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Past research has demonstrated that digital Fresnel holograms can be binarized in a non-iterative manner
by downsampling the source image with a grid lattice prior to the hologram generation process. The
reconstructed image of a hologram that is binarized with this approach is superior in quality compared
with that obtained with direct thresholding, half-toning, and error diffusion. Despite the success, the
downsampling mechanism results in a prominent texture of regularly spaced voids in the shaded regions.
To alleviate this problem, an enhanced non-iterative method for the generation of binary Fresnel holograms
is presented. Our method is based on a multi-direction line-sampling formed by a combined grid and cross
lattice, which is capable of preserving a more solid texture in the shaded regions and enhancing the
visual quality of the reconstructed image. Computer simulations and optical reconstructions are shown to
demonstrate the effectiveness of our proposed technique.
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The rapid advancement of computing technology in the
past decade has enabled holograms of three-dimensional
(3D) objects to be constructed with numerical means.
Such approach, commonly known as computer-generated
holography (CGH)™2 has been identified as an impor-
tant area in digital holography (DH). Among other prob-
lems, one of the major concerns in the research of DH is
the realization of holograms for optical reconstruction.
Holograms are desired to be produced with affordable
printing devices, from both the academic and commer-
cial perspectives. Evidently, such approach is more eco-
nomical and faster than the hardcopying of holograms
with expensive fringe writersl®). However, although the
resolutions of some contemporary laser printers!¥ are
sufficiently high for printing fringe patterns in the order
of microns, the majority are only capable of outputting
black and white dots. This means that holograms have
to be binarized prior to printing. Apart from the printing
issue, the binary hologram has the advantage of having
lesser data size than a gray hologram. On the downside,
the binarization of hologram leads to the degradation of
the reconstructed image. Attempts have been made in
the past to address the distortions caused by the quan-
tization of holograms. Although some of them may not
be directly related to hologram binarization, they nev-
ertheless provide some insights into the problem. These
include the work reported in Refs. [5-11]. Methods on
the generation of binary holograms in an iterative man-
ner have been reported in Refs. [12-14]. However, to our
knowledge, little work has been done on the analysis and
generation of binarized Fresnel CGHs in a non-iterative
manner. A straightforward approach is sign threshold-
ing, in which hologram pixels with positive and negative
values are binarized to white and black intensities, re-
spectively. A hologram binarized in this manner is in-

1671-7694/2011/120005(5)

120005-1

capable of preserving the shaded regions (i.e., areas with
smooth or homogeneous intensity variation), and only the
edges are present in the reconstructed images. Moderate
success has been attained in applying error diffusion!?l
in the binarization of Fourier['=18] and Fresnell™! holo-
grams. However, the reconstructed images are contam-
inated with noise. An alternative method has been re-
ported in Ref. [20] with the integration of grid line down-
sampling and sign thresholding, which provides a better
preservation of the shaded regions in the reconstructed
image and with less amount of noise contamination. De-
spite the success, the shaded regions are filled with a
texture of uniformly spaced holes that are rather promi-
nent in the reconstructed image. In this letter, a solution
on multi-direction line-sampling is proposed to alleviate
this problem. The principles of CGH are briefly outlined.
The distortion caused by the binarization of the holo-
gram through sign thresholding is also illustrated. We
then describe the pros and cons of the method in Ref.
[20], which is developed to reduce the artifacts caused by
sign thresholding. Our proposed scheme and its evalua-
tion are presented. This is then followed by a conclusion
summarizing the essential findings of this study.

We first explain the distortion caused by binarization
via sign thresholding. The improved method in Ref. [20],
which is applied to rectify the problem, is then outlined.
We consider an on-axis Fresnel hologram H(z,y) that is
generated from a 3D surface. Each point on the surface is
assumed to be self-illuminating, and its intensity I(u,v)
is shown in Fig. 1. The distance of a point at position
(u,v) to the hologram along the z direction is denoted
by Wy 4.

The hologram can be derived from the summation of
the contribution of individual object points, each casting
a Fresnel zone plate on H(z,y), given as?!]
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Fig. 1. Spatial relation between an object point and a holo-
gram point.

