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By utilizing multimode squeezed states theory, we study the generalized nonlinear equal-power higher-
power sum squeezing properties of the generalized magnetic-field component in four-state superposition

multimode entangled state light field
���Ψ1

(4)
E

q

. The state is composed of multimode vacuum state, mul-

timode coherent state and its contrary state, multimode imaginary coherent state. It is found that the

state
���Ψ1

(4)
E

q

is a type of four-state superposition multimode nonclassical light field, and under certain

fixed conditions, the generalized magnetic-field component in the state
���Ψ1

(4)
E

q

can display generalized

nonlinear equal-power 4m-th power sum squeezing effects which change periodically.
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Since the concept of “squeezed states”[1] was proposed
in 1970, many researches have been done in squeezed
states[2−14]. In the 1990s, the establishment of the mul-
timode squeezed states theory[10] deepens the theoreti-
cal studies in the area of squeezed states. Multimode
squeezed states light field[10−14] is a type of nonclas-
sical light field. Because of its special pure quantum
property, it is widely applied in many scientific fields
such as multi-longitudinal-mode light-quanta communi-
cation. And it is a pioneering research project in current
field of quantum optics[4−14]. Multimode squeezed states
theory[10] has been ultilized in the studies of the gener-
alized nonlinear squeezed properties in two-, three-, and
five-state superposition multimode squeezed state light
field and multimode functional coherent state superpo-
sition state light field[11−13], and some special four-state
superposition multimode squeezed state light field and
multimode functional coherent state superposition state
light field[14]. The studies show a series of new phys-
ical phenomena like “contrary squeezing” effect, which
are significantly helpful to the further study of multi-
longitudinal-mode light-quanta communication based on
the theory of multimode squeezed state. However, those
studies focus little attention on the generalized nonlin-
ear higher-order squeezed characteristics in general four-
state superposition multimode superposition state light
field. And no attention is even paid to the general-
ized nonlinear higher-order squeezed characteristics in
vacuum immiting general four-state superposition multi-
mode superposition state light field. In fact, the further
research of this field not only deepens the understanding
of quantum essences of light by revealing the nonclassical
nature of multimode squeezed state light field, but also
provides theoretical guide to prepare, produce, and con-
trol the multimode light field in experiments.

In this letter, the characteristics of generalized non-
linear equal-power higher-power sum squeezing (equal-
power Nth-power H-squeezing) of the generalized
magnetic-field component in the vacuum state immit-
ing four-state superposition multimode entangled state
light-field

∣

∣Ψ1
(4)

〉

q
are studied by utilizing the multimode

squeezed states theory mentioned above, and a series of
results and conclusions are obtained.

The general definition[10] of generalized nonlinear
equal-power Nth-power H-squeezing is given below. In
the multimode radiation light field (MRLF) with fre-
quency ωj (j = 1, 2, 3, · · · , q), a+

j and aj represent the
creation operator and annihilation operator of the jth-
mode of MRLF, respectively[10]. And then two pairs of
Hermitian conjugate operators B+

q (N) and Bq(N) can
be defined as

B+
q (N) =

q
∏

j=1

a+N
j , Bq(N) =

q
∏

j=1

aN
j .

Based upon the above two operators, we introduce the
following two quadrature phase Hermitian operators:

Hq
1 (N) =

1

2
[B+

q (N) + Bq(N)],

Hq
2 (N) =

i

2
[B+

q (N) − Bq(N)].

By utilizing the Cauchy-Schwarz inequality, the uncer-
tainty principle can be expressed as

〈

∆H2
1 (N)q

〉 〈

∆H2
2 (N)q

〉

≥ 1

16

∣

∣

〈

[Bq(N), B+
q (N)]

〉∣

∣

2
,

where
〈

∆H2
m(N)q

〉

=
〈

[Hq
m(N)]2

〉

− 〈[Hq
m(N)]〉2, m =

1, 2;
〈

∆H2
1 (N)q

〉

and
〈

∆H2
2 (N)q

〉

stand for the quan-
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tum fluctuations of generalized magnetic- and electric-
field components in the MRLF, respectively. Accord-
ing to the equation mentioned above, if this inequality is
satisfied by one of the quantum fluctuations of the two
quadrature phase components in the MRLF, then

4
〈

∆H2
m(N)q

〉

− 〈 [Bq(N), B+
q (N)] 〉 < 0 (m = 1, 2),

or

hm (N) = 4
〈

∆H2
m (N)q

〉

−
〈

[Bq (N) , B+
q (N)]

〉

< 0.

