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Four-wave mixing model solutions for polarization control
of terahertz pulse generated by a two-color laser field in air
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A four-wave mixing (FWM) model is used to analyze the polarization control of terahertz (THz) pulse
generated by a two-color laser field in air. The analytic formula for the THz intensity varying with the
THz polarizer angle, and the relative phase between the two pulses, are obtained. The corresponding
numerical results agree well with both numerical result obtained from a quantum model and measured
data reported. Moreover, possible phenomena are predicted for variables not found in other experiments.
Compared with the quantum model, the FWM model gives analytic formulas and clear physical pictures,
and has the advantage of efficient computing time.
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Terahertz (THz) waves can be efficiently produced
by femtosecond (fs) laser filament. They have many
applications, such as remote-sensing, chemical spec-
troscopy, biomedical diagnostics, threat detection, and
imaging[1−5]. Four-wave mixing (FWM) models have
been offered to account for THz generation by mix-
ing an optical fundamental wave (ω) with its second-
harmonic wave (2ω)[6]. Thus, investigations describing
the polarization and intensity of THz waves have been
conducted[7−9]. Recently, a quantum model has been
applied to describe THz generation in two-color laser
field[10]. Lately, two groups of researchers have indepen-
dently conducted experiments to reveal the polarization
characteristics of THz waves generated from gas plasma
excited by dual-color optical pulses[11,12]. It was found
that the polarization of THz waves could be controlled
by changing the phase between ω and 2ω pulses when at
least one of the optical pulses was elliptically polarized.
In particular, when both beams were circularly polarized,
the THz polarization angle could be rotated arbitrarily
by simply changing the phase between the two optical
pulses while keeping the THz amplitude constant. These
experimental findings can be completely reproduced by
numerical simulation based on the quantum model[10].
A natural question, however, concerns whether these
findings can be explained based on the FWM model.
As presented in this letter, we develop the standard
FWM model to describe the above-mentioned experimen-
tal findings. Numerical simulation results show the capa-
bility to completely reproduce the experimental findings
and predict possible phenomena that have not been found
in any other experiments. Compared with the quantum
model, the FWM model can derive analytic formulas and
has the advantage of efficient computing time.

The present theoretical work employs experimental
conditions according to Ref. [11]. Figure 1 shows the
diagrammatic sketch of coordinates. Pulses propagate
along the z-axis. The x- and y-axis are parallel to e- and
o-axis of the BBO crystal, respectively. The ω and 2ω

pulses can be written as

Eω = Ex
ωex + Ey

ωey = Ax
ω(t, τ1)e−i[ω1(t−τ1)−k1z]ex

+ Ay
ω(t, τ1)e−i[ω1(t−τ1)−k1z±π

2 ]ey + c.c, (1a)

E2ω = Ex
2ωex + Ey

2ωey = Ax
2ω(t, τ2)e−i[ω2(t−τ2)−k2z]ex

+ Ay
2ω(t, τ2)e−i[ω2(t−τ2)−k2z±π

2 ]ey + c.c, (1b)
where τ1 and τ2 are the time delays of ω and 2ω pulses
when they pass through quartz wedges; phase ±π

2 in the
exponential term indicates the rotation direction of ω
and 2ω pulses, which takes a positive or negative value
depending on the direction of the pulses (i.e., right- or
left-hand circularly polarized); and Ax and Ay denote
the amplitudes of the optical fields in the x and y direc-
tions, respectively. The relative time delay between the
two pulses can be written as ∆τ = τ1 − τ2.

By assuming that the envelope of the ω pulse ampli-
tude obeys a Gaussian distribution, and by denoting
t = 0 as the moment when the peak of the pulse ar-
rives to the detector, we can obtain Aω(t) = Aωe−

1
2 ( t

τ )2 ,
where τ is pulse duration and is taken as 25 fs. Since
the 2ω pulse is generated by second-harmonic generation
in the BBO crystal[8], thus A2ω(t) ∝ A2

ω(t) such that

Fig. 1. Diagrammatic sketch of coordinates. Pulses propa-
gate along the z-axis. The x- and y-axis are parallel to the e-
and o-axis of the BBO crystal, respectively. Any optical field
E can be devided into Exex and Eyey, where ex and ey are
the unit length vectors of the x- and y-axis, respectively.
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A2ω(t) = A2ωe−( t
τ )2 . When delays are considered, we

can obtain Aω(t, τ1) = Aωe−
1
2 (

t−τ1
τ )2 and A2ω(t, τ2) =

A2ωe−(
t−τ2

τ )2 . By assuming that the THz pulse can be
detected at t = τ1, the envelope of the product of the
filed amplitudes can then be given by

A2
ω(t, τ1)A2ω(t, τ2)|t=τ1 = A2

ωA2ωe−( ϕ
2ωτ )2 , (2)

where φ = 2ω1τ1−ω2τ2 ≈ 2ω∆τ is the relative phase be-
tween ω and 2ω pulses, and ∆τ is caused by dispersion
in both optical devices and air[11].

