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Dynamic behavior and complexity of modulated
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The dynamic behavior of an optical micro ring resonator (OMRR) with an amplitude modulator posi-
tioned in the micro ring is investigated quantitatively by adopting a recently introduced quantifier, the
permutation entropy (PE). The effects of modulation depth are focused on, and the roles of input power
are considered. The two-dimensional (2D) maps of PE showing dependence on both modulation depth
and input power are presented as well. PE values nearly increase with modulation depth. On the other
hand, the optimal value of input power is achieved when the PE reaches its maximum. Thus, PE can
successfully quantify the dynamics of modulated OMRR. Selecting the parameters in the region with high
PE values would contribute to the complexity-enhanced OMRR-based chaotic communication systems.
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Optical micro ring resonators (OMRR) attracted consid-
erable attention due to the variety of possible operat-
ing regimes[1,2]. These interesting behaviors originated
physically from the optical Kerr effect[3]. Since then,
a great deal of interest has been concentrated on the
OMRR due to its potential applications in secure com-
munication, temperature and pressure sensing, etc.[4−7]

Mimuro et al. proposed a novel method for measuring
the non-linear refractive index using a modulated opti-
cal fiber ring resonator, including phase-modulation[8,9].
The output power fluctuated periodically in low input
range and exhibited a quasi-periodic fluctuation with
increasing input power. Finally, it became chaotic at
higher power input. Since the output of resonator is sig-
nificantly affected by the added modulator, we consid-
ered the amplitude-modulated (AM) OMRR and evalu-
ated quantitatively its dynamic behavior.

Recently, several effective tools have been proposed
to quantify the complexity of time series, such as the
Lyapunov exponents (LE), Kaplan-Yorke dimension, and
Kolmogorov-Sinai entropy[10,11]. Likewise, the permuta-
tion entropy (PE) proposed has been adopted to quan-
tify the complexity of chaotic signals[12]. Among these
quantifiers, PE method can be used for any type of
time series. This method has exhibited numerous ad-
vantages, such as simplicity, fast calculation process, ro-
bustness to noise, and invariance with respect to nonlin-
ear monotonous transformations[13−15]. Moreover, PE-
based method has been shown to be 100 times faster
than LE-based method[16]. With these advantages, PE
was adopted as the dynamic quantifier in this letter. To
the best of our knowledge, the study on the complexity
of chaotic signals generated by modulated-OMRR using
the PE method has not yet been reported.

Recently, our research groups reported successful adop-
tion of PE as a tool to quantify the dynamics of time-
delayed erbium-doped fiber dual-ring laser[17]. The PE
has also been used to quantify the chaotic complexity of

vertical-cavity surface-emitting lasers with polarized op-
tical feedback[18,19]. In the present study, we focused
on the dynamic behavior of an amplitude-modulated
OMRR.

The schematic of the OMRR used in our simulation is
shown in Fig. 1. This is composed of a short piece of opti-
cal fiber and an optical fiber coupler (cross-coupled con-
nection). The light circulated in the ring is amplitude-
modulated. We assumed that the directional coupler can
be characterized by the intensity coupling coefficient κ
and fractional coupler intensity loss ρ. Thus, the res-
onator output field Eout(t) consisted of transmitted and
circulated components, and expressed as

Et(t) = j
√

(1 − ρ)κEin(t) +
√

(1 − ρ)(1 − κ)Ep(t), (1)

Eout(t) = j
√

(1 − ρ)κEp(t) +
√

(1 − ρ)(1 − κ)Ein(t), (2)

where Et(t) and Ep(t) are transmitted and circulated op-
tical fields in resonator, respectively, Ein(t) is the input
optical field, and j is imaginary unit. Relationship be-
tween Et(t) and Ep(t) in the stationary regime can be
obtained from

∂E

∂z
= j

2πn2

λ
|E|

2
E −

1

2
αE. (3)

Integrating Eq. (3), we obtain

Ep(t) = Et(t − τr) exp(−αL/2) exp [−jφ(t − τr)] , (4)

φ(t) = φL + φNL(t) = φL + kn2L |Et(t)|
2
, (5)

where α and L = 2πR are loss coefficient of optical
power and the length of the micro ring, respectively, R
is the radius of micro ring resonator, τr = n0L/c is one
round-trip time inside the micro ring, φL = kLn0 is a
linear phase shift, k = 2π/λ is the wave number of input
light in vacuum, and n0 and n2 are the core refractive
index and the nonlinear refractive index coefficients of
the optical micro ring, respectively.
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Fig. 1. Schematic of micro ring resonator with a directional
coupler (cross-coupled connection) under modulation.

