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Analysis of terahertz waveguide modes in continuous
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Conventional analytical methods in the wavelet domain are used to present an analysis of terahertz (THz)
waveguide modes. To obtain THz radiation pulses passing through a waveguide, we build a simple ex-
perimental system with a 5-mm-long, 230-µm-inner-diameter stainless steel waveguide. The single-mode
guided signal from the experiments and the multi-mode signal of a similar THz waveguide reported in
the literature are analyzed using the continuous wavelet transform (CWT). The results demonstrate that
analyzing THz waveguide modes in the wavelet domain not only possesses all the functionality of the
traditional THz time-domain spectroscopy (TDS) data processing but also has the ability to unscramble
quantitatively and intuitively detailed information about the target samples, such as mode type, cut-off
frequency, amplitude distinction, and group velocity.
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Terahertz (THz) science and technology has attracted
tremendous attention in the last 20 years[1]. Among the
THz techniques, THz time-domain spectroscopy (THz-
TDS)[2] is a landmark detection modality by which the
phase and amplitude of THz radiation can be obtained
simultaneously. THz-TDS has opened up its applications
in various fields, such as spectroscopy[3,4], imaging[5,6],
biology[7], photonics[8], and communications. As a key
component of many applications, THz waveguides have
been widely studied. Various THz waveguides have been
proposed, such as rigid hollow metallic waveguides[9],
metal wires[10,11], solid core transparent dielectrics[12],
hollow polycarbonate metal waveguides[13], hollow dielec-
tric waveguides[14], plastic photonic crystal fibers[15,16],
and metamaterial waveguides[17]. These waveguides
are characterized by analyzing the transmitting sig-
nals, which are measured using THz-TDS, in virtual
of classical waveguide theory[9], band gap analysis[15,16],
Sommerfeld wave theory[11], metamaterial theory[17], al-
gorithmic research (ARX), and state-space models with
optimal wavelet pre-filtering[18].

In recent years, an alternative method that processes
THz pulses with wavelet transform has been investi-
gated in both the time and frequency domains[19,20].
In many applications, such as noise removal[18], data
compression[21], tomography[22], and classification of
THz spectra[23,24], wavelet transform outperforms most
traditional techniques. However, until now, the use of
wavelet transform to analyze THz-TDS-measured signals
from a waveguide has not been adequately discussed. Al-
though utilizing wavelets to analyze mode problems and
waveguides has been reported in optical frequencies[25,26],
it still remains attractive in the THz regime. In this let-
ter, we utilize the continuous wavelet transform (CWT)
to analyze time-resolved THz pulses emerging from some
metallic cylindrical waveguides. The results show that

quantitative and detailed information about the propa-
gating waveguide modes can be visualized intuitively.

To obtain a nearly single-mode signal through a waveg-
uide, we built a modified THz-TDS system with a 5-mm-
long, 230-µm-inner-diameter stainless steel waveguide
described in detail in our previous work[27]. The exper-
imental setup is schematized in Fig. 1. Pulses of 50 fs
at 810 nm with a 100-MHz repetition rate were split
into a pump beam and a probe beam. The pump beam
(200 mW) was focused using a 5-cm focus lens onto a
<110> cut ZnTe THz emitter (1-mm thick), whereas the
other beam was focused on the same ZnTe type, which
acted as the detector. The waveguide was made from
a commercial pinhead. The entrance of the waveguide
perfectly matched the spot of the pump beam on the rear
face of the emitter, allowing efficient coupling of the THz
wave into the waveguide. The THz radiation transmit-
ting through the sample was collected and collimated by
two off-axis parabolic mirrors and measured by the other
<110> cut ZnTe crystal based on the Pockels effect.
The reference signal was measured when the emitter was
placed at the focus of the parabolic collection mirror in
the absence of the waveguide.

Fig. 1. Schematic of the experimental setup.
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Fig. 2. (a) Temporal signal (thin solid line) passing through
the waveguide. The reference signal is represented by the
thick solid line. The dotted line is the simulation based on
TE11 mode assumption. (b) Spectrum of the signal (thin solid
line) and its reference.