If we let ETHz denote the field amplitude of
THz beam, the FWM model will derive Ei

THz ∝∑
jkl

χlk
ij (E

j
2ω)∗Ek

ωEl
ω(i, j, k, l = x, y), where χijkl is the

third order nonlinear susceptibility tensor of air. In the
expression in Refs. [7,11], the subscript i corresponds to
the THz wave, subscript j corresponds to the 2ω pulse,
and the subscripts k and l correspond to the ω pulse.
The case of ω and 2ω pulses perpendicularly and lin-
early polarized shall be discussed in later segments of
this letter. First, we consider cases wherein the ω and
2ω pulses are circularly or elliptically polarized, or par-
allel linearly polarized. For these cases, although many
terms for χijkl are available, the four terms of χxxxx,
χyyyy, χxyxy, and χyxxy are commonly used compared
with other terms (χxxyy, χyyxx, χxyxx, χyxyy, χxyyy, and
χyxxx)[7,8,13]. We only consider the contribution from the
four terms. Thus, the vectorial THz field is expressed as

ETHz ∝ (χxxxxAx
ωAx

ωAx
2ω + χxyxyAy

ωAx
ωAy

2ω)e−( φ
2ωτ )2 cos(φ0 + φ)ex

+ (χyyyyAy
ωAy

ωAy
2ω + χyxyxAx

ωAy
ωAx

2ω)e−( φ
2ωτ )2 sin(φ0 + φ)ey, (3)

where φ0 = ωTHzt − kTHzz, ωTHz = 2ω1 − ω2 is the angular frequency of the THz pulse, and kTHz = 2k1 − k2. It
should be noted that φ0 is taken as a constant in the said calculation. The relationship in the third order susceptibility
tensors is χxxxx = χyyyy and χxyxy = χyxxy

[13].
When a broadband THz polarizer is used to analyze the polarization of the emitted THz waves, the output THz waves
are

Eout = ETHz · ep ∝ e−( φ
2ωτ )2(χxxxxAx

ωAx
ωAx

2ω + χxyxyAy
ωAx

ωAy
2ω)e−( φ

2ωτ )2 cos(φ0 + φ) cos θex

+ (χyyyyAy
ωAy

ωAy
2ω + χyxyxAx

ωAy
ωAx

2ω)e−( φ
2ωτ )2 sin(φ0 + φ) sin θey, (4)

where ep is the unit vector representing the polarization direction of the THz polarizer, and θ is the angle between ep

and ex. Thus, the THz intensity that can be detected is

Iout ∝ |e−( φ
2ωτ )2 [(χxxxxAx

ωAx
ωAx

2ω + χxyxyAy
ωAx

ωAy
2ω)e−( φ

2ωτ )2 cos(φ0 + φ) cos θ

∓ (χyyyyAy
ωAy

ωAy
2ω + χyxyxAx

ωAy
ωAx

2ω)e−( φ
2ωτ )2 sin(φ0 + φ) sin θ]|2. (5)

When ω and 2ω pulses are set for parallel and linear
polarizations, Ay

ω and Ay
2ω can be set to zero. Expression

(5) becomes

Iout ∝ |e−( φ
2ωτ )2χxxxxAx

ωAx
ωAx

2ω cos(φ0 ± φ) cos θ|2. (6)

Figure 2(a) shows the curves of Iout versus both θ and
φ, which agree well with both numerical results ob-
tained from the quantum model and the measured re-
sults. These are shown in Ref. [11].

When both ω and 2ω beams are right-hand circularly
polarized, Ax

ω = Ay
ω = Aω, Ax

2ω = Ay
2ω = A2ω, and

χxxxx + χxyxy = χyyyy + χyxxy = χ are obtained. In this
case, the expression of Iout is

Iout ∝ |e−( φ
2ωτ )2χA2

ωA2ω|2 cos2(φ0 + φ− θ). (7)

The numerical results for Iout, which change with both
θ and φ, are shown in Fig. 3(a). These also agree well
with both the numerical results obtained from the quan-
tum model as well as the measured results in Ref. [11].
The polarization of the emitted THz beam rotates while
the intensity or the electric field of the THz wave is kept
unchanged. This phenomenon can be explained by the
analytical formula of Eq. (7). It should be noted that the
THz intensity is in proportion with cos2(φ0 +φ−θ), thus
the output intensity does not change as the difference
between φ and θ is a constant, particularly when φ

is not large enough in relation to e−( φ
2ωτ )2 ≈ 1. The

FWM model shows an obvious advantage over the quan-
tum model, which can be obtained from the analyti-
cal formula for the output THz intensity. When ω
pulse is circularly polarized and 2ω pulse is left- or
right-hand elliptically polarized, Ax

ω = Ay
ω = Aω and

Ax
2ω =

√
11Ay

2ω = A2ω are set with ellipticity of about
1/11 in terms of optical intensity[11]. Similarly, we use
χxxxx = χyyyy = 0.4χxyxy = 0.4χyxyx

