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Positive–negative birefraction phenomenon for TM

polarization in annular photonic crystal
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We propose a two-dimensional (2D) annular photonic crystal (APC) with dual equi-frequency contours
(EFCs) in one band. The refractive behaviors of a Gaussian beam incident from air to the APC are
analyzed by the EFC analysis and finite-difference time-domain (FDTD) method. The results show the
positive-negative birefraction phenomenon for the transverse magnetic (TM) polarization in the same band
occurs at the interface between air and the APC, and the surface termination of the APC has a large effect
on the strength of the negatively refracted beam.
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Photonic crystal (PC) is an artificial periodic dielectric
structure, which exhibits many specific properties such
as photonic band gap, self-collimation and superprism
effects, and negative refraction[1−6]. Negative refraction
is a very interesting phenomenon, wherein the refracted
and incident beams stay on the same side of the normal.
Veselago initially predicted the negative refraction to be
occurring at the interface between an ordinary homoge-
nous dielectric and one conceptual material with simul-
taneous negative values of dielectric permittivity and
magnetic permeability[7]. However, the negative refrac-
tion in PCs can occur even without a negative refractive
index[8]. Moreover, positive and negative refractions can
even occur simultaneously in PCs[9−15]. There are three
main cases for this phenomenon. The first one is due to
high-order diffractions[9−11]. The zero-order and high-
order (–1 or +1) diffractions are satisfied simultaneously
due to the surface periodic diffraction. The second is
due to the incident beam having different wave vectors
because of narrow beam width[12]. The different wave
vectors may induce both positive and negative refrac-
tions. However, these two cases are not rigid birefraction
phenomena for one polarization state. The last case
is the birefraction phenomenon due to the overlapping
of different bands[13−15]. At the overlapping band re-
gion, the PC has two equi-frequency contours (EFCs)
corresponding to different bands. Each EFC yields one
refracted beam. To our knowledge, no one has demon-
strated the birefraction phenomenon for one polarization
in the same band. This means that PCs should have
dual EFCs at one frequency in the same band, which
may be very difficult for standard PCs. Annual photonic
crystals (APCs) have recently attracted much attention
due to more adjustable parameters. Many promising
properties have been found in APCs[16−19]. In this let-
ter, we propose a two-dimensional (2D) square lattice
APC, which can exhibit dual EFCs in the same band,
and study the refractive behaviors of a Gaussian beam
incident from air to the APC through EFC analysis and

the finite-difference time-domain (FDTD) method. The
positive-negative birefraction phenomenon in the same
band is initially demonstrated by the FDTD simulations.

The system we consider is a 2D APC, which is a square

Fig. 1. Band structure of the APC, with the inset showing the
APC structure. R and r are the outer and inner ring radii
of the ring-shaped-pillar, respectively, with R = 0.45a and
r = 0.35a. The grey region indicates the considering bands,
while the figure at the top right corner is the partial enlarged
drawing of the corresponding grey region.

Fig. 2. Band surfaces of (a) the fourth band and (b) the fifth
band; EFCs of (c) the fourth band and (d) the fifth band .
Γ , X, and M are the corresponding symmetric points of the
first Brillion zone.
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lattice with ring-shaped pillar. Both the background and
the low dielectric cores are air, while the ring-shaped pil-
lar is a high dielectric with a refractive index of n =
3.4. The inner ring radius r and the outer ring radius R
are 0.35a and 0.45a, respectively, where a is the lattice
constant. This APC has a peculiar band structure for
transverse magnetic (TM) polarization (the electric field
E is parallel to the axis of the ring-shaped pillar), as
shown in Fig. 1. The band structure is calculated by
the plane wave expansion (PWE) method[20]. We focus
on the fourth and fifth bands (the grey region), which
interact with each other and lead to a complete mini
band gap at the frequency of ω = 0.534(2πc/a), where
c is the speed of light in vacuum. Each of these bands
has both a positive band slope part and a negative band
slope part, indicating that they have two modes with
different simultaneous behaviors. One is right handed
(vg · k > 0, where vg and k are the group velocity and
the wave vector, respectively), while the other is left
handed (vg · k < 0).

To have more details of these two bands, we also cal-
culate the band surfaces and the EFCs. Figures 2(a) and
(b) show the band surfaces of the fourth and fifth bands,
respectively. Figures 2(c) and (d) show the correspond-
ing EFCs.