H(z,y)
0Lz < X
0<y<yYy
X-1Y-1 .
_ I(u,v) exp(i27Ty;p:zy /N) (1)
u=0 v=0 Tuvizsy ’

where I(u,v) and ry;p;0,y = \/(x —u)?+(y—v)?+wi,

are the intensity of the point located at (u,v) in the
3D scene and its distance to the hologram, respectively.
Here, A is the wavelength of the optical beam. X and Y
are the horizontal and vertical extents of the hologram,
respectively; without the loss of generality, they are as-
sumed to be identical to that of the image scene.

In a straightforward manner, the real and the imagi-
nary parts of the hologram can be binarized with sign
thresholding, in which the positive and negative pixel
values are truncated to white and black intensities, re-
spectively. However, as shown in Ref. [20], the hologram
binarized with this approach results in a significant re-
moval of the shaded or homogeneous region(s), and an
emphasis of the edges, in the reconstructed image.

To overcome this problem, the intensity image I(x,y)
is downsampled by a square grid lattice prior to its con-
version to a hologram, as proposed in Ref. [20]. Mathe-
matically, I(z,y) is downsampled to a new image Ip(x,y)
given as

ID(x7y) :Il((E,y)UIQ(LIT,y), (2)
_(I(z,y) x=TM
Ii(z,y) = { 0 otherwise ’
_ I(Q?, y) Y= TM
Ly(z,y) = { 0 otherwise
where 7 is an integer running from 0, +£1,+2,---, and M

is the downsampling factor that determines the spacing
between adjacent grid lines. The operator U denotes the
union of two sets of data, namely I (z,y) and Is(x,y),
and represents the downsampling of with a uniform grid
of vertical and horizontal lines, respectively. The Fourier
transforms of the line samples I1 (z,y) and Iz(z,y), which

are denoted by I (Wg, wy) and Iy(wy,wy), respectively,

are given as

~ 1 ~ 2mn
Il(wx,wy):M Z I(wmwy—ﬁ), (3)
n=—(M-1)
M-1
- 1 ~ 2mn
Ig(wx,wy) = M I(wx — W,a@), (4)
n=—(M-1)

where w, and w, are the spatial frequencies associated
with coordinates z and y, respectively.

Assuming that the bandwidth of the source image is
limited to avoid the aliasing error (i.e., the bandwidth of
I(x,y) is less than 7/M rad/s), the outcome of the grid
sampling, according to Egs. (3) and (4), is given as

Ip(wg,wy) = fl(wgg,wy) U fg(wm,wy). (5)

The frequency spectrum is illustrated in Fig. 2. The
downsampling by the vertical and horizontal sets of grid
lines produces multiple replica images of the baseband
spectrum along the horizontal and vertical frequency
axes. Each replica image is separated from its imme-
diate neighbor by 27/M rads/s, which tends to extend
the high-frequency contents of the source image and
hologram before binarization. Experimental results re-
veal that grid downsampling is effective in patching
the empty space in the shaded or homogeneous regions,
which are removed when the hologram is binarized with
sign thresholding.

However, the patching content is in the form of a grid
texture that appears as a uniform array of square holes.
This weakens the overall intensity and degrades the vi-
sual quality of the reconstructed image.

