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Synchronization of chaotic VCSELs by external chaotic

signal parameter modulation
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Synchronization of chaotic vertical-cavity surface-emitting lasers (VCSELs) is achieved by external chaotic
signal modulation successfully. Simulation indicates that we can get chaos synchronization if the intensity
of external chaotic signal is large enough. First of all, we use direct current modulation to achieve the
chaos of VCSELs, and determine the laser’s chaotic state by analyzing time series of the output and
the corresponding power spectrum. And then we achieve synchronization of the two chaotic systems by
external chaotic signal parameter modulation. We also find that the larger the modulation intensity is, the
easier it is to achieve synchronization for chaotic VCSELs. This approach can also be applied to systems
with a number of modulated lasers.
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In 1990, Pecora et al. proposed the principle of chaos
self-synchronization and achieved the synchronization of
electro-circuit chaos for the first time[1]. Since then,
chaotic synchronization became the focus of nonlin-
ear science and the cross field of science[2,3], and its
application to secure communication showed a broad
prospect[4,5]. As a new type of micro-cavity laser,
vertical-cavity surface-emitting laser (VCSEL) is an ideal
choice for the optical interconnection, parallel opti-
cal signal processing, and chaotic communications, be-
cause they have many advantages compared with edge-
emitting semiconductor lasers such as low threshold cur-
rent, single-longitudinal-mode operation, circular output
beam profile, and wafer-scale integrability[6−8]. There-
fore, the study on chaos synchronization of VCSELs is of
great significance.

Synchronization of chaotic edge emitting semiconduc-
tor laser[9] has made brilliant achievements presently[10],
with coupled synchronization program and driver syn-
chronization program. Experimental and theoretical re-
searches on the synchronization of chaotic VCSEL have
also made great progress in recent years and synchroniza-
tion of chaos has been achieved experimentally in uni-
directionally coupled external-cavity semiconductor VC-
SELs operating in an open-loop regime[11−14]. In this
letter, we investigate the chaos and synchronization of
chaotic VCSELs by external chaotic signal parameter
modulation. According to the dynamic model of VC-
SELs, we give the time series and the corresponding
power spectrum of the lasers. Then we determine the
laser’s chaotic state. By external chaos signal parameter
modulation, we get the synchronization of the two sys-
tems. By numerical simulation about the correlation co-
efficient of modulated lasers’ photon density versus mod-

ulation intensity, we determine the range of modulation
intensity in which the precise synchronization of modu-
lated lasers is achieved. Finally, we analyze the effect of
synchronization at different modulation intensities.

VCSEL consists of mirrors, active layer, and the com-
position of metal contacts. Two mirrors are made up
of the n-type and p-type disrtibuted Bragg reflectors
(DBRs). As the active layer is constituted by multi-
ple quantum wells (MQWs), the active layer thickness
is equal to the sum of the quantum well thicknesses. On
the p-type DBR, there is a circle light aperture and its
radius ω is also the radius of the active layer[15]. In or-
der to achieve the chaotic state of lasers, we use current
modulation to increase the degrees of freedom of lasers.
The dynamic model of VCSELs subject to current mod-
ulation can be defined by[16−18]

∂P (t)

∂t
= vg(ΓG(t) − α)P (t) + βBspN(t)2, (1)

∂N(t)

∂t
=

I(t)

qV
− vgΓG(t)P (t) −

N(t)

τc
, (2)

I(t) = Id + Imsin(2πfmt), (3)

G(t) = ΓzaN
ln[N(t)/N0]

1 + εP (t)
, (4)

where P (t) is the photon density, N(t) is the car-
rier concentration, Vg is the group velocity (Vg =
8.3×109 cm/s), q is the unit charge. The injection
currrent I(t) is the sum of the bais current Id and si-
nusoidal modulation current Imsin(2πfmt), where Im
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Fig. 1. (a) Time series of normalized photon density and (b)
the corresponding power spectrum. fm = 4 GHz, m = 0.6.

Table 1. Typical Parameters of VCSELs

Symbol Parameter Value

τc Carrier Lifetime 2.7 × 10−9s

β Spontaneous Emission Factor 1 × 10−6

Γ Lateral Confinement Factor 1

Γz Longitudinal Confinement Factor 0.07

α Equivalent Cavity Loss 5.03 × 103 m−1

aN Gain Coefficient 1.4 × 105 m−1

ε Gain Suppression 1 × 10−23 m3

N0 Transparent Carrier Density 1.3 × 1024 m−3

Bsp Bimolecular Recombination Coefficient1 × 10−22 m6/s

fm Modulation Frequency 4 GHz

ω Current Aperture 5 × 10−6 m

d Thickness of Active Region 0.1 µm

and fm are the amplitude and modulation frequency.
Γz is the longitudinal confinement, Γ is the lateral
confinement factor, α is the equivalent cavity loss, aN is
the gain coefficient, ε is the gain compression factor, N0

is the transparent carrier density, Bsp is the bimolecular
recombination coefficient, β is the spontaneous emission
factor. V = πω2d is the size of the active layer, where
ω is the current aperture and d is the thickness of the
active layer.

In this letter, we use the fourth-order Runge-Kutta nu-
merical simulation method and the parameters are listed
in Table 1. In order to facilitate the discussion, we define
m = Im/Id and use m as the modulation parameter.

According to the power spectral theory of time series,

if there is a single peak or several peaks in the power
spectrum, the time series is a cycle sequence and the sys-
tems are in a cycle state. And if the power spectrum is
a continuum, the time series is a chaotic sequence and
the systems are in a chaotic state. Therefore, the power
spectral analysis is an important method to observe bi-
furcation and distinguish chaos.

In order to display the state of lasers clearly, we draw
time series of normalized photon density at m = 0.6 and
the corresponding power spectrum in Fig. 1. It is ob-
served that the laser output is the confusion of random
and the power spectrum is a continuum. According to
the time series and corresponding power spectrum, we
make sure that the systems are in a state of chaos at m
= 0.6. But there is a pinnacle at 4 GHz in the power
spectrum and 4 GHz is even the modulation frequency
of injected current. It means that there is a central fre-
quency at any modulation intensity, no matter in a cycle
state or a chaotic state, if we use the injected current
modulation method to increase the degrees of freedom
of lasers. According to different modulation depths, the
modulation frequency brings different resonance frequen-
cies. As a result, the lasers produce some different state
cycles, and then produce continuum spectrum with con-
tinuous increase of the harmonic components and give
birth to chaos at last.

We use a modulating system which can bring a chaotic
signal to modulate the other two chaotic systems (known
as the modulated systems). By this means, the output of
the modulated systems can achieve synchronization. Fig-
ure 2 shows the program for the realization of parameter
modulation chaotic synchronization. VCSEL1 is a mod-
ulating laser, while VCSEL2 and VCSEL3 are modulated
lasers. The process is as follows. Firstly, chaos signals
from the modulating laser VCSEL1 is put into the photo-
electric converter and transformed into electrical signal.
The electrical signal is amplified by the amplifier, and
then injected into the injection currents of two modu-
lated lasers by certain intensity from the adders C1 and
C2 respectively. So the injection currents of two lasers
are modulated by the modulating laser and the output of
the modulated lasers VCSEL2 and VCSEL3 can achieve
synchronization at certain modulation intensity lastly.

Now the dynamic model of VCSEL systems can be
defined by

∂P1

∂t
= vg(ΓG1 − α)P1 + βBspN2

1 , (5)

∂N1

∂t
=

I1

qV
− vgΓG1P1 −

N1

τc
, (6)

I1 = Id + Imsin(2πfmