpex + αsey)F (r, z) exp(ilϕ), (8)

where

F (r, z) = i|l|
∫ k

0

fl(kρ) exp(ikzz)J|l|(rkρ)kρdkρ, (9)

α = (as ap) is the traditional Jones vector, where
the different distribution functions fl(kρ) represent the
different electric-field distribution F (r,z). For example,
the modified Bessel-Gaussian beam is shown in Fig. 2.

Fundamental Gaussian beams (l = 0) and doughnut
beams (l 6= 0) can be also obtained:

fl(kρ) = (w0kρ)|l| exp
(

−w2
o

2
k2

ρ

)
. (10)

Fig. 2. Modified Bessel-Gaussian beams.

Fig. 3. (a) Bessel-Gaussian beam and (b) Laguerre-Gaussian
beam.

2) unit vector I parallel to the propagation axis:

θI = 0, m =

 (k2 − k2
x) 0

−kxky kz

−kzkx − kky

= (
kz

k
ep − kρ

k
ez eφ).

(11)

In the paraxial approximation, Eq. (11) turns into
m = (eρ eϕ)

Assume that l=0,

F(x) = (αper + αseϕ)F (r, z), (12)

where

F (r, z) = i
∫ k

0

f0(kρ) exp(ikzz)J1(rkρ)kρdkρ. (13)

Equation (12) is the CV beam; α = (1 0)T and α =
(0 1)T are the radial and azimuthal polarized beams, re-
spectively. Figure 3 shows that electric-field distribution
F (r,z) when distribution functions f0(kρ) take the shape
of Bessel-Gaussian and Laguerre-Gaussian.

A radially polarized or an azimuthally polarized beam,
which consists of a variable phase shifter (VPS), polar-
ization rotator (PR), and liquid crystal cell (L-cell), was
produced using an LCPC (ARCoptix S. A), as shown
in Fig. 4(a)À. The reorientation of the polarization ori-
entation in these polarization converters was due to the
twisted nematic effect of the L-cell. As a result, linearly
polarized light is typically used as input and then lo-
cally rotated to the desired spatial polarization pattern
with axial symmetry. Symmetry axis is the propagation
axis. Radially and azimuthally polarized light beams
are achieved respectively for light incident perpendicu-
lar and parallel to the cell axis. However, as shown in
Fig. 4(b), the L-cell is separated in the upper and lower
parts by the cell axis because of the defect line in the
center. On the top half, the rotation of the nematic cell
is clockwise, whereas the lower part is characterized by
counterclockwise rotation. In this case, the VPS allows
for compensation of the λ/2 phase step between the up-
per and the lower halves of the L-cell when 1.34-V power
is supplied. PR is capable of rotating the entrance po-
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Fig. 4. (a) Schematic of experimental setup for generating radial and azimuthal polarization beams with the LCPC in À. (b)
Spatially variant polarization rotation by the twisted nematic L-cell(upper and lower parts are separated by cell axis in the
center of L-cell). (c) Á Without polarizer, for the radially or azimuthally polarized beam; ® after passing through the analyzing
polarizer in the perpendicular direction.

larization by π/2 and is the switch between the radial
and azimuthal polarization distribution by varying the
applied voltage.

The schematic of the experimental setup for generating
the radial and azimuthal polarization beam is illustrated
in Fig. 4(a). The optical source was a collimated He–Ne
laser with a wavelength of 632.8 nm and linear polariza-
tion. An expanding beam generated by a beam expander
and vibration direction of the linearly polarized beam was
rotated by the half wavelength plate. Through the po-
larization converter, a radial polarized beam is produced
with the electric field pointing in the radial direction with
respect to the optical axis of the beam. In the end, the
profile of the beam in Fig. 4(c) was observed by a charge
coupled device. The beam becomes a hollow beam, as
shown in Fig. 4(c)Á, because of the singularity of the
polarization at the center. To validate the radial or az-
imuthal polarization, we placed a polarizer (P) after the
liquid crystal polarization converter and found that the
intensity is zero in the direction perpendicular or parallel
to the polarization axis of the polarizer. The intensity
distribution is shown in Fig. 4(c)Â. When the polarizer
P is rotated, the direction of zero intensity also rotates
and is constantly perpendicular to the polarization axis
of the polarizer. At the same time, we can easily obtain
the azimuthal polarization beam when a bias of (at least)
5 V voltage is applied to the PR.

In conclusion, CV beams are described by the represen-
tation formalism of finite electromagnetic beams. This
is achieved by factorizing the field vector of a plane wave
into a mapping matrix and a Jones-like vector, and in-
vestigating the degree of freedom of the MM that corre-
sponds to the direction of the fixed unit vector I. Mean-
while, when unit vector I is parallel to the propagation,
the finite electromagnetic vector field depicts the CV
beam, which obeys cylindrical symmetry in both ampli-
tude and polarization axis. In addition, a simple and flex-

ible experimental device is introduced to generate the ra-
dially and azimuthally polarized beams using an LCPC.
The radially or azimuthally polarized beam is easily con-
verted into either one of these by varying the applied
voltage.

This work was supported by the National Natural Sci-
ence Foundation of China (Nos. 60907026, 60877055,
and 60806041).
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