As can be seen from Fig. 2(a), the fourth band surface
in the first Brillion zone is like a volcanic vent with a
square shape. The center and the four corners are con-
cave. Figure 2(b) shows that the fifth band surface has
an opposite curvature: both the center and the corners
are convex. Thus, unlike ordinary PCs, there are two
EFC curves at one frequency for our APC in each band,
as shown in Figs. 2(c) and (d). The frequency range is
from 0.48(2πc/a) to 0.52(2πc/a) for the fourth band and
from 0.54(2πc/a) to 0.58(2πc/a) for the fifth band. As
an example, we choose the frequency ω = 0.546(2πc/a),
as shown in Fig. 2(d). The dual EFC curves are both
roughly square shaped rotated by 45◦ and centered at the
Γ point, implying a self-collimation effect along the Γ -
M direction in the PC. Moreover, the inner EFC shrinks,

Fig. 3. EFC analysis for a incident wave with different angles
θ of 25◦, 40◦, and 65◦. The grey square represents the first
Brillion zone; the horizontal line indicates the interface; the
vertical dashed line refers to the normal of the interface. The
circle is the EFC of air; the curves with roughly square shapes
are the EFCs of the APC; the three vertical lines are the
k-conservation lines. The long arrows indicate the incident
wave vector with different angles; the short arrows indicate
the group velocities of refracted beams in the APC.

whereas the outer EFC expands with the increase in fre-
quency. Because the direction of the group velocity is
perpendicular to the EFC and points to the EFC with a
higher frequency, the group velocity is inward and almost
antiparallel to the wave vector for the inner EFC. This is
a left-handed behavior for the inner EFC, whereas it is
a right-handed behavior for the outer EFC. Meanwhile,
this is an inverse case for the fourth band (in Fig. 2(c)).
The inner one corresponds to the right-handed behavior,
whereas the outer one is the left-handed behavior. Thus,
this APC has a rather peculiar character. Thus, it can
be the case that it is a right-handed material for one
mode but a left-handed material for the other mode.

Since the APC has dual EFCs with different behaviors
at the self-collimation effect region, different phenom-
ena may be found in this system. We investigate the
reflection and refraction of a Gaussian beam at the in-
terface between a homogeneous medium and the APC.
We consider the homogeneous medium to be air and the
surface termination to be along the Γ -X direction, and

Fig. 4. Electric field contour with different incident angles for
the complete APC without surface termination simulated by
the FDTD method. (a) θ = 25◦; (b) θ = 40◦; (c) θ = 65◦.
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Fig. 5. Electric field contour with different incident angles for
APC with an optimum surface termination simulated by the
FDTD method. (a) θ = 25◦, d = 0.17a; (b) θ = 40◦, d =
0.40a; (c) θ = 65◦, d = 0.40a.

an EFC analysis is done. For convenience, we expand
the k domain out of the first Brillion zone. The working
frequency is chosen to be ω = 0.546(2πc/a) in the fifth
band.

Figure 3 shows the EFCs of the APC and the EFC of
air at the working frequency. The EFC of air has en-
tered the second Brillion zone and is larger than the dual
EFCs of the APC in the first Brillion zone. There are two
requirements to ascertain the direction of the refracted
beam. The refracted beam and the incident beam should
have the same frequency and the same transmission di-
rection along the vertical direction. The wave vector of
the refracted beam should obey the k-conservation rela-
tion: kinc

// = kref
// +G//, where kinc

// and kref
// are the wave

vector components parallel to the interface for the inci-
dent and refracted beams, respectively, and G// is the
parallel component of any reciprocal lattice vector. The
different incident angles would then induce different re-
fracted beams. We can divide the whole case into three
utilizing simple geometrical analyses if the incident angle
is θ < 32.8◦, and the k-conservation line (vertical line)
and the EFCs of the APC will intersect at both points A′

and A. Therefore, there are two refracted beams for this

case: negative and positive. This corresponds to the bire-
fraction phenomenon. If the incident angle is 32.8◦ < θ <
59.8◦, the k-conservation line and the outer EFC of the
APC only intersect at point B, thus there is only one pos-
itive refracted beam. If 59.8◦ < θ, the k-conservation line
drops into a partial gap and does not cross any EFCs of
the PC, thus there is no refracted beam; this corresponds
to a total internal reflection.