Figure 2 shows the THz radiation pulse transmitting
through the sample and its corresponding amplitude
spectrum (thin lines) in comparison with that of the ref-
erence signal (thick lines). Compared with the reference,
the signal from the waveguide has a temporal stretch of
∼10 ps, with a higher frequency foreside and a slower
oscillation at the rear end, which is a strong negative-
chirped feature. The spectrum of the waveguide signal
shown in Fig. 2(b) has a relatively sharp edge at the lower
frequency of 0.76 THz compared with the reference spec-
trum. The dotted line in Fig. 2(a) is the theoretically
calculated result based on the TE11 mode, which is usu-
ally the main mode in a circular waveguide. It fits the
received signal curve reasonably well. In the following,
we will show that in using a CWT process, the mode that
plays the most important role in the waveguide can be
confirmed.

Among the various mother wavelets, we chose the Ga-
bor wavelet to analyze both the reference signal and
the pulses passing through the waveguide because of its
smallest Heisenberg box[28]. The expression of the Gabor
mother wavelet is
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1
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)
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where σ represents the interval in the Gaussian-shaped
window on the time scale, and ω0 is the center frequency
of the wavelet. The product of σ and ω0 is an important
parameter called “shaping factor” and is expressed as

Gs = σω0. (2)

Gs governs the time-frequency resolution of CWT. The
larger the shaping factor, the higher the spectral res-
olution (but the lower the time resolution), and vice

versa[29].
The coefficient obtained by CWT on a temporal signal

f(t) can be expressed as
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where b is the delay of the wavelet, and a=ω0/ω is the
scale factor, which is larger for a wavelet with a lower cen-
ter frequency. Figure 3(a) plots the CWT coefficient map

Fig. 3. Time-frequency characteristics of the THz radiation
pulse emerging from the waveguide conducted by CWT with
Gs=12.8. (a) A curved spectral band with an asymptote
around 0.76 THz; (b) group velocity retrieval of the propa-
gating waveguide mode, where the solid line is the theoretical
result of the TE11 mode, and the squares are the experimental
data obtained from the CWT results.

of the THz radiation pulse transmitting through the
waveguide obtained in our experiment, where the vertical
and horizontal axes denote the various center frequencies
and the time delay of the wavelets, respectively. The gray
scale represents the relative amplitude of the spectrum.
In Fig. 3(a), the propagating waveguide mode is repre-
sented by a curved spectral band with an asymptote near
0.76 THz in the wavelet domain.

Wavelet transform simultaneously shows the time and
frequency domain characteristics of the signals in one co-
efficient map, indicating that it can be utilized to analyze
the group velocity of the propagating mode. The group
delay B at a certain frequency ωc, i.e., a certain scale fac-
tor ac, is represented by the delay of the “related” wavelet
that satisfies the condition Ψ [ac,B(ωc)] = max

b

[Ψ(ac, b)].

The group velocity of a certain mode in our case can be
written as

Vg =
1

{[Bw(ω) −Br(ω)]/L} + 1/c
, (4)

where Bw(ω) is the delay of the signal through the waveg-
uide, Br(ω) is that of the reference signal, L is the length
of the waveguide, and c is the velocity of light in vac-
uum. In Fig. 3(b), the squares are the group velocities
retrieved at a shaping factor of 12.8. The solid line is
the theoretical calculation based on the waveguide the-
ory for TE11 mode, with a cut-off frequency of 0.76 THz
for a 230-µm-diameter cylindrical waveguide. The re-
trieved and calculated results are in good accordance
with each other in the most spectral part of our interest.
The reasons for the deviation in the cut-off frequency
and the group velocity near 0.76 THz are as follows.
1) The home-made waveguide we used is not perfectly
fabricated, which must have caused some deviation from
the calculated results based on the perfect and standard
cylindrical waveguide assumption; 2) the precision of the
CWT in the time domain decreases as the frequency
goes down, which means it is correct in the main part
of the signal spectrum only. Considering the consistency
of the cut-off frequency, the group velocity, and the neg-
ative chirped property obtained from both the CWT
and the waveguide theory, the spectral band shown in
Fig. 3 corresponds to the waveguide mode TE11. Com-
pared with other methods, CWT gives an intuitive and
simple method of presenting the asymptote line and the
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Fig. 4. (a) Time-frequency characteristics by CWT with
Gs=12.8 for a THz pulse passing through the waveguide, as
presented in Fig. 5 of Ref. [9]. The fine gray lines represent
the theoretical results of group velocity for the dominant three
modes. (b) Three-dimensional picture of the time-frequency
characteristics of the signal.

dispersion type. CWT also has the capability to retrieve
the group velocity of the mode.

