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Dynamic behaviors of the erbium-doped fiber laser (EDFL) with dual-frequency loss modulation are experi-
mentally investigated. Frequency-locked states with their winding numbers which form the devil’s staircase
are observed in this kind of lasers. In the unlocked regions, the output state changes from quasiperiodicity
to chaos under increasing modulation index, which demonstrates a different route to chaos from the conven-
tional loss-modulated EDFLs with a single modulation frequency. The chaos output in the dual-frequency
loss-modulated EDFLs shows less harmonic components of the modulation frequency in the corresponding
power spectrum, indicating the improvement of the randomness of the chaotic signals.
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Chaos in erbium-doped fiber lasers (EDFLs) has at-
tracted much attention because of its potential applica-
tions in secure optical communication[1−3]. It has been
demonstrated and investigated intensively that complex
dynamic behaviors can be realized by EDFLs by using
heavily doped EDF with high ion pair concentration[4−6].
On the other hand, chaos generation by introducing ad-
ditional degrees of freedom[7], e.g., the loss modulation[8],
focused much attention in recent years since common
EDFs can be used in these EDFLs, which improves their
practicality[9].

Recently, chaos synchronization has been demon-
strated in loss-modulated EDFLs[1,9]. However, due to
the single-frequency modulation used in these works, the
randomness of the chaos output is limited, which is re-
flected by the obvious components at the modulation fre-
quency and its harmonics in the chaotic power spectra[1].
Therefore, the EDFLs with more additional loss modu-
lation need to be investigated.

In this letter, we propose and demonstrate that dual-
frequency loss modulation (driving) can be used as ad-
ditional freedom degrees of EDFLs. The dynamical
behaviors of the dual-frequency loss-modulated EDFL
are investigated experimentally. The phenomena of fre-
quency locking and chaos via quasiperiodicity are ob-
served. These fiber lasers show their potential as chaos
generators with better randomness in comparison with
the ones with single driving frequency by studying the
chaotic power spectra.

The experimental setup of the loss-modulated EDFL
is shown in Fig. 1. This EDFL is a ring laser.
The gain device is an erbium-doped fiber amplifier
(EDFA) comprised of a piece of 25-m long EDF
(MP980, OFS) pumped by a 980-nm pump-laser
and an isolator. In all the experimental results
shown below, the pump power is fixed at 56 mW.
A band-pass filter composed of a fiber Bragg grat-
ing (FBG) and an optical circulator, is inserted into
the cavity. The FBG has a reflectivity of 90% at

1546.7 nm and a 3-dB bandwidth of 0.2 nm. The po-
larization in the cavity is adjusted by a polarization
controller (PC). A pair of acousto-optical modulators
(AOMs) with the opposite frequency shift (±27 MHz)
are used as the loss modulation devices. The external
modulation signal (S) is added on AOM1 which shifts
the optical frequency from ν0 to ν0+27 MHz to real-
ize harmonic modulation of the cavity loss, while AOM2
works in continuous wave (CW) mode to eliminate the
self-pulsing caused by the frequency-shifted feedback of
the AOM[10]. Their place can be exchanged without affec-
tion on the results of the experiments. The signal voltage
applied to the AOM driver for the combined modulation
is

S(t) = Vb[1 + m1 sin(2πf1t) + m2 sin(2πf2t)], (1)

where Vb is the bias voltage and equals 438 mV in our
experiments, m (m = V /Vb, V is the driving voltage
amplitude) and f are the modulation index and the
modulation frequency of the two independent sinusoidal
signals identified by suffixes i (i = 1, 2), respectively.
The laser light is divided by a fiber coupler with a cou-
pling ratio of 80:20. The total cavity length is 57 m and
the relaxation oscillation frequency of the laser is about
14 kHz. The laser’s temporal output is measured by a
photodetector (PD, Agilent 83440B) with a bandwidth
of 6 GHz and an oscilloscope (OSC, Agilent 54833A)
with a bandwidth of 1 GHz. The power spectrum of
the temporal output is also analyzed and shown on the
screen of the OSC, using the fast Fourier transformation
(FFT) function of the OSC.

