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Method for eliminating mismatching error in monolithic
triaxial ring resonators
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Several results on optical-axis perturbation and elimination of the mismatching error C of a monolithic
triaxial ring resonator (MTRR) are reported. Based on the augmented 5×5 ray matrix method, by
simultaneously considering axial displacement of a mirror and the misalignments in three planar square
ring resonators of a MTRR, the rules of optical-axis perturbation are obtained. The mismatching error
C of the MTRR is eliminated. The results obtained are important for cavity design, as well as in the
improvement and alignment of MTRR.
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This letter is a continuation of Ref. [1]. Ring laser has
been used as a rotate sensor. The planar or non-planar
resonator, as well as monoaxial or monolithic triaxial
ring resonator (MTRR), have been widely used for laser
gyroscopes[2−9]. Continuous research on optical-axis per-
turbation in ring resonators have been conducted[10−15].
However, the perturbation sources in all the previous ar-
ticles have been on radial displacements or angular mis-
alignments of the optical components of the ring res-
onator. The perturbation source of the axial displace-
ment of a mirror has not been previously discussed. The
augmented 5×5 ray matrix method is used to handle
these perturbation sources.

The ray matrix of a general optical component with
angular misalignment and radial displacements has the
form:
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where rix, riy, rox, and roy are the input ray and out-
put ray heights from the reference axis along the x and
y axes; this is referred to as optical-axis decentration.
Then, r′ix, r′iy, r′ox, and r′oy are the angles that the in-
put and output rays construct with the reference axis in
the x and y planes, respectively; this is referred to as
optical-axis tilts. In Fig. 1, x axis has been chosen as an
example to show the parameters. Ax, Bx, Cx, and Dx

are the standard ray-matrix elements in the tangential
plane; Ay, By, Cy, and Dy are the standard ray-matrix
elements in the sagittal plane; and Ex and Ey are the de-
centration terms representing radial displacements along
x and y axes. Fx and Fy are the tilt terms represent-
ing the angular misalignments. In the case of a mirror,
Fx = 2 tan(θx), Fy = 2 tan(θy), and θx and θy are the
misalignment angles in its local tangential and sagittal
planes, respectively.

In Fig. 2[1], a spherical mirror has been chosen as an
example to show the perturbation sources. M and M ′

represent the mirrors before and after axial displacement

δ along the normal z direction. Axes x and y are perpen-
dicular to z. Generally, the mirror has six movements,
which are the displacements along the x, y, and z axes,
and the rotations around the x, y, and z axes. The trans-
lation of the mirror along the x and y axes manifests as
radial displacements represented by Ex and Ey in the
augmented 5×5 matrix.

The rotary movements around the axes of x and y are
the angular misalignments of the mirror, and they can
be represented by the terms Fy and Fx in the augmented
5×5 matrix. The rotation of the mirror around the axis z
can be ignored because it has spherical symmetry. In this
letter, the displacement of the mirror along the z axis is
called axial displacement. It cannot be represented by
any term in the augmented 5×5 matrix in the current
framework of the study. Thus far, this axial displacement
has not been discussed in detail.

In this letter, the axial displacement of the mirror is
treated as the source of perturbation along with the mis-
alignments. The augmented 5×5 ray matrix is modified
to include this perturbation. To the best of our knowl-
edge, this is the first time that such axial displacement
has been considered as a perturbation source. The square
ring resonator and MTRR are chosen as examples to
show its application. Optical-axis perturbation induced
by the axial displacement of the spherical mirror and the
corresponding misalignments can be obtained by utilizing
the modified 5×5 ray matrix. The method for reducing,

Fig. 1. Schematic diagram of the input and output rays.
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Fig. 2. Schematic diagram of mirror displacement.

and even eliminating, the mismatching error in MTRR
has been determined; this is the purpose of the present

work.
As shown in Fig. 2[1], the axial displacement of the

mirror influences ray transfer. When the spherical mir-
ror has a small axial displacement δ along the z axis,
the reflection point changes from P1 to P2. For a linear
resonator, the ray is a vertical incidence and Ai=0. The
distance between P1 and P2 becomes 0 and the reflec-
tion point does not change under the axial displacement
δ condition. For a ring resonator, the ray is not a vertical
incidence and Ai 6=0. The distance between P1 and P2 is

∆x = δ · tan(Ai). (2)

An angle of θ is generated between the two normal direc-
tions before and after axial displacement. This is repre-
sented by

θ =
∆x

R
=

δ tan(Ai)
R

, (3)

where R is the radius of the curvature equivalent to an
angular misalignment of θ along the y axis represented by
Fx. The augmented 5×5 ray matrix of a reflective spher-
ical mirror Mi with axial displacement can be expressed
as

M(Mi) =


1 0 0 0 0

− 2
Ri×cos Ai

1 0 0 2[θix + δi · tan(Ai)/Ri]
0 0 1 0 0
0 0 − 2×cos Ai

Ri
1 2θiy

0 0 0 0 1

 . (4)

The effect of axial displacement on optical-axis pertur-
bation can be obtained by solving the eigenvector of
the total round-trip matrix of the ring resonator. The
misalignment-induced optical-axis perturbations of the
mirror in square ring resonator and the triaxial ring res-
onator have been discussed in our previous works[1,14,15].
A square ring resonator has been chosen as an example.
As shown in Fig. 3[1], δi(i = a, b) represents the axial
displacement of mirror Mi (i=a,b).