To demonstrate the availability of analyzing THz
waveguide modes in the wavelet domain further, we
use our method to process a multi-mode case for the
THz waveguide reported in Ref. [9]. We focus on the
results shown in Fig. 5 of Ref. [9], which is a THz-TDS-
measured THz radiation pulse and its corresponding am-
plitude spectrum through a 4-mm-long, 280-µm-diameter
stainless steel waveguide. The incoming THz pulse shown
in Fig. 2 of Ref. [9], which had a duration of ∼1 ps and
a corresponding amplitude spectrum from 0.1 to 4 THz,
was stretched to a ∼20-ps pulse with a negative chirp due
to the strong group-velocity dispersion in the waveguide.
The corresponding amplitude spectrum had a sharp cut-
off at 0.63 THz, and the spectral oscillation appearing
at approximately 1.5 THz implied the multi-mode prop-
agation through the waveguide. We reconstruct the time
domain data of the propagating waveguide signal and the
incoming THz signal from Fig. 5 of Ref. [9] and show the
CWT coefficient maps of the multi-mode pulse in Figs.
4(a) and (b). The shape of the map is apparently dif-
ferent from the single mode case, as shown in Fig. 4(a),
which displays three bands curved with different trends
having asymptotes near 0.63, 1.31, and 1.82 THz, re-
spectively. This implies that the THz pulse transmitting
through the waveguide contains three main propagating
modes, i.e., TE11, TM11, and TE12 modes, respectively.
This was proven in Ref. [9]. Compared with the Fourier
transform method, which needs spectrum interference
observation, mode coupling efficiency, and attenuation
calculation based on waveguide theory, the CWT map
provides an intuitive and easy method of mode identifica-
tion. This mode-distinguishing capability of CWT arises
from the fact that these three modes have different group
velocities. We theoretically calculate the group velocity
for these three modes in the air-filled 280-µm-diameter
stainless steel waveguide shown as gray lines in Fig. 4(a).
The trend of these three curved bands in the wavelet do-
main agrees well with the theoretical results of the group
velocities of the waveguide modes, both in the curved
trend and their asymptotes. In Fig. 4(b), we emphasize
the relative contribution of these three different propa-
gating modes, which is another main advantage of the
wavelet analysis. The height and gray scale of each mode

spectrum show that the TE11 mode is distributed mainly
in the spectral region lower than 2.5 THz, whereas the
TM11 mode is relatively stronger at 2.9 THz and above.
There is also a very weak mode component TE12 in the
waveguide, which is only predicted by the waveguide
theory. The modulation of the band, which results from
the mode spectrum interference, in the spectral region
larger than 1.5 THz in Fig. 4(a), is in good accordance
with that in Fig. 5(b) of Ref. [9]. The height directly
reflected the different contributions of the three modes
in the waveguide as determined together by the cut-off
frequency, mode coupling efficiency, and attenuation.

In conclusion, we introduce CWT into the analysis of
guided THz pulses transmitting through metallic THz
waveguides. The single-mode signal from a 5-mm-long,
230-µm-inner-diameter stainless steel waveguide detected
by THz-TDS and the multi-mode signal from the data
reported in Ref. [9] are both analyzed in time-frequency
space. The results demonstrate that CWT quantitatively
and intuitively shows the detailed characteristics of the
waveguide modes, such as mode type identification, cut-
off frequency, mode coupling efficiency, attenuation, and
group velocity retrieval. This simple but informative
analysis method may find more applications in THz re-
search.
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