This would lead to the existence of generalized nonlinear
equal-power Nth-power H-squeezing effect that happens

in the mth (m = 1, 2) quadrature phase component in
MRLF.

The multimode entangled state light field
∣

∣Ψ1
(4)

〉

q
con-

structed in this letter is a kind of amplitude-phase-mixed
multimode entangled state light field, which is formed
by linear superposition of four macroscopically different
multimode quantum states — multimode vacuum state
|{0j}〉q, multimode coherent state |{Zj}〉q and its con-

trary state |{−Zj}〉q, and multimode imaginary coherent

state |{iZj}〉q. It can be produced in experiments by non-

linear Mach-Zehnder interferometer. It can be expressed
as

∣

∣

∣
Ψ

(4)
1

〉

q
= C1 |{Zj}〉q + C2 |{0j}〉q + C3 |{−Zj}〉q + C4 |{iZj}〉q , (1)

where

Cn = rn exp[iθn] (n = 1, 2, 3, 4), (2)

Zj = Rj exp[iϕj ] (j = 1, 2, 3, · · · , q), (3)

|{Zj}〉q = exp{− 1
2 [

q
∑

j=1

|zj|2]}
∞
∑

{nj}=0

{
q
∏

j=1

Z
nj

j√
nj !

} |{nj}〉q ,

|{−Zj}〉q = exp{− 1
2 [

q
∑

j=1

|zj |2]}
∞
∑

{nj}=0

{
q
∏

j=1

(−1)nj Z
nj

j√
nj !

} |{nj}〉q ,

|{iZj}〉q = exp{− 1
2 [

q
∑

j=1

|zj|2]}
∞
∑

{nj}=0

{
q
∏

j=1

inj Z
nj

j√
nj !

} |{nj}〉q ,

|{0j}〉q = |01, 02, 03, · · · , 0j , · · · , 0q−1, 0q〉q .











































(4)

And rn (n = 1, 2, 3, 4) is the superposition probability amplitude of each coherent state in
∣

∣Ψ1
(4)

〉

q
, θn (n = 1, 2, 3, 4) is

the initial phase of each coherent state in
∣

∣Ψ1
(4)

〉

q
, |{nj}〉q = |n1, n2, n3, · · · , nq−1, nq〉 is the multimode photon number

state, |{0j}〉q is the multimode vacuum state, and q is the total number of light field’s cavity-modes (longitudinal-

mode).
The normalization condition of state

∣

∣Ψ1
(4)

〉

q
is

q〈Ψ1
(4)|Ψ1

(4)〉q = r2
1 + r2

2 + r2
3 + r2

4 + 2r1r3 cos(θ1 − θ3) exp{−2

q
∑

j=1

R2
j}

+2r2 exp{−1

2

q
∑

j=1

R2
j}[r1 cos(θ1 − θ2) + r3 cos(θ2 − θ3) + r4 cos(θ2 − θ4)]

+2 exp{−
q

∑

j=1

R2
j}{r1r4 cos[(θ1 − θ4) −

q
∑

j=1

R2
j ] + r3r4 cos[(θ3 − θ4) +

q
∑

j=1

R2
j ]} = 1. (5)

Based on the definition of generalized nonlinear equal-power Nth-power H-squeezing in multimode state light field
mentioned in Ref. [10] and Eqs. (1)—(5), we can obtain the general theoretical result of equal-power higher-power
sum squeezing of generalized magnetic-field component (1st quadrature phase) in vacuum state immiting four-state
superposition multimode entangled state light field

∣

∣Ψ1
(4)

〉

q
:

h1 (N) = 4
〈

∆H2
1 (N)q

〉

−
〈

[Bq (N) , B+
q (N)]

〉

= 2{
q

∏

j=1

R2N
j }{r2

1 + r2
3 + r2

4 + 2 (−1)qN r1r3 cos(θ1 − θ3) exp[−2

q
∑

j=1

R2
j ]