All three planar ring resonators are square ring res-
onators; they are mutually orthogonal. A square ring
resonator is shown in Fig. 3[1]. Mirrors Ma and Mb are
spherical mirrors, while mirrors Mc and Md are flat mir-
rors. The incident angle is 45◦. Points Pa, Pb, Pc, and Pd

are the terminal points of the resonator. The diaphragm
is located at point Pe, the midpoint between the two
spherical mirrors, Pa and Pb. The optical-axis perturba-
tion at point Pe caused by the misalignments and axial
displacements of the spherical mirror can be written as

∆xe =
√

2
4

[R(θax + θbx) + δa + δb],

∆ye =
√

2
2

R(θay + θby). (5)

The optical-axis locations xe and ye are the optical-axis
deviations from the longitudinal axis of the ideal di-
aphragm along the x and y axes, respectively. ∆xe and
∆ye are the optical-axis perturbations in x and y axes,
respectively. As shown in Fig. 3[1], the positive orienta-
tion of ye is upward and perpendicular to the plane of
the resonator. The positive orientation of xe is shown

as the black arrow located at point Pe. The positive
orientation of δa is shown as the black arrow pointing to
the center of the resonator. The positive orientation of
δb is shown as the black arrow pointing to the center of
the resonator. The misalignment angles, θax, θay, θbx,
and θby, have been defined in Ref. [1].

As shown in Fig. 4[1], M1, M2, M3, M4, M5, and M6 are
positioned in the center of each body face of a cube. The
cube was crafted such that a small diameter bore con-
nects adjacent mirrors. A closed optical cavity was set
between four coplanar mirrors interconnected by bores.
There were three mutually orthogonal closed beam paths,
each of which was used to detect angular rotation around
its normal axis. The planar ring resonator, defined by the
optical cavity between M2, M3, M4, and M6, is called cav-

Fig. 3. Schematic diagram of a square ring resonator.
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Fig. 4. Schematic diagram of monolithic triaxial ring res-
onator with spherical mirror’s axial displacement.

ity A; the resonator, defined by M1, M3, M5, and M6, is
called cavity B; and the resonator, defined by M1, M2,
M5, and M4, is called cavity C. M1, M2, and M3 are
spherical mirrors with common radius R, while M4, M5,
and M6 are flat mirrors. Points P1, P2, P3, P4, P5, and
P6 were set as the terminal points of the resonator.

PA, PB, and PC, the diaphragms of the cavities A,
B, and C, respectively, were chosen for analysis. For
MTRR, the optical-axes of all three monoaxial ring res-
onators passed through the center of their diaphragms
simultaneously. As shown in Fig. 4[1], the positive ori-
entations of xA, yA, xB, yB, xC, and yC, as well as the
misalignment angles of θix and θiy(i=1,2,3,4,5,6), are set
based on what is indicated in Ref. [1]. As shown in Fig.
4, δ1, δ2, and δ3 are the axial displacements of M1, M2,
and M3, respectively. The optical-axis perturbations at
PA, PB, and PC caused by the misalignments and axial
displacements of the spherical mirror can be written as

∆xA =
√

2
4 [R(θ2y − θ3x) + δ2 + δ3]

∆yA =
√

2
2 R(θ2x − θ3y)

, (6)

∆xB =
√

2
4 [R(θ3y − θ1x) + δ1 + δ3]

∆yB =
√

2
2 R(θ3x − θ1y)

, (7)

and
∆xC =

√
2

4 [R(θ1y − θ2x) + δ1 + δ2]

∆yC =
√

2
2 R(θ1x − θ2y)

. (8)

Equations (6)−(8) can be modified as

R(θ2y − θ3x) + δ2 + δ3 = 2
√

2 × ∆xA

R(θ2x − θ3y) =
√

2 × ∆yA,
, (9)

R(θ3y − θ1x) + δ1 + δ3 = 2
√

2 × ∆xB

R(θ3x − θ1y) =
√

2 × ∆yB

, (10)

and

R(θ1y − θ2x) + δ1 + δ2 = 2
√

2 × ∆xC

R(θ1x − θ2y) =
√

2 × ∆yC

. (11)

We could then obtain the following equations:

[R(θ2y − θ3x + θ2x − θ3y + θ3y − θ1x + θ3x − θ1y

+ θ1y − θ2x + θ1x − θ2y)] + (2δ1 + 2δ2 + 2δ3)

= 2
√

2 × ∆xA +
√

2 × ∆yA + 2
√

2 × ∆xB

+
√

2 × ∆yB + 2
√

2 × ∆xC +
√

2 × ∆yC, (12)

