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Entanglement dynamics of two atoms successively
passing a cavity
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By means of concurrence, we investigate the dynamics of entanglement between two initially separate atoms
in succession passing through a cavity and their interaction with a Fock state field. We then analyze the
effects of the atomic coherence, photon number, and atomic motion on the time evolution of atom-atom
entanglement. The results show that there can be entanglement between two separate atoms, and that the
threshold time for the creation of the entanglement is controllable by the photon number, atomic motion,
and field-mode structure.
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Quantum entanglement is not only one of the most re-
markable features of quantum theory[1,2], but it has
also provided a potentially fundamental resource for
quantum information processes such as quantum key
distribution[3,4], quantum teleportation[5,6], superdense
coding[7,8], quantum computation[9,10], and entangle-
ment swapping[11−13]. Therefore, it is important to study
the production and preservation of entanglement between
qubits that are well separated in implementing quan-
tum protocols during information processing[14]. Bose
et al. have recently discussed the interaction of a sin-
gle qubit in a pure state with a thermal field, and have
demonstrated that entanglement occurs mostly under
such model[15]. Kim et al. have also shown that two
atoms can be entangled through their interaction with
a highly chaotic system[16]. The entanglement between
two two-level atoms simultaneously interacting with a
thermal field undergoing a two-photon process has been
investigated[17]. Incidentally, entanglement can be fabri-
cated in this proposal. The simultaneous interaction of
two excited atoms with a Fock state field can never re-
sult in a two-atom entanglement[18]. Ghosh et al. have
already examined the entanglement between two sepa-
rate atoms interacting with a thermal field and a Fock
state[19] . They have shown that the entanglement can
be built up via atom-photon interactions inside the cav-
ity. Moreover, Ficek et al. have predicted an interesting
phenomenon of delayed birth of entanglement[20] . This
feature is opposite to a recent and extensive discussion
on the sudden death of entanglements[21−24]. Notably,
threshold time is controllable by the distance between
qubits. The participation of anti-symmetric states in the
dynamics is also crucial for the creation of entanglement.
The sudden birth of an entanglement deserves a more
cautious study due to its fundamental importance in the
controlled production of entanglement.

In this letter, we study the entanglement properties
of two atoms passing through a cavity one after an-
other, thereafter interacting with a Fock state radiation
field inside the cavity. We find that the entanglement

between the two separate atoms can be generated, and
the threshold time for the creation of the entanglement
can be controlled by the photon number, atomic motion,
and field-mode structure.

The physical system under consideration is presented
in Fig. 1. The system consists of two separate atoms
passing through a cavity one after another. The interac-
tion picture Hamiltonian of the joint atom-field system
with the rotating wave approximation[25] can be written
as

HI = g
(
σ+a + a†σ−

)
(h̄ = 1) , (1)

where a† and a are the creation and annihilation opera-
tors, respectively, of a single-mode cavity field; σ± and
σz are the Pauli spin operators of the atom; ω is the field
frequency; and g is the atom-field coupling constant.

We assume that at t = 0, the cavity field is previously
prepared in the Fock state |n〉 and two spatially separated
two-level atoms are initially in the coherent superposition
state as∣∣ψ (0)a1

〉
= cos (θ1/2) |e1〉 + sin (θ1/2) exp (iϕ1) |g1〉 , (2)∣∣ψ (0)a2

〉
= cos (θ2/2) |e2〉 + sin (θ2/2) exp (iϕ2) |g2〉 . (3)

The physical procedure in this letter follows the pro-
cedure of Ref. [26] where a scheme of entangling two
atoms successively passing through a cavity is proposed.
We first consider the passage of the first atom, initially in
the superposition state

∣∣ψ (0)a1

〉
through the cavity and

interacting for a time t. The atom-field wave function
evolves with the interaction, as given in Eq. (1), to∣∣∣ψ (t)a1−f

