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An efficient Jacobian scaling method for time-domain
optical mammography
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Time-domain diffuse optical tomography can efficiently reconstruct optical parameters which can be fur-
ther applied in diagnosing early breast cancer. Nevertheless, the performances of reconstructed imaging
are badly influenced by different Jacobian magnitudes of absorption coefficient and reduced scattering
coefficient. With the introudction of a relative data type based on generalized pulse spectrum technique,
an efficient Jacobian scaling method is proposed. The interrelated simulated validation is also revealed
for the enhancing performances.
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Early detection is quite significant for improving the cu-
rative ratio of breast cancer and reducing its mortality[1].
As a new noninvasive optical measurement technique,
optical mammography of diffuse optical tomography
(DOT) has attracted much attention for providing a
richer functional image[2−6]. Based on the sensitive con-
nection between light and the physiological index, time-
domain DOT can efficiently reconstruct the optical pa-
rameters of breast tissue by measuring the boundary
flux with a time-resolved system. Although the ill-posed
problems of the inverse problem have a very bad effect
on the quality of the reconstructed image, regulariza-
tion of ill-posed problems can provide a better recon-
structed image[7]. However, this method requires com-
plicated computation.

In view of the marked magnitude differences in ab-
sorption coefficient and reduced scattering coefficient[8],
we propose an efficient scaling method of the Jacobian
matrix that can improve the performance of the recon-
structed image in this letter. To avoid the absolute sys-
tem scaling, a relative data type[8,9] is used here. The
scaling method of the Jacobian matrix according to the
data type is proposed with an interrelated simulated val-
idation.

In time-domain DOT, the photon-migration model
in the tissue is prevalently described by the diffusion
approximation (DA) to the Boltzman transport equa-
tion. To simplify the calculation of the diffuse equa-
tion, the generalized pulse spectrum technique (GPST)
is introduced[6,8,9]. Based on converting the time-
dependent signals by the Laplace transform to a real fre-
quency domain[5], this technique can make the solving of
the time-domain diffuse equation from a 4-dimentional
(4D) space-time problem into a 3-dimentional (3D) one.
The detailed solving process of the forward problem us-
ing Galerkin finite element method (FEM) can be found

in Ref. [9], when the GPST is adopted in time-domain
DOT. The nonlinear inverse problem posed by DOT can
be linearized by a Newton-Raphson scheme[8,10], which
forms an outer-loop of the iterative procedure expressed
as

δΓ = [Γ − F (xk)] = J(xk)δxk,

xk+1 = xk + δxk, (1)

where Γ is a column vector of length S ×D[9] (S repre-
sents the number of sources and D represents the num-
ber of detectors), numerating the Laplace-transformed
re-emissions for all source-detector pairs, F is the forward
operator associated with the photon diffusion equation,
xk and δxk are the vectors denoting the optical properties
(both the absorption and reduced scattering coefficients)
at the nodes of the FEM mesh and their perturbations,
at the kth updating state, and J(x) is the Jacobian ma-
trix of F , which can be written as J(x) = [Ja, Js] where
Ja and Js correspond to the changes in the absorption
and reduced scatting coefficients.

According to the modified GPST[8,9], the Jacobian ma-
trices, Ja and Js, have the following relations in each
FEM element:

Js,e(ξd, ζs, p) = Ja,e(ξd, ζs, p)× µa,e + p
c

µ′s,e
, (2)

where µa,e and µ′s,e are the average values of the absorp-
tion and reduced scattering coefficients in the eth FEM
element, respectively, Ja,e (ξd, ζs, p) and Js,e (ξd, ζs, p) are
Jacobian matrices of the absorption and reduced scatter-
ing coefficients in the eth FEM element, respectively, p
is the Laplace–transformed factor, and c is the velocity
of light in tissue.

To avoid the absolute system scaling when the
intensity-related signals are employed, a relative data
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type, R (ξd, ζs) = Γ (ξd, ζs, p2)/Γ (ξd, ζs, p1)
[8−9], is used

in this letter, where Γ (ξd, ζs, p1) and Γ (ξd, ζs, p2) are the
photon flux where ξd and ζs are the detector and source
positions. Suppose that JR

a,e(ξd, ζs) and JR
s,e(ξd, ζs) are

the Jacobian matrices of absorption and reduced scat-
tering coefficients regarding R (ξd, ζs) in the eth FEM
element, and then JR

a,e(ξd, ζs) and JR
s,e(ξd, ζs) are accord-

ingly reformularized as

JR
a,e(ξd, ζs) =

1
Γ (ξd, ζs, p1 )

×[Ja,e(ξd, ζs, p2)−R× Ja,e(ξd, ζs, p1)], (3)

JR
s,e(ξd, ζs)=

1
Γ (ξd, ζs, p1 )

[Ja,e(ξd, ζs, p2)×
µa,e + p2

c

µ′s,e

−R
µa,e + p1

c

µ′s,e
× Ja,e(ξd, ζs, p1)]. (4)