∆xA + ∆yA/2 + ∆xB + ∆yB/2 + ∆xC + ∆yC/2

=
√

2
2

(δ1 + δ2 + δ3). (13)

The equations are different from the optical-axis pertur-
bation caused by the misalignment of the mirror, which
was 0 in Ref. [1]. Thus, we used the functions xA(t),
yA(t), xB(t), yB(t), xC(t), and yC(t) to represent the
optical-axis locations at time of t. When t = 0, the
optical-axis locations at PA, PB, and PC can be writ-
ten as xA(0), yA(0), xB(0), yB(0), xC(0), and yC(0). The
optical-axis perturbations for the period 0 to t can be
written as

∆xA(0 → t) = xA(t) − xA(0),

∆yA(0 → t) = yA(t) − yA(0),

∆xB(0 → t) = xB(t) − xB(0),

∆yB(0 → t) = yB(t) − yB(0),

∆xC(0 → t) = xC(t) − xC(0),

∆yC(0 → t) = yC(t) − yC(0). (14)

According to Eq. (13),

∆xA(0 → t) + ∆yA(0 → t)/2 + ∆xB(0 → t)

+ ∆yB(0 → t)/2 + ∆xC(0 → t) + ∆yC(0 → t)/2

=
√

2
2

(δ1 + δ2 + δ3). (15)

From Eqs. (14) and (15), we can obtain[1]

xA(t) + yA(t)/2 + xB(t) + yB(t)/2 + xC(t) + yC(t)/2

= xA(0) + yA(0)/2 + xB(0) + yB(0)/2 + xC(0)

+ yC(0)/2 +
√

2
2

(δ1 + δ2 + δ3)

= C. (16)

The distances between the optical axis and the center
of the diaphragm at any point of PA, PB, and PC can be
written as DA, DB, and DC

[1]:

DA =
√

x2
A + y2

A,

DB =
√

x2
B + y2

B,

DC =
√

x2
C + y2

C. (17)
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The three monoaxial ring resonators cannot be simul-
taneously aligned to the best condition of DA = DB =
DC = 0 when C 6= 0. To obtain the lowest value of the
total diffraction loss of the monolithic triaxial ring res-
onator, the smallest values of DA, DB, and DC should
be employed simultaneously; that is, the mismatching er-
ror should be shared equally[1]. Therefore, the best case
should be

xA(t) = xB(t) = xC(t) = C/3,

yA(t) = yB(t) = yC(t) = 0,

DA = DB = DC =
|C|
3

. (18)

Equation (16), the result from Ref. [1], is no longer valid.
The mismatching error C of the MTRR is not invariant;
that is, it can be variable because of the influence of the
axial displacement of the spherical mirror. Whether the
mismatch error C of the MTRR at the time of t = 0
is big or small, the mismatching error at the time of t
can be decreased, and even eliminated, by choosing the
appropriate δ1, δ2, and δ3. If δ1, δ2, and δ3 satisfy the
following condition:

δ1 + δ2 + δ3 = −
√

2 × [xA(0) + yA(0)/2
+ xB(0) + yB(0)/2 + xC(0) + yC(0)/2], (19)

then

xA(t) + yA(t)/2 + xB(t) + yB(t)/2

+ xC(t) + yC(t)/2 = 0. (20)

Consequently, the following ideal condition can be ob-
tained:

xA(t) = xB(t) = xC(t) = 0,

yA(t) = yB(t) = yC(t) = 0,

DA = DB = DC = 0. (21)

DA, DB, and DC, the distances between the optical axis
and the center of the diaphragm at any point of PA,
PB, and PC, were simultaneously reduced to their small-
est values. Additionally, the total diffraction loss of the
monolithic triaxial ring resonator was at its lowest.

In conclusion, we investigate the axial displacement-
induced optical-axis perturbation of a mirror by modi-
fying the augmented 5×5 matrix in consideration of its
axial displacement. The mismatching error C of the tri-
axial ring resonator cannot be decreased by modifying the
angles of the terminal surfaces or the terminal mirrors[1].
When C 6= 0, the three monoaxial ring resonators cannot

be simultaneously aligned to the best condition. An opti-
mization method that can share the mismatching error C
is proposed in Ref. [1]. The method entails equal and si-
multaneous sharing of mismatching error C among three
specific directions, xA, xB, and xC. By simultaneously
considering the axial displacement and misalignments of
the mirror, the mismatching error C of the MTRR can
be eliminated by choosing the appropriate axial displace-
ments of the spherical mirrors. DA, DB, and DC can
then be reduced to their smallest values, and the total
diffraction loss of the monolithic triaxial ring resonator
can be at its lowest. The optical-axes of all three monoax-
ial ring resonators in MTRR can be made to pass through
the center of their diaphragms simultaneously by prop-
erly controlling the perturbation source of axial displace-
ment. By utilizing this method, the alignment precision
can be greatly improved and the total diffraction loss can
be reduced in MTRR.
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