Firstly, the mearsurement is performed for the EDFL
without any modulation and the laser emits in a CW
regime in the pump condition. The output trace and its
corresponding power spectrum are shown in Figs. 2(a)
and (b), respectively. When the loss of the EDFL is mod-
ulated by a driving signal at m1=2.6%, the pulses appear
[see Fig. 2(c)] and the modulation frequency, f1=43847
Hz, marked by the arrow, is shown in the corresponding
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power spectrum [see Fig. 2(d)]. The smaller peaks shown
in the power spectra are mainly due to the relaxation
oscillation of the EDFL. The fact demonstrates that the
origin of the pulsed condition cannot be attributed to
the noise of the laser but the loss modulation.

Then temporal output states with stable frequency
locking are observed in this EDFL with dual-frequency
loss modulation. Some typical traces of output sig-
nal voltage (Vout) versus t are shown in Fig. 3. In
these traces, the values of the driving frequency ratio
Ω = f1/f2 have been specially chosen to be 2/5, 1/2,
3/5, and 2/3, respectively. It can be seen that each trace
shows a well-defined periodicity. Each stable frequency-
locked state can be represented by the corresponding
rational winding numbers[11,12] w = p/q, where p and
q are prime numbers. In Fig. 4, the winding number
is shown as a function of the frequency ratio in the in-
terval of [1/3, 1] by sweeping f1 from 1200 Hz to 4000
Hz while f2 is fixed at 4000 Hz. The winding numbers
form a fractal curve called a devil’s staircase and appear
in the Farey-tree order from left to right[13]. The width
of the range for the frequency ratio which gives a stable
p/q frequency-locked state depends on the level where
p/q appears in the hierarchy of the Farey tree. For all
experimental results shown in Fig. 3 and Fig. 4, the
modulation indices are m1 = 2.6% and m2 = 3.2%,
respectively.

The gaps between two stairs are the unlocked re-
gions. Under the modulation indices in Fig. 4, the
temporal outputs in the unlocked regions are gener-
ally quasiperiodic, reflecting a complex beating of two
modulation frequencies. When one of the modulation
indices (here m1) increases, a transition from quasiperi-

Fig. 1. Experimental setup of the dual-frequency loss-
modulated EDFL.

Fig. 2. Output traces and their corresponding power spec-
tra of the EDFL. (a), (b): Without any modulation; (c), (d):
with a modulation signal, f1=43847 Hz, m1=2.6%.

odicity to chaos can be observed. Figure 5 shows the
transition processes when the modulation frequency ra-
tio Ω = f1/f2 (f1 = 2475 Hz and f2 = 4000 Hz) is

almost equal to the gold mean σg = (
√

5 − 1)/2. The
chosen value represents the ‘worst’ irrational number
because it is the most difficult one to be approximated
by rational numbers[14]. As m2 = 3.2%, Figs. 5(a), (c),
and (e) are temporal output traces under different m1,
while Figs. 5(b), (d), and (f) are their corresponding
spectra. There are two traces in each figure of Figs.
5(a), (c), and (e), showing the temporal output traces
(lower) and details of their pulse series (upper), respec-
tively. As m1 = 2.6%, the power spectrum [see Fig.
5(b)] displays the components of modulation frequen-
cies (f1 and f2) and their harmonics, as well as various
combinations of the modulation frequencies e.g., f1 + f2,
showing its characteristics of quasiperiodicity. When m1

increases to 4.9%, the components of the various mod-
ulation frequency combinations are enhanced, and at
the same time a broadband noise appears in the power
spectrum [see Fig. 5(d)], showing the onset of chaos.
When m1 increases to 6.5%, the broadband noise in the
power spectrum rises significantly and covers the most
combinations components of the modulation frequencies
[see Fig. 5(f)], indicating chaos of the laser system.