The shortcoming in Ref. [20], can be easily explained
by the replacement of the original image I(x,y) by
its downsampled version Ip(z,y) in the generation of
the hologram. Hence, although the frequency extension
mechanism along the horizontal and vertical directions is
effective in preserving a reasonable reconstructed image
of In(z,y) after the hologram is binarized, the missing
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Fig. 2. Frequency spectrum of Ip(z,y).
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information in between the grid lattice is lost. Intuitively,
this can be overcome by adding more sampling points
to increase the density of Ip(z,y). However, simply in-
creasing the sample points could modify the frequency
spectrum, such that the replica images interfere with
each other in a destructive manner. As a result, the
high-frequency components are weakened and the qual-
ity of the reconstructed image is degraded. The above
dilemma suggests that the sampling points must be in-
creased in such a way that it will not affect the frequency
extension mechanism. In view of this, we propose the
multi-directional line-sampling method that is described
as follows. Referring to Eqgs. (3) and (4), as well as to
Fig. 2, the grid downsampling lattice described in Ref.
[20] shows that the direction along which the replicas of
the baseband spectrum are generated in the frequency
space and the direction of downsampling along the spa-
tial domain are all identical. For example, I (z,y), which
is derived from downsampling I(x,y) along the y axis
with a regular sequence of vertical lines, constitutes to a
strip of uniformly spaced replica images of the baseband
spectrum along the horizontal frequency axis w,. Similar
association can be made between I(z,y) and the se-
quence of replica images along the vertical frequency axis
wz. This indicates that the sparsity of the spatial domain
(which resulted from downsampling) and the frequency
space are directly related. On this basis, we propose to
add to the frequency spectrum of Ip(z,y) a sequence of
repeated, non-overlapping replica images of the baseband
spectrum along the £45° directions, as shown in Fig. 3.
The rationale of adopting such mechanism is given as fol-
lows. Firstly, the newly added frequency bands increased
the compactness of the spectrum, hence the density of
the spatial image. Secondly, similar to the downsampling
with a grid lattice, the series of replica images along the
two diagonal axes extended the high-frequency contents,
hence enabling them (and the associated fringe patterns)
to survive after the binarization process. Thirdly, the
newly added frequency bands are non-overlapping with
the original ones shown in Fig. 2. If the pair of diago-
nal frequency spectra are added at other angles instead
of £45°, they may overlap with I (w,, wy) and Iy (wa, Wy)-
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Fig. 3. Proposed frequency spectrum of the downsampled
source image for increasing the density of the reconstructed
image.

Fourthly, as will be explained below, the introduction of
the diagonal spectra can be easily realized by downsam-
pling the original image along the +45° directions. The
above mentioned factors imply that the pair of additional
strips of frequency spectra will increase the density of the
reconstructed image along the diagonal directions, with-
out affecting the contributions of the object points that
are sampled by the square grid. Mathematically, the re-
vised frequency spectrum in Fig. 3 can be expressed as

fl')(wm,wy) = fD(wm,wy) U fg(wm,wy) U f4(wz,wy), (6)

where I3(wg,wy) and I4(ws,w,) denote the sequences of
replica images of the baseband spectrum along the +45°
directions.

We then derive the downsampling image I}, (z, y) in the
spatial domain, which results in the frequency spectrum
I (wg,wy) in Eq. (6). As the replica images are non-
overlapping, the line samples I1(z,y) and Iy(z,y) corre-
sponding to the first term Ip(w,,w,) of the equation are
retained in the downsampled image If,(z,y). The addi-
tional frequency bands, namely I3 (wy, wy) and Iy (wg, wy),
correspond to a pair of downsampling images given as

I )7{I(x,y) (z mod M) = (y mod M)
B Y= 0 otherwise

(D

Iy(z,y)
:{I(x,y) (x mod M) =[(M — 1) — (y mod M)]
0 otherwise

)

(®)

where mod is the modulo operator and I3(z,y) and
I4(z,y) are the inverse Fourier transforms of Is(wy,wy)

and 1:4(wm,wy), respectively. We note that Eqgs. (7)
and (8) represent the downsampling of the source im-
age I(x,y) by a pair of regularly spaced diagonal line
sequences that are orthogonal to each other and take
the form of a cross pattern. As an example, the sam-
pling lattice of our proposed method between the interval
(0<z<M)and (0<y< M) for M = 8 is shown in
Fig. 4, where the dot symbol “e” represents the sample
point where the pixels in I(z, y) are preserved in I} (z,y).
For the rest of the area in the downsampled image, the
pixels are removed and set to zero value.

The planar image shown in Fig. 5(a), which is parallel
to the hologram and largely comprising shaded areas,
is employed as a test sample to demonstrate the per-
formance of our proposed method. The source image
is positioned at a distance of 0.4 m from the hologram.
Based on the optical setting in Table 1, Eq. (1) is applied
to generate two on-axis holograms: one with the source
image downsampled with a factor of 16 on a square grid
lattice (Fig. 5(b)) and the other with the proposed grid-
cross lattice (Fig. 5(c)). The source image has been
low-pass filtered to prevent the aliasing error.