〉
= M1 |e1, n〉 + M2 |g1, n + 1〉 , (4)

Fig. 1. System with two separate atoms passing through a
cavity one after another.
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where

M1 =cos (θ1/2) cos
(√

n + 1gt
)

− i sin (θ1/2) exp (iϕ1) sin
(√

n + 1gt
)
, (5)

M2 = − i cos (θ1/2) sin
(√

n + 1gt
)

+ sin (θ1/2) exp (iϕ1) cos
(√

n + 1gt
)
. (6)

At a later time, the second atom that is initially in the
superposition state

∣∣ψ (0)a2

〉
passing through the cavity,

also interacts at time t. A correlation develops between
the two atoms via the cavity field. The joint state of the
two atoms and the field is given by∣∣∣ψ (t)a1−a2−f

〉
= x1 |e1, e2, n〉 + x2 |e1, g2, n + 1〉

+ x3 |g1, e2, n + 1〉 + x4 |g1, g2, n + 2〉 , (7)

where

x1 = M1N1, (8)

x2 = M1N2, (9)

x3 = M2N3, (10)

x4 = M2N4, (11)

N1 =cos (θ2/2) cos
(√

n + 1gt
)

− i sin (θ2/2) exp (iϕ2) sin
(√

n + 1gt
)
, (12)

N2 = − i cos (θ2/2) sin
(√

n + 1gt
)

+ sin (θ2/2) exp (iϕ2) cos
(√

n + 1gt
)
, (13)

N3 =cos (θ2/2) cos
(√

n + 2gt
)

− i sin (θ2/2) exp (iϕ2) sin
(√

n + 2gt
)
, (14)

N4 = − i cos (θ2/2) sin
(√

n + 2gt
)

+ sin (θ2/2) exp (iϕ2) cos
(√

n + 2gt
)
. (15)

For a tripartite system of the two atoms and the cavity,
we are particularly interested in calculating the entangle-
ment of the two-atom state after the atoms pass through
the cavity. The information on such entanglement can be
obtained based on the reduced density matrix ρa1a2 (t)
by tracing the field variables from Eq. (7). The reduced
density matrix ρa1a2 (t) then takes the form based on
|e1, e2〉, |e1, g2〉, |g1, e2〉, and |g1, g2〉 states as

ρa1a2 (t) =


|x1|2 0 0 0

0 |x2|2 x2x
∗
3 0

0 x∗
2x3 |x3|2 0

0 0 0 |x4|2

 . (16)

We refer to concurrence, which is widely accepted for any
two qubits system, to measure the degree of entangle-
ment between the atoms. Concurrence C(t) introduced
by Wooters[27] is defined as

C (t) = max [0, λ1 (t) − λ2 (t) − λ3 (t) − λ4 (t)] , (17)

where λi (t) are the eigenvalues, in a decreasing order,
of the Hermitian matrix

[√
ρρ

√
ρ
]1/2 with ρ = σy ⊗

σyρ∗σy ⊗ σy, and σy is the Pauli matrix. The range of
concurrence is from 0 to 1. The larger the concurrence
is, the stronger the entanglement becomes. Concurrence
C(t) = 0 corresponds to an unentangled state whereas
C(t) = 1 is for the maximally entangled state. For a
system described by the density matrix (16), the concur-
rence has a simple explicit expression:

C (t) = 2max (0, |x2x
∗
3| − |x1x

∗
4|) . (18)

When the atomic motion is taken into account, the
effective Hamiltonian of the model with rotating-wave
approximation[28,29] can be written as

H = gf (z)
(
σ+a + a†σ−

)
(h̄ = 1) , (19)

where f (z) is the shape function of the cavity field mode.
We restrict the investigations to the atomic motion along
z-axis; that is, the z-dependence of the field-mode func-
tion is considered. Atomic motion can be incorporated
into the system through the following relationship[29,30]:

f (z) → f (νt) , (20)

where ν is the atomic motion velocity. In this regard, the
transformation TEMmnp is defined as[29]

f (z) = sin (pπνt/L) , (21)

where p represents the number of half-wave lengths of the
field mode inside a cavity of length L. We first consider
the passage of the first atom, initially in the superposi-
tion state