Since only a single wave vector is considered, the above
analysis is valid only for a plane wave. However, in ex-
periments and real applications, a Gaussian beam is usu-
ally used, rather than a plane wave. A Gaussian beam
with a finite spatial width can be regarded as a series of
plane waves with different wave vectors in the k space.
These different wave vectors strongly depend on the spa-
tial width of the Gaussian beam[12]. The wider the spa-
tial width is, the smaller the corresponding region in the
k space is. Hence, in the following FDTD simulations,
the waist width of the Gaussian beam is fixed at 12a,
which is approximately large enough for the Gaussian
beam to be regarded as a plane wave (much larger than
4a in Ref. [12]). In the simulations, we consider an APC
sample with a size of 50a× 30a. The air-PC interface is
along the Γ -X direction. We use the Berenger’s perfectly
matched layer (PML) absorbing boundary conditions[21].
Each unit cell consists of 64 × 64 Yee cells. Thus, the
spatial intervals are ∆x = a/64 and the time increments
are ∆t = ∆x/2c. The Gaussian beam is TM polarized.

We consider a complete APC, which implies that the
PC has a row of intact ring-shaped pillars at the air-PC
boundary. Figure 4 shows the field distributions of the
Gaussian beam that is incident to the PC from air at
different angles. For Fig. 4(b), the incident angle is 40◦

and only one positive refracted beam exists in the PC,
which agrees well with the analysis of the second case
in Fig. 3. For Fig. 4(c), the incident angle is 60◦ and
the electric field is hardly penetrating into the PC, which
implies the total internal reflection as shown in the third
case in Fig. 3. The reflection at the reverse direction
of the incident beam is the higher-order reflection beam
(–1 order). However, for Fig. 4(a), the FDTD simula-
tion result seems not in agreement with the analysis of
the first case in Fig. 3. The EFC analysis indicates that
there is a birefraction phenomenon for the incident an-
gle of θ = 25◦; however, the simulation result only gives
a positive refracted beam. If the left part of the PC is
examined more carefully, a very weak light beam propa-
gating along the negative direction can be found, as point
A′ indicated in Fig. 3. Therefore, the Bloch mode with
a left-handed behavior is much weaker than the one with
a right-handed behavior, implying that the inner Bloch
mode of the dual EFCs is hardly activated in a com-
plete APC for an incident field from air. To demonstrate
the negative-positive birefraction clearly, the intensity of
the Bloch mode related to the inner EFC should be im-
proved.

To determine the effect of surface termination to the
activation of Bloch modes, we define the surface termi-
nation d= 0 as the case wherein the PC has a row of
intact ring-shaped pillars at the air-PC boundary. This
means that the interface between the air and the PC is
only at the upper edge of the top row of ring-shaped pil-
lars. In addition, for d > 0 for example d= 0.2a means
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that the interface is moved along the negative z direc-
tion with a movement of 0.2a and cuts into the PC sys-
tem. In the FDTD simulation, we cover the PC system
with an air slab (the rectangular area at the top surface
of the PC), and the overlapping regions of the top row
of ring-shaped pillars are removed in the actual calcula-
tions. Xiao et al. indicated that surface termination may
enhance the transmission of light beam due to the exci-
tation of surface waves[22,23]. Thus we can optimize the
value of surface termination d to enhance the transmis-
sion of the refracted beams (we consider to reduce the
reflection at the interface in actual simulations) in the
simulation process. The optimum parameters obtained
are d = 0.17a, 0.40a, and 0.40a for the incident angles
θ = 25◦, 40◦, and 65◦, respectively. The surface termi-
nation only modifies the coupling intensity between the
incident field and the Bloch modes, but does not change
the propagating directions of the refracted beams.

Figure 5 shows the field distributions of the Gaussian
beam that is incident to the APC with corresponding op-
timum value of d at different angles. For θ = 25◦, there
are two distinct refracted collimating beams: one is nega-
tively refracted (corresponding to point A′) and the other
is positively refracted (corresponding to point A). This
is the positive-negative birefraction at only one band for
TM polarization and agrees relatively well with the pre-
diction of the EFC analysis in Fig. 3. In addition, this
simulation result also shows that surface coupling is very
important for the excitation of the Bloch mode. For θ =
40◦, there is only one positively refracted beam, and the
reflection is greatly depressed. For θ = 65◦, although the
incident field can permeate into the PC with a depth of
several layers, there is still no refracted beam and all en-
ergy is totally reflected, corresponding to a total internal
reflection behavior. The high-order reflection beam (−1
order), which propagates along the direction antiparal-
lel to the incident direction, is greatly enhanced. Hence,
the surface termination can adjust the energy disposal
among different modes.

In conclusion, we investigate the refraction behaviors of
a Gaussian beam incident from the air to the APC with
dual EFCs and demonstrate the negative-positive bire-
fraction at the same band in our APC system. FDTD
simulation results agree well with the theoretical EFC
analysis. We also compare the cases of zero surface ter-
mination d=0 with the cases of different optimum surface
terminations and conclude that appropriate surface ter-
mination is important to excite specific Bloch mode.
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