When µB
a is the absorption coefficient of the background,

and two Laplace-transformed factors are chosen as p1 =
−0.5µB

a c and p2 = 0.5µB
a c (To simplify the reconstruc-

tion process, the working frequencies are set to be in the
real domain), Eq. (4) can be written as

JR
s,e(ξd, ζs)=

1
Γ (ξd, ζs, p1 )

[Ja,e(ξd, ζs, p2)× µa,e + 0.5µB
a

µ′s,e

−R
µa,e − 0.5µB

a

µ′s,e
× Ja,e(ξd, ζs, p1)]. (5)

Assuming that µ′Bs is the reduced scattering coefficient
of the background, µ′s,e ≈ µ′Bs , µa,e ≈ µB

a , and µ′Bs =
AM ·µB

a (AM is a scaling factor), we can obtain the re-
lation of µ′s,e ≈ AM · µa,e in any FEM element. When
both Ja,e(ξd, ζs, p1) and Ja,e(ξd, ζs, p2) are greater than
zero, the value range of JR

s,e(ξd, ζs) can be derived as
[ 1
2AM JR

a,e(ξd, ζs), 3
2AM

JR
a,e(ξd, ζs)]. Since the value of

AM of breast tissue is far superior to 1[11], we know that
the Jacobian matrix of JR

a,e(ξd, ζs) is several orders of
magnitudes larger than that of JR

s,e(ξd, ζs). This magni-
tude difference results in the µa-reconstuction more pro-
nounced and the simultaneous reconstruction of both the
µa µ′s being unbalanced. To enhance the efficiency of
the modified GPST algorithm in µ′s-reconstuction using
the algebraic reconstruction technique (ART), a scaling
strategy that dividied by the maximum element along a
row of the Jacobian matrix[8] can be used to equalize the
Jacobian matrix. Owing to the uncertainty of the Jaco-
bian matrix, we still cannot get a perfect reconstruction
of µ′s according to the above scaling method.

Considering that the reduced scatting coefficient is
closely related with tissue of different forms, and that
the abnormity tissue has great variation in reduced scat-
tering coefficient, the efficiently reconstructed image of
µ′s can provide more diagnosis information[12]. Accord-
ing to the suppositions and relations of Jacobian matrix
in Eqs. (3) and (5), we can conclude that the ratio of
JR

a,e(ξd, ζs) and JR
s,e(ξd, ζs) is in connection with µB

a and
µ′Bs . Based on this, we present an improved Jacobian

scaling method where the Jacobian matrix is multiplied
by the background optical parameters.

Using our scaling method, the scaling Jacobian matri-
ces of µa and µ′s in the eth element can be written as

{
J
′R
a,e(ξd, ζs) = µB

a JR
a,e(ξd, ζs)

J
′R
s,e(ξd, ζs) = µ

′B
s JR

s,e(ξd, ζs)
, (6)

where J
′R
a,e(ξd, ζs) and J

′R
s,e(ξd, ζs) are the scaling Jaco-

bian matrices of µa and µ′s regarding R (ξd, ζs) in the eth
FEM element, and then the new Jacobian matrices can
be obtained accordingly as




J
′R
a,e(ξd, ζs) = µB

a [Ja,e(ξd,ζs,p2)−R×Ja,e(ξd,ζs,p1)]
Γ(ξd,ζs,p1)

J
′R
s,e(ξd, ζs) =

{
µ
′B
s [Ja,e(ξd, ζs, p2)× µa,e+0.5µB

a

µ′s,e

−R
µa,e−0.5µB

a

µ′s,e
× Ja,e(ξd, ζs, p1)]

}
/Γ (ξd, ζs, p1)

. (7)

It can be seen that J
′R
a,e and J

′R
s,e are now in the same mag-

nitude order. It is noted that the reconstructed optical
properties need to be de-equalized after the reconstruc-
tion.

The validation of this Jacobian scaling method is con-
ducted in a 3D test object, as shown in Fig. 1. The 3D
test object is a cylinder with radius of R = 30 mm and
height of H = 30 mm. The background optical proper-
ties of this cylinder are µa = 0.004 mm−1, µ′s = 1 mm−1

(which are near the optical parameters of breast tissue).
Two little cylinders, with a center-to-center separation
(CCS) of 20 mm and optical properties of µa = 0.01
mm−1 and µ′s = 1.8 mm−1 (which are near the optical
parameters of breast tumor), radius of ri = 5 mm (i =
1,2), and height of hi = 10 mm (i = 1,2), are embedded
along the y-axis to simulate two tumor targets. Sixty-
four coaxial source-detector optodes (S = D = 64) are
arranged in four layers to achieve the best experimental
effect, i.e., each layer has sixteen optodes. To apply the
FEM, the cylindrical phantom is divided into 151200
tetrahedron elements that join at 27742 nodes.