When circulated light is amplitude- or phase-modu-
lated, the output light from Eq. (4) is rewritten as

Ep(t) = Et(t − τr) exp(−αL/2) exp
[

− j(φL + kn2L
∣

∣Et(t − τr)
∣

∣

2
)
]

× [1 + a cos(2πfmt)], (6)

Ep(t) = Et(t − τr) exp(−αL/2) exp
[

− j[φL + kn2L
∣

∣Et(t − τr)
∣

∣

2
+ m cos(2πfmt)]

]

, (7)

where m and a are the modulation index and the modu-
lation depth, respectively, and fm is the modulation fre-
quency. In the following simulation, the OMRR output
power was normalized, according to

Pout(t) = |Eout(t)|
2
/|Ein(t)|

2
. (8)

To evaluate the probability distribution P associated
to the time series, we followed the methodology pro-
posed by Bandt et al.[16] Partitions of a D-dimensional
space that will hopefully reveal relevant details of the
ordinal-structure of a given one-dimensional (1D) time
series were considered[16−18].

To illustrate the idea, we set a time series {xt, t =
1, · · · , T }, an embedding dimension D > 1, and embed-
ding delay τ = 1. “Ordinal patterns” of order D gen-
erated by (s) 7→ (xs−(D−1), xs−(D−2), · · · , xs−1, xs) as-
signs to each time s the D-dimensional vector of values
at times s, s − 1, · · · , s − (D − 1). The “ordinal pat-
tern” related to the time s refers to the permutation
π = (r0, r1, · · · , rD−1) of (0, 1, · · · , D − 1) defined by
xs−rD−1

6 xs−rD−2
6 · · · 6 xs−r1

6 xs−r0
. In order

to obtain a unique result, we set ri < ri−1 if xs−ri
=

xs−ri−1
. Thus, for all the D! possible permutations π

of order D, the probability distribution P = {p(π)} is
defined by[16]

p(π) =
#

{

s|s 6 T − D + 1; (xs−(D−1), xs−(D−2), · · · , xs−1, xs), has type π
}

T − D + 1
, (9)

where the symbol # stands for “number”. The PE for
the time series {xt, t = 1, · · · , T } is defined as Shannon
entropy:

H(P ) = −
∑

p(π) log p(π), (10)

where the sum runs over all D! permutation π of order
D. For convenience, we further introduced the normal-
ized Shannon entropy HS[p] by[20]

HS[p] = H(P )/Hmax(0 6 HS 6 1), (11)

where Hmax = H [Pe] = log D!, Pe = {1/D!, · · · , 1/D!},
which means that all D! possible permutations appear
with the same probability. In particular, Bandt et al.
suggested working with 3 6 D 6 7 for practical pur-
poses, and this is what we adhered to; we chose D = 5
and T = 1000.

The input light component to the micro ring is given
by Ein(t) = E0 exp(jωt), where E0 and ω are the optical
field amplitude and frequency of the pump input light,
respectively. The parameters used in our simulation are
λ = 1550 nm, n0 = 3.32, n2 = 2.7 × 10−13 m2/W, α = 2
dB/mm, Aeff=25 µm2, and the chosen radius of micro
ring resonator is R=5 µm. The coupling coefficient and
fractional coupler intensity loss of the OMRR were fixed
at κ = 0.1 and ρ = 0.1, respectively, and the modula-
tion frequency was set as fm=5 kHz. We assumed that
φL = 0 for simplicity.

Bifurcation diagrams and PE as function of the mod-
ulation depth for OMRR with Pin=25 mW are shown in
Fig. 2. In Fig. 2(a), the OMRR undergoes several insta-
bilities when the modulation depth increases. The output
power periodically fluctuates in low modulation depth

range and subsequently exhibits a doubling-periodic fluc-
tuation. Subsequently, the power is routed to chaos for
relatively larger modulation depth.