+2 exp[−
q

∑

j=1

R2
j ]{r1r4 cos[(θ1 − θ4) − qN

π

2
−

q
∑

j=1

R2
j ] + r3r4 cos[(θ3 − θ4) + qN

π

2
+

q
∑

j=1

R2
j ]}

+{r2
1 + r2

3 + (−1)qNr2
4 + 2r1r3 cos(θ1 − θ3) exp[−2

q
∑

j=1

R2
j ]} cos[2N(

q
∑

j=1

ϕj)]
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+r2 exp[−1

2

q
∑

j=1

R2
j ]{r1 cos[2N(

q
∑

j=1

ϕj) + (θ1 − θ2)] + r3 cos[2N(

q
∑

j=1

ϕj) − (θ2 − θ3)]

+ (−1)qN r4 cos[2N(

q
∑

j=1

ϕj) − (θ2 − θ4)]} + exp[−
q

∑

j=1

R2
j ]{r1r4{cos[2N(

q
∑

j=1

ϕj) + (θ1 − θ4) −
q

∑

j=1

R2
j ]

+(−1)qN cos[2N(

q
∑

j=1

ϕj) − (θ1 − θ4) +

q
∑

j=1

R2
j ]} + r3r4{cos[2N(

q
∑

j=1

ϕj) + (θ3 − θ4) +

q
∑

j=1

R2
j ]

+(−1)qN cos[2N(

q
∑

j=1

ϕj) − (θ3 − θ4) −
q

∑

j=1

R2
j ]}} − 2{[r2

1 + (−1)qN r2
3 ] cos[N(

q
∑

j=1

ϕj)]

+r2
4 cos[N(

q
∑

j=1

ϕj) + qN
π

2
] + exp[−2

q
∑

j=1

R2
j ] · r1r3{cos[N(

q
∑

j=1

ϕj)] + (θ1 − θ3)]

+(−1)qN cos[N(

q
∑

j=1

ϕj) − (θ1 − θ3)]} + exp[−1

2

q
∑

j=1

R2
j ] · r2{r1 cos[N(

q
∑

j=1

ϕj) + (θ1 − θ2)]

+ (−1)qN r3 cos[N(

q
∑

j=1

ϕj) − (θ2 − θ3)] + r4 cos[N(

q
∑

j=1

ϕj) − (θ2 − θ4) + qN
π

2
]}

+ exp[−
q

∑

j=1

R2
j ] · {r1r4{cos[N(

q
∑

j=1

ϕj) + (θ1 − θ4) −
q

∑

j=1

R2
j ] + cos[N(

q
∑

j=1

ϕj) − (θ1 − θ4) +

q
∑

j=1

R2
j + qN

π

2
]}

+r3r4{(−1)qN cos[N(

q
∑

j=1

ϕj) + (θ3 − θ4) +

q
∑

j=1

R2
j ] + cos[N(

q
∑

j=1

ϕj) − (θ3 − θ4) −
q

∑

j=1

R2
j + qN

π

2
]}}}2}, (6)

where R2
j is the mean photon-number of the jth coherent single-mode light, ϕj is its initial phase and N is the sum

squeezing-power-number.

When qN = 4m (m = 1, 2, · · · ), if the sum of the modes’ initial phases (
q
∑

j=1

ϕj) satisfies

q
∑

j=1

ϕj = ±(2Kϕ + 1)(qπ/8m) (Kϕ = 0, 1, 2, · · · ), (7)

and the initial phase difference among different states satisfies

θi − θ2 ∈ [2lπ − π/2, 2lπ + π/2] (i = 1, 3, 4; l = 0,±1,±2, · · · ), (8)

then Eq. (6) can be rewritten as

h1(4m) = −2{
q

∏

j=1

R
8m/q

j } · exp[−1

2

q
∑

j=1

R2
j ] · {[r1r2 cos(θ1 − θ2) + r2r3 cos(θ2 − θ3) + r2r4 cos(θ2 − θ4)]

+ exp[−1

2

q
∑

j=1

R2
j ] · 2r2

2 [r1 sin(θ1 − θ2) + r3 sin(θ3 − θ2) + r4 sin(θ4 − θ2)]
2} < 0. (9)

It can be seen that there exist equal-power 4m-th power
sum squeezing effects of generalized magnetic-field com-
ponent in state

∣

∣Ψ1
(4)

〉

q
, and these effects change period-

ically. Its squeezing result, squeezing depth, and squeez-
ing degree are related nonlinearly to the total number of
light field’s cavity-modes q, to the sum squeezing-power-
number N = 8m/q, to the mean photon-number of the

jth coherent single-mode light R2
j and its sum

q
∑

j=1

R2
j , to

the product of the superposition probability amplitude
rir2 (i = 1, 3, 4) of each coherent state in

∣

∣Ψ1
(4)

〉

q
, to

the sum of the modes’ initial phase (
q
∑

j=1

ϕj), and to the

initial phase difference (θi − θ2) (i = 1, 3, 4).
From the above analysis, we can draw the following

conclusions. Firstly, the vacuum state immiting four-
state superposition multimode entangled state light field
∣

∣Ψ1
(4)

〉

q
constructed in this letter is a kind of typical

multimode nonclassical light field, which displays in cer-
tain conditions equal-power 4m-th power sum squeezed
effects which change periodically.