∣∣ψ (0)a1

〉
, through the cavity. The atom-field

wave function evolves with the interaction, as in Eq. (19),
to ∣∣∣ψ (t)a1−f

〉
= M1 |e1, n〉 + M2 |g1, n + 1〉 , (22)

where M1 and M2 have the same expressions shown in
Eqs. (5) and (6), and the only difference is t → φ (t).
For a particular choice of the atomic motion velocity
ν = gL/π the time-dependent function φ (t) can be writ-
ten as

φ (t) =
∫ t

0

f (νt′)dt′ =
1
pg

[1 − cos (pgt)] . (23)

As the calculation procedure is the same for the atomic
motion case, the same expression of the concurrence is
therefore presented. The only difference is that t → φ (t)
when the atomic motion is taken into account.

From Eqs. (18) and (23), we discuss the effects of the
atomic coherence, photon number, and atomic motion
on the time evolution of atom-atom entanglement with
an initial Fock state field in the cavity. To this end, we
plot the concurrence as a function of the scaled time gt
in Figs. 2−4, for which the atomic motion is neglected.
Figure 5 shows the concurrence as a function of the scaled
time gt when the atomic motion is taken into account. In
Fig. 6, we compare the results when the atomic motion
is neglected and thereafter considered.

Figure 2 shows the concurrence as a function of the
scaled time gt for the first atom that is initially in a
different state and the second atom at an excited state
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Fig. 2. Evolution of the concurrence as a function of scaled
time gt. The field is initially in a Fock state with photon
number n = 10 and the first atom is initially in different
states, θ1 = 0, ϕ1 = 0 (solid line), θ1 = π/6, ϕ1 = 0 (dot line)
θ1 = π/2, ϕ1 = 0 (dash-dot line). The second atom is in the
excited state (θ2 = 0, ϕ2 = 0).

Fig. 3. Evolution of the concurrence as a function of scaled
time gt. The field is initially in a Fock state with different
photon numbers, n = 0 (solid line), n = 3 (dot line), and n =
10 (dash-dot line), for which both atoms are initially in the
excited state (θ1 = 0, ϕ1 = 0, θ2 = 0, ϕ2 = 0).

Fig. 4. Evolution of the concurrence as a function of scaled
time gt. The field is initially in a Fock state with photon
number n = 10, the first atom is initially in the superposi-
tion state |ψ(0)a1〉 = 1√

2
(|e1〉 + |g1〉), and the second atom is

initially in the excited state θ2 = 0, ϕ2 = 0 (solid line) and
ground state θ2 = π, ϕ2 = 0 (dot line).

having a photon number of n = 10. Clearly, no entangle-
ment could be observed at earlier time, until suddenly, at
some finite time, an entanglement would start to build
up. The threshold time for the creation of the entan-

glement is independent of atomic coherence for the first
atom. Inasmuch as maximum concurrence exists, max-
imum entanglement degree occurs when the first atom
is initially in a superposition state (θ1 = π/2, ϕ1 = 0)
(see the dash-dot line in Fig. 2). The comparison of the
solid curve, dot curve, and dash-dot line in Fig. 2 shows
that the atomic coherence of the first atom increases the
degree of the atom-atom entanglement.

To show the influence of the photon number of the
field on the atom-atom entanglement, we plot in Fig.
3 the time evolution of the concurrence for both atoms
that are initially in the excited state. We observe no en-
tanglement at earlier times but rather an entanglement
suddenly building up at some finite time. Furthermore,
the threshold time for the creation of the entanglement
becomes shorter as the photon number n increases. How-
ever, the maximum of the atom-atom entanglement de-
creases as photon number n increases.