Fig. 1. Geometric sketch of the phantom. (a) Sagittal-section
of the phantom; (b) cross-section of the phantom.

Fig. 2. Logarithm of Jocobian values of (a) absorption
coefficient and (b) reduced scattering coefficient with respect
to the relative data type at 16 detectors by the bars.
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Fig. 3. Relative measurement errors as a function of iterative
number in two Jacobian scaling methods with SNR = 40 dB.

Fig. 4. Sagittal-section and cross-section of reconstructed
images with the Jacobian matrix divided by its maximum at
SNR = 40 dB. Sagittal-section of reconstructed image of (a)
µa and (b) µ′s. Cross-section of reconstructed image of (c) µa

and (d) µ′s.

Fig. 5. Sagittal-section and cross-section of reconstructed im-
ages with the Jacobian matrix multiplied by the background
optical parameter at SNR = 40 dB. Sagittal-section of recon-
structed image of (a) µa and (b) µ′s. Cross-section of recon-
structed image of (c) µa and (d) µ′s.

In the simulation experiment, a pair of real transform-
factors are set as p1,2 = ±0.5µac, the relaxation param-
eter of ART is λ = 0.1, and the stopping iteration number

is N = 10. Considering that the tumor has higher op-
tical parameters than the normal tissue, the lower limit
factor α = 0.85 is introduced in the simulation. In order
to reveal the virtue of our Jacobian scaling method, the
image is reconstructed in two Jacobian scaling methods
with 40-dB signal-to-noise ratio (SNR).

When optodes 1 is lighting, the logarithms of magni-
tude difference of Jacobian matrices regarding µa and
µ′s at 16 detectors of the same layer are shown in Fig.
2 by the bars. Figure 2(a) represents the logarithm of
Jocobian value of absorption coefficient with respect to
the relative data type at 16 detectors by the bars, and
Fig. 2(b) represents the corresponding one of reduced
scattering coefficient. It’s obviously that the Jacobian
matrix of µa is several orders of magnitudes larger than
that of µ′s.

For the purpose of comparing the convergence perfor-
mances of the two Jacobian scaling methods, Fig. 3 shows
the relative measurement errors as a function of iterative
number in two Jacobian scaling methods with SNR =
40 dB. The solid line represents the scaling method 1
where the Jacobian matrix is divided by its maximum
according to Ref. [8], meanwhile, the dashed line repre-
sents the scaling method 2 where the Jacobian matrix
is multiplied by the background optical parameter. It
is implied in Fig. 3 that the Jacobian scaling method 2
proposed in this letter has a better downward tendency
and a lower relative measurement error.

Figure 4 illustrates the target images in the sagittal-
section and in the cross-section when the iterative num-
ber is 5 by the scaling method 1 with SNR = 40 dB.
Meanwhile, Fig. 5 shows the reconstructed target images
in the same section with the scaling method 2 where the
Jacobian matrix is multiplied by the background optical
coefficient when the iterative number is 9 and SNR is
40 dB.

For the evaluation on the performances of the recon-
structed image with the above two scaling methods with
SNR = 40 dB, the profiles of targets along y-axis ori-
entation when z = 20 mm and x = 0 mm are shown
in Fig. 6. The solid line represents the profiles of the
original targets. Scaling 1 and 2 of the legend represent
the results of the scaling method 1 and 2, respectively.

It is clearly shown in Fig. 6 that compared with the
scaling method 1, the scaling method 2 we present here
exhibits several advantages including 1) improved quanti-
tative accuracy of the scattering image; 2) better spatial
resolution of the reconstructed image both in µa and µ′s;
3) efficient restraints on the unbalance of µa and µ′s; 4)
better outlines of µa and µ′s; 5) better noise performance.

In conclusion, a new scaling method of Jacobian matrix

Fig. 6. Profiles of targets along y-axis orientation when z =
20 mm and x = 0 mm. (a) µa; (b) µ′s.
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for efficiently reconstruction of absorption and reduced
scattering coefficients of TR-DOT, based on modified
generalized pulse spectrum technique and relative data
type, is presented. Unlike the scaling method 1 in Ref.
[8], the scaling method 2 can reveal better performance of
reconstructed image by efficiently restraining the unbal-
ance of absorption and reduced scattering coefficients.
The unbalance of absorption and reduced scattering co-
efficients is evidently restrained by the background op-
tical parameter which is chosen as the Jocobian scaling
factors. Accordingly, the scaling method that Jacobian
matrix is multiplied by the background optical parameter
can provide a better reconstructed image by improving
the ill-posed problems of the inverse problem. The va-
lidity of scaling method 2, where the Jacabian matrix
is multiplied by 40-dB SNR, is proved. Compared with
the scaling method 1, the reconstructed results of the
scaling method 2 have demonstrated an evident improve-
ment both in the quality of scattering image and in the
spatial resolution of absorption and reduced scattering
coefficients.
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