Secondly, under the condition of qN = 4m (m =
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1, 2, · · · ), if the sum of the modes’ initial phase (
q

∑

j=1

ϕj)

satisfies Eq. (7) and the initial phase difference (θi − θ2)
(i = 1, 3, 4) satisfies the condition (8), then there exist
equal-power 4m-th power sum squeezed effects of gen-

eralized magnetic-field component in the state
∣

∣

∣
Ψ

(4)
1

〉

q

which change periodically.
Thirdly, the basic reasons for equal-power 4m-th power

sum squeezing effects of generalized magnetic-field com-
ponent in the state

∣

∣Ψ1
(4)

〉

q
are quantum interference

effects of different states and of different modes. The
quantum interference effect of different states is pre-
sented in theory that the initial phase difference among
different states must satisfy certain and fixed conditions,
that is, the different states in

∣

∣Ψ1
(4)

〉

q
must satisfy fixed

phase relations in the process of linear superposition.
However, the quantum interference effect of different
states in experiments is shown as macroscopical interfer-
ence phenomenon of two or more light beams. The quan-
tum interference effects of different modes are shown as
follows. 1) There exists quantum probability interference
in the same photon of the same longitudinal mode. 2)
There exists quantum probability interference in different
photons of the same longitudinal mode. 3) There exists
quantum entanglement in different photons of the same
or different longitudinal modes, and this quantum en-
tanglement leads to mode competition effect in different
longitudinal modes. Therefore, the quantum interference
effect of different modes is presented in theory that the

initial phase sum of each mode
q

∑

j=1

ϕj must satisfy cer-

tain and fixed conditions, that is, the different modes in
∣

∣Ψ1
(4)

〉

q
must satisfy fixed phase relations. Yet in experi-

ments, the quantum interference effect of different modes

is closely related to the technology of preparing, produc-
ing, and controlling multimode quantum entangled light
field.

This work was supported by the Science and Techonol-
ogy Item of Education Department of Jiangxi Province
(No. 2006263) and the Science and Technology Key Task
Foundation Item of Jiangxi Province (No. 200621).

References

1. D. Stoler, Phys. Rev. D 1, 3217 (1970).

2. C. K. Hong and L. Mnadel, Phys. Rev. A 32, 974 (1985).

3. M. Hillery, Phys. Rev. A 40, 3147 (1989).

4. J. Fang, J. Li, C. Huang, and Z. Huang, Acta Opt. Sin.
(in Chinese) 26, 921 (2006).

5. A. Biswas and G. S. Agarwal, Phys. Rev. A 75, 032104
(2007).

6. P. Marek, M. Paternostro, and M. S. Kim, Phys. Rev. A
74, 032311 (2006).

7. C. C. Gerry and A. Benmoussa, Phys. Rev. A 77, 062341
(2008).

8. Y. Li, Y. Castin, and A. Sinatra, Phys. Rev. Lett. 100,
210401 (2008).

9. M. T. Johnsson and S. A. Haine, Phys. Rev. Lett. 99,
010401 (2007).

10. Z. Yang and X. Hou, Acta Photon. Sin. (in Chinese) 27,
289 (1998).

11. X. Han, Z. Yang, and X. Hou, Chin. J. Quantum Elec-
tron. (in Chinese) 19, 343 (2002).

12. H. Wan, Z. Yang, X. Hu, X. Yu, M. Zhou, and H. Li,
Acta Photon. Sin. (in Chinese) 31, 1430 (2002).

13. H. Wan, G. Yan, D. Wu, and W. Ruan, J. At. Mol.
Phys. (in Chinese) 24, 537 (2007).

14. B. Liu, Z. Yang, and J. Bai, J. At. Mol. Phys. (in
Chinese) 23, 855 (2006).