[8]. In this case,
the expression of Iout is

Iout ∝ |e−( φ
2ωτ )2AωAωA2ω[

(
χxxxx +

1
2
χxyxy

)

· cos(φ0 + φ) cos θ −
(

1
2
χyyyy + χyxyx

)

· sin(φ0 + φ) sin θ]|2 (8a)

if the 2ω pulse is left-handed, and

Iout ∝ |e−( φ
2ωτ )2AωAωA2ω[

(
χxxxx +

1√
11

χxyxy

)

· cos(φ0 + φ) cos θ +
(

1√
11

χyyyy + χyxyx

)

· sin(φ0 + φ) sin θ]|2 (8b)
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Fig. 2. THz intensity versus THz polarizer angle θ and rela-
tive phase φ between ω and 2ω pulses with (a) parallel and
(b) perpendicular linear polarization.

Fig. 3. THz intensity versus the THz polarizer angle θ and
relative phase φ. (a) Both ω and 2ω pulses are right-hand
circularly polarized. The ω pulse is circularly polarized, and
the 2ω pulse is (b) right-hand and (c) left-hand elliptically
polarized.

if the 2ω pulse is right-handed. Figures 3(b) and (c) show
the simulation results when the ω pulse is left- or right-
hand circularly polarized and the 2ω pulse is elliptically
polarized. The findings agree with numerical results ob-
tained from the quantum model, as well as with measured
results as shown in Ref. [11].

As mentioned earlier, we now discuss the case where
ω and 2ω pulses are perpendicular and linearly polar-
ized. The case is different under these conditions. The
cross terms of χijkl are first considered. By letting
Ay

ω = Ax
2ω = 0, only the two terms of χxyxx and χyyxx

are considered. In Fig. 3 of Ref. [7], the trace of χyyxx is
obviously asymmetrical with respect to ∆τ = 0 (x-axis).
Based on this experimental observation, we assume that
there will be a delay time τ0 for the term χyyxx compared
with the item on χxyxx for the relation of χijkl varying
with ∆τ . As a result, the output THz intensity is written
as

Iout ∝ |e−2( φ
2ωτ )2χxyxxAx

ωAx
ωAy

2ω sin(φ0 + φ) cos θ

+ e−2(
φ−2ωτ0

2ωτ )2χyyxxAx
ωAx

ωAy
2ω sin(φ0 + φ) sin θ|2, (9)

where τ0 is the trace delay in the yyxx polarization mode
as compared with the xyxx polarization mode[7]. The
yyxx or xxyy mode is different from the other modes.
In these two modes, THz is perpendicular to all ω pulses
but parallel to 2ω pulse. The 2ω pulse can affect THz
generation more directly than the ω pulse for the par-
allel relationship. If there is a delay (τ0 > 0), the ω
pulse leads to 2ω pulse; then, the ω pulse ionizes the air
and loses part of its energy, unlike for 2ω pulse which does

Fig. 4. THz intensity versus the relative phase between ω
and 2ω pulses with (a) parallel and (b) perpendicular linear
polarization.

not lose any. Since THz pulse is sensitive to 2ω pulse,
the peak of THz generation is at t = τ0. The half-width
at half-maximum (HWHM) of τ is about 25 fs (defined
by Fig. 2 in Ref. [7]), which allows for τ0 ≈ 25 fs. It
is then assumed that χxyxx ≈ χyyxx

[7]. Another rela-
tionship χxyxx ≈ 2χyyxx may have been presented[13]. It
is not necessary to identify which among these is more
accurate; ultimately, the following variation tendency is
not affected.

The numerical results are shown in Fig. 2(b). Figures
2(a) and (b) seem similar at a glance. A closer analysis
will reveal a difference in the forms of THz intensity
varying with φ. This difference is created by the second
term in Eq. (9), which originates from the delay of χyyxx.
Figure 4 shows the curves of the THz intensity varying
with φ at different values of the polarizer angle. When
θ = 0◦, the curves have the same form as the parallel
and perpendicular linear polarization. When θ = 45◦,
a delay for the perpendicular case is produced although
the curves have the same forms. When θ = 90◦, output
power for the parallel case is absent while a large delay for
the perpendicular case is produced. When θ = 135◦, the
curve for the perpendicular case is a double hill structure,
which is different from that of the parallel case. These
elaborate descriptions for the perpendicular case have
not been confirmed experimentally, hence necessitating
a corresponding experiment.

In conclusion, this letter presents a theoretical inves-
tigation on the polarization characteristics of the THz
waves generated from the gas plasma excited by dual-
color optical pulses in an FWM model. Based on this,
we have derived a simple analytic formula for the THz
intensity that varies with the THz polarizer angle and
the relative phase between the two pulses. Numerical
results from the FWM model agree well with both the
numerical results obtained from the quantum model, as
well as the measured results. Moreover, some new phe-
nomena have been proposed, which need to be further
validated by suitable experiments.
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