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Far-field properties of a cylindrically polarized vector beam
and its beam quality beyond the paraxial approximation
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The far-field analytical expressions for the electromagnetic fields of a cylindrically polarized vector beam
propagating in free space are obtained based on the vector angular spectrum and the method of stationary
phase. The far-field energy flux distributions and the beam quality by the power in the bucket (PIB) in
the nonparaxial regime have been investigated. The PIB of the cylindrically polarized beam depends on
the ratio of the waist width to wavelength, the order of the Laguerre polynomial, and the angle between
the electrical vector and the radial direction. The analyses show that azimuthal polarization compared
with radial polarization has better energy focusability in the far field.
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Different from the conventional polarizations, a new class
of nonuniformly polarized beams, namely, the spirally po-
larized beams, was introduced by Gori[1]. As a particular
case of the nonuniform polarizations, a cylindrically po-
larized beam has drawn a growing interest in some appli-
cations due to the cylindrical symmetry of its electrical
vector, for example, electron acceleration, particle trap-
ping, and material processing[2−4]. To the best of our
knowledge, the focusing properties and applications of
the cylindrically polarized beams have been extensively
studied[5,6], but their beam quality beyond the paraxial
approximation is less considered. In some practical ap-
plications the power in the bucket (PIB) is a useful beam
quality characteristic parameter for measuring the power
(energy) focusability of laser beams in the far field. In
this letter, the properties of a cylindrically polarized vec-
tor beam in the far field and its beam quality based on
PIB in the nonparaxial regime are investigated.

The transverse electric field distribution of a cylindri-
cally polarized Laguerre-Gaussian beam (LGB) at the
plane z = 0 reads as[7]

E⊥(x, y, 0) = En1x(x, y, 0)ex + En1y(x, y, 0)ey, (1)
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where ex and ey are the unit vectors in the x and y direc-
tions, respectively, ρ =

√
x2 + y2 and ϕ = arctan(y/x)

are the polar coordinates, φ is a constant angle between

the electrical vector and the radial direction, E0 is an
amplitude constant, ω0 is the waist width of the funda-
mental mode, and L1

n(·) is the Laguerre polynomial of
order n and index 1. The geometry of the transverse
electric field of a cylindrically polarized vector beam is
shown in Fig. 1. One can note that each point of the
beam cross section is a linear polarization rotated by φ
from the radial direction. When φ = 0, cylindrical polar-
ization degenerates into radial polarization, whereas, for
φ = π/2, it reduces to azimuthal polarization.

By using the vector angular spectrum method[8], the
propagating electric field of a cylindrically polarized LGB
is obtained:

En1(r) =
∫ ∫ +∞

−∞

{
An1x(p, q)ex + An1y(p, q)ey

−ez

m
[pAn1x(p, q) + qAn1y(p, q)]

}

· exp [ik(px + qy + mz)] dpdq, (4)

where r = xex + yey + zez, ez is the unit vector in the z

direction, k is the wave number, and m =
√

1− p2 − q2.
An1x(p, q) and An1y(p, q) are the Fourier transform of
the initial electric field En1x(x, y, 0) and En1y(x, y, 0),
respectively.

Fig. 1. Cylindrically polarized beam with an angle φ between
the electrical vector and the radial direction.
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where b =
√

p2 + q2 and λ is the wavelength. By taking the curl of Eq. (4), the propagating magnetic field of a
cylindrically polarized LGB is given:
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where ε is the electric permittivity and µ is the magnetic permeability.
According to the method of stationary phase[9−11], the corresponding analytical expressions of the electromagnetic

fields in the far field can be derived under the condition of kr →∞ and r =
√

x2 + y2 + z2, that is,
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The energy flux distribution at the plane z = con-
stant in the far field is described by the z component of
the time-average Poynting vector 〈Sz〉 = 1

2Re[En1(r) ×
H∗

n1(r)]z, where Re is the real part and ∗ denotes the
complex conjugate. As an alternative approach for char-
acterizing the beam quality in the far field[12,13], the PIB
in the nonparaxial regime is presented:
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, (10)

where bx and by are the bucket half-widths in the x and
y directions, respectively. The larger value of PIB means
the better beam quality and the better energy focusabil-
ity in the far field.

Figure 2 exhibits the energy flux distributions of a
cylindrically polarized LGB at the plane z = 100λ and
φ = 0 in the cases of (a) n = 0, ω0/λ = 0.5, (b)
n = 0, ω0/λ = 1, (c) n = 1, ω0/λ = 1, and (d)
n = 2, ω0/λ = 1. Note that the energy flux retains
cylindrical symmetry and has dark center, and its profile
expands with n increasing and ω0/λ decreasing. The
number of the outer rings depends on the order n.

The PIB curves of a cylindrically polarized LGB versus
bx = by = b/λ at the plane z = 100λ are presented in
Fig. 3(a) for different values of ω0/λ = 1, 0.75, 0.5, n

= 0, φ = 0, in Fig. 3(b) for different values of n = 0,
1, 2, ω0/λ = 1, φ = 0, and in Fig. 3(c) for different
values of φ = π/2, π/4, 0, ω0/λ = 0.75, n = 1. Figures.
3(a) and (b) indicate that the better energy focusability
in the far field can be obtained with the larger ω0/λ
and the lower order n, which are explained in Fig. 2.
From Fig. 3(c), one can note that the PIB depends on the

Fig. 2. Energy flux distribution of a cylindrically polarized
LGB at the plane z = 100λ in the cases of (a) n = 0, ω0/λ =
0.5, (b) n = 0, ω0/λ = 1, (c) n = 1, ω0/λ = 1, and (d)
n = 2, ω0/λ = 1, the parameter φ = 0.
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Fig. 3. PIB curves of a cylindrically polarized LGB at the
plane z = 100λ in the cases of (a) ω0/λ = 1, 0.75, 0.5, n =
0, φ = 0, (b) n = 0, 1, 2, ω0/λ = 1, φ = 0, and (c) φ = π/2,
π/4, 0, ω0/λ = 0.75, n = 1.

Fig. 4. PIB curves of radially (φ = 0) and azimuthally
(φ = π/2) polarized LGBs at the plane z = 100λ in the cases
of (a) ω0/λ = 1, 0.5, n = 0 and (b) n = 1, 2, ω0/λ = 1. R and
A denote the radial and azimuthal polarizations, respectively.

angle φ, and the PIB increases with the increasing φ in
the region of 0 ≤ φ ≤ π/2. The PIB curves of radi-
ally (φ = 0) and azimuthally (φ = π/2) polarized LGBs
versus b/λ at the plane z = 100λ are plotted together
for comparison in the cases of (a) ω0/λ = 1, 0.5, n =
0 and (b) n = 1, 2, ω0/λ = 1. From Fig. 4, one can
find that azimuthal polarization compared with radial
polarization has better beam quality and better energy

focusability in the far field. The differences of the energy
focusability between the radial and azimuthal polariza-
tions are growing as ω0/λ decreases and n increases. It
implies that the profile of the energy flux 〈Sz〉 in the far
field for azimuthal polarization is narrower than that for
radial polarization.

In conclusion, the far-field analytical expressions for
the electromagnetic fields of a cylindrically polarized
LGB propagating in free space are presented. The far-
field energy flux distributions and the beam quality on
the basis of PIB beyond the paraxial approximation have
been demonstrated. The numerical results show that az-
imuthal polarization compared with radial polarization
has better energy focusability in the far field.
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