Figure 6 shows similar experimental results of the tran-
sition to chaos via quasiperiodicity when the modulation
frequency ratio Ω = f1/f2 (f1 = 1656 Hz and f2

= 4000 Hz) is approximately equal to the silver mean

Fig. 3. Typical frequency locking output traces. (a) f1=
1600 Hz, w=2/5; (b) f1=2000 Hz, w=1/2; (c) f1=2400 Hz,
w=3/5; (d) f1=2667 Hz, w=2/3. Other modulation parame-
ters: m1=2.6%, f2=4000 Hz, m2=3.2%.

Fig. 4. Measured winding numbers as a function of the fre-
quency ratio Ω = f1/f2.
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σs =
√

2−1. However, the modulation index threshold of
the transition from quasiperiodicity to chaos at Ω = σs

is higher than that at Ω = σg while other parameters
of the laser are same. We find that chaos via quasiperi-
odicity occurs in each unlocked region shown in Fig. 4
at different transition threshold as the modulation index
increases. The lowest threshold is achieved at Ω = σg

due to the irrational characteristics of the golden mean,
indicating that chaos can be achieved more easily under
this value of the frequency ratio.

It is well known that the period-doubling and in-
termittency routes to chaos in EDFLs[15], which are
also realized in our experimental setup by adding one
driving signal only. Figure 7 shows the comparison
between the typical chaotic spectra of loss-modulated
EDFLs with single- and dual-frequency modulation.
In Fig. 7(a), it is seen that lines occur at the mod-
ulation frequency and its harmonics in the chaotic
power spectrum of the single-frequency loss-modulated
EDFL, which shows that the chaos is not completely
random[1]. In Fig. 7(b), the frequency spectrum of the
dual-frequency loss-modulated EDFL has better con-
tinuity owing to the suppression of the periodic fre-
quency lines. It indicates that chaos in dual-frequency

Fig. 5. Transition from quasiperiodicity to chaos at Ω ≈ σg.
(a), (b): m1=2.6%, m2=3.2%; (c), (d): m1=4.9%, m2=3.2%;
(e), (f): m1= 6.5%, m2=3.2%.

Fig. 6. Transition from quasiperiodicty to chaos at Ω ≈ σs.
(a), (b): m1=2.6%, m2=3.2%; (c), (d): m1=8.6%, m2=3.2%;
(e), (f): m1= 9.7%, m2=3.2%.

Fig. 7. Comparison of chaotic spectra for two kinds of mod-
ulation methods. (a) f1=13400 Hz, m1=2.6%; (b) f1=
13400 Hz, m1=2.6%, f2=22385 Hz, m2=3.2%.

loss-modulated EDFL is more random. Here, the fre-
quency ratio is chosen to be approximately equal to σg.

It is worth to note that frequency locking and the
transition from quasiperiodicity to chaos caused by com-
peting effect of the natural frequency and the pump
modulation frequency has also been observed in a pump-
modulated self-pulsing EDFL[16,17], in which heavily
doped EDF is required. In this letter, the results demon-
strate that by dual-frequency loss-modulation chaos via
quasiperiodicity as well as frequency locking can be real-
ized in EDFLs using common EDFs, which extends the
practicability of loss-modulated EDFLs in optical secure
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communication.
In conclusion, we report the experimental results on

the quasiperiodic route to chaos in a dual-frequency
loss-modulated EDFL for the first time. Comparing the
spectrum with that of the conventional loss-modulated
EDFLs with single modulation frequency, we find that
the chaos signal in our results is more random because
of the absence of the harmonics of the modulation fre-
quencies, indicating the enhancement of the randomness.
Frequency-locked states with their winding numbers ap-
pearing in the Farey-tree order and forming the devil’s
staircase are also observed in this kind of lasers.
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