To evaluate the effects of the modulation depth quan-
titatively, we present PE as further a function of modula-
tion depth in Fig. 2(b). The value of HS is observed as 0
for the 1-periodic state and increases to a relatively high
constant level for the 2-periodic state. For multi-periodic
states, higher PE values are observed with more cycles.
In chaotic regimes, the values of HS fluctuate around
a high value, which are significantly larger than those
of periodic states. Thus, PE can successfully quantify
the dynamics of modulated OMRR. PE agrees well with
bifurcation diagrams.

Fig. 2. Bifurcation diagrams and PE as function of the mod-
ulation depth with Pin=25 mW.
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The case of OMRR with a = 0.3 is taken. The roles
of input power are discussed in Fig. 3. The bifurcation
diagram as a function of the input power is shown in Fig.
3(a). The OMRR exhibits doubling-periodic fluctuation
and subsequently routed to chaos as the input power
increases. Interestingly, further increase of input power
led to a reverse trend, i.e., from chaos to periodic states.
Correspondingly, PE as a function of input power is pre-
sented in Fig. 3(b). PE shows obvious increase with
the input power, and reaches its maximum at a critical
value of input power Pin=25.2 mW. Subsequently, with
the further increase of input power, PE decreases. Thus,
increasing the input power beyond the critical value will
not yield a higher degree of complexity.

To show the dynamics of OMRR with different mod-
ulation depths better, we present the outcomes in time
domain in Fig. 4. Four representative cases shown in
Fig. 2 are considered. For the case without modulation
(i.e., a = 0), OMRR behaves as 1-periodic state. On the
other hand, when a modulator is included in the micro
ring, rich dynamics are observed. When the modulation
depth is small, the OMRR still exhibits periodic state
behavior. The 1-periodic state is observed for a = 0.08
in Fig. 4(b), and 2-periodic state is observed for a = 0.18
in Fig. 4(c). For relatively large modulation depth, the
chaotic dynamics are rendered for a = 0.3 as shown in
Fig. 4(d).

In Fig. 5, the two-dimensional (2D) maps of PE show-
ing dependence on both modulation depth and input
power are presented. We highlighted the region with

Fig. 3. Bifurcation diagrams and PE as function of the input
power with a = 0.3.

Fig. 4. Typical time traces of modulated OMRR output
power with Pin=25 mW; (a) periodic state without any mod-
ulation, (b) 1-period for a = 0.08, (c) 2-period for a = 0.18,
and (d) chaotic state for a = 0.3.

Fig. 5. 2D maps of PE in the parameter space of input power
and modulation depth.

high degree of complexity, labeled HH with dashed line
H=0.65. Figure 5 shows that the PE values are low for
small modulation depths, and the OMRR shows behav-
ior related to periodic state. Moreover, the region HH
locates at the middle of the upper side in the parameter
space, with large modulation depths and intermediate
input power. For the large modulation depth, increas-
ing input power beyond the critical value will not yield
a higher degree of complexity. Thus, when using the
OMRR as a chaotic carrier, the degree of complexity can
be significantly enhanced by properly selecting the input
power and the modulation depth according to the 2D
maps of PE. This is extremely interesting for OMRR-
based chaotic communication systems. We also consid-
ered the case of phase-modulated OMRR. Similar results
were obtained, which however are not presented.

In conclusion, we investigate numerically the dynamic
behavior of an OMRR with an amplitude modulator set-
ting in the ring. The dynamics of the OMRR are quan-
tified by PE. The trend of PE agrees well with the bifur-
cation diagrams. In concrete terms, PE values increase
with the modulation depth, but the optimal value of in-
put power exists when the PE approaches its maximum.
The 2D maps of PE further show that the region HH
with high PE values is located at the region with large
modulation depths and intermediate input power. This
means that for the large modulation depth, increasing
the input power beyond the critical value does not yield
a higher degree of complexity. Thus, PE can be regarded
as an effective tool to quantify the dynamics of mod-
ulated OMRR. Selecting the parameters in the region
HH according to the 2D maps enhances significantly the
complexity and contributes highly to the OMRR-based
optical chaotic communication systems.
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