Figure 4 illustrates the concurrence as a function of the
scaled time gt for the first atom that is initially in the
superposition state |ψ(0)a1〉 = 1√

2
(|e1〉 + |g1〉) for which

the photon number n= 10. The solid line and the dot line
show the time evolution of the atom-atom entanglement
when the second atom is initially prepared in the excited
and ground states, respectively. It is obvious from Fig. 4
that the concurrence builds up as time develops, imply-
ing that entanglement of two atoms can be immediately
created when the second atom is initially in the ground
state. The comparison of the solid line and the dot line
shows that the concurrence displays the complementary
behaviors when the second atom is initially prepared in
the ground and excited states, respectively.

Figure 5 shows the concurrence as a function of the
scaled time gt for both atoms initially in the excited state
and at a photon number of n = 10 for which the atomic
motion is taken into account. Clearly, the atomic mo-
tion leads to the periodic evolution of the atom-atom
entanglement, and an increase in parameter p resulting
in not only a shortening of the evolution period of the
time behavior of concurrence, but also a decrease in am-
plitude of atom-atom entanglement. Physically, these
features can be attributed to the change in the atom-
field interaction time due to atomic motion. When the
atomic motion is considered, from Eq. (23), we have
gφ(t) = (1/p) [1 − cos(pgt)]. Parameter gφ(t) is a peri-
odical function on the scaled time gt with a period of
2π/p. This periodicity of gφ(t) on the scaled time gt
leads to the periodicities of evolution of the concurrence.
When p = 1, the time behavior of the concurrence evolves
in period 2π (see the solid line in Fig. 5) whereas when
p = 2, the atom-atom entanglement evolves in period π
(see the dot line in Fig. 5).

In Fig. 6, we plot the time evolution of the concurrence
for both atoms that are initially in the excited state and
of the photon number n = 10. The solid line and the dot
line in Fig. 6 show the time evolution of the atom-atom
entanglement when the atomic motion is neglected and
then considered thereafter, respectively. The threshold
time for the creation of the entanglement is shorter when
atomic motion is neglected. Furthermore, when atomic
motion is taken into account, the maximum of the con-
currence decreases and the atomic motion leads to the
periodic evolution of the atom-atom entanglement.
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Fig. 5. Effects of the atomic motion and field-mode structure
on the evolution of the concurrence for the field-mode struc-
ture parameter p = 1 (solid line), p = 2 (dot line). The field
is initially in a Fock state with photon number n= 10 and
both atoms are initially in the excited state (θ1 = 0, ϕ1 = 0,
θ2 = 0, ϕ2 = 0).

Fig. 6. Evolution of the concurrence as a function of the scaled
time gt. The atomic motion is neglected (solid line) and con-
sidered for p = 1 (dot line). The field is initially in a Fock
state with photon number n = 10 and both atoms are initially
in the excited state (θ1 = 0, ϕ1 = 0, θ2 = 0, ϕ2 = 0).

In conclusion, we have studied the dynamical proper-
ties of entanglement between two two-level atoms that
are spatially separated from each other passing through
a cavity one after another. We have investigated the in-
fluences of the atomic coherence, photon number, and
atomic motion on the time evolution of atom-atom en-
tanglement when the cavity is initially in a Fock state.
We have found that the entanglement between the two
separate atoms is created via atom-photon interactions
inside the cavity even though no single atom interacts
directly with another. Furthermore, the threshold time
for the creation of the entanglement is independent of the
atomic coherence of the first atom and becomes shorter
as the photon number increases. The atomic motion
leads to the periodic evolution of the atom-atom entan-
glement, and an increase in parameter p results in not
only a shortening of the evolution period of the time be-
havior of concurrence but also a decrease in the amplitude
of the atom-atom entanglement. In addition, our results
obtained may have potential application in the field of
quantum information processes due to its significance in
the creation of entanglement.
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