The on-axis complex holograms are each converted into
a real off-axis hologram Hop(z,y) by adding a planar
reference beam R(y), which is inclined at an angle of
1.2° along the vertical direction. The off-axis hologram
is then given by Hor(z,y) = Re[H(z,y) - R(y)], where
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Fig. 4. Sampling lattice of our proposed method.

Fig. 5. (a) Test planar image positioned at a distance of 0.4 m
from the hologram; downsampling of the image in (a) with (b)
grid line sampling lattice and (c) multi-directional line sam-
pling (grid-cross) lattice; simulation for the reconstructed im-
age of the hologram representing the image (a) binarized with
(d) line-sampling method?” and (e) proposed grid-cross sam-
pling method; optical reconstructed image of the hologram
representing the image in (a) binarized with (f) line-sampling
method” and (g) proposed grid-cross sampling method.

Table 1. Optical Setting Adopted in the Hologram
Generation Process

Object Size (pixel) 640 x 640
1 1
Hologram Size (pixel) 024 > 1024
(about 1 x 1 (cm))
Pixel Size of the Hologram (pm?) 10.583
Wavelength of Light (nm) 650

Re [-] stands for taking the real part of the quantity
being bracketed.

Subsequently, we convert the holograms into bi-level
representations based on the sign binarization. The nu-
merical reconstructed images are shown in Figs. 5(d)
and (e). The images that are downsampled with the
grid-cross lattice are brighter and contain more details

than those downsampled by the grid lattice. The bina-
rized holograms are then produced with a printer with
2400 dpi on Agfa red-sensitive films and are illuminated
by a laser beam for optical reconstruction. The optical
reconstructed images are shown in Figs. 5(f) and (g).
The reconstructed image corresponding to the binarized
hologram prepared by the method in Ref. [20] (i.e., uti-
lizing a grid lattice) is weaker in intensity and exhibits a
prominent grid pattern. However, the reconstructed im-
age of the hologram generated by our proposed method
(i.e., utilizing a grid-cross lattice) is brighter and can
preserve the finer details of the source image. The re-
sults are in line with the ones obtained with numerical
reconstruction.

Similar treatment is applied to the sample image shown
in Fig. 6(a), which is evenly divided into a top section
(containing a star symbol) and a bottom section (con-
taining a heart symbol) positioned at 0.3 and 0.4 m
from the hologram, respectively. Both symbols are filled
with solid white intensity. The binary holograms are
generated and printed with the same procedure as in
the previous test sample. The optical reconstructed im-
ages obtained by illuminating the binarized holograms
with a laser beam are shown in Figs. 6(b)—(e). Our
proposed grid-cross sampling method results in better
reconstructed images at both depth planes.

Finally, we illustrate the effect of the downsampling
factor M on our proposed method. Grid-cross downsam-
pling is applied to the image in Fig. 5(a) with M = 12,
16, and 24. The numerical reconstructed images of the
holograms generated from the three downsampled images
are shown in Figs. 7(a)—(c). For the smaller value of M
= 12, the shaded area is poorly reconstructed. When M
increases, the shaded area is better preserved; however,
the resolution is degraded accordingly. A good compro-
mise between these two conflicting factors is met with a
moderate value of M = 16.

In conclusion, binary Fresnel hologram can be gen-
erated by first downsampling the source image with
a horizontal and a vertical sequence of evenly spaced
straight lines that combine to form a square grid lattice.
Subsequently, the downsampled image is converted into a
Fresnel hologram and then converted to a bi-level repre-
sentation via sign binarization. The reconstructed images
of the binary holograms generated with this approach
are capable of preserving, to a certain extent, the shaded
and homogeneous regions. However, the downsampling

Fig. 6. (a) Test image comprising an upper section and a
lower section, positioned at a distance of 0.3 and 0.4 m from
the hologram, respectively; optical reconstructed image at a
distance of 0.3 m of the hologram representing the image in
(a), binarized with (b) line-sampling method®® and (c) pro-
posed grid-cross sampling method; optical reconstructed im-
age at a distance of 0.4 m of the hologram representing the
image in (a) binarized with (d) line-sampling method?°" and
(e) grid-cross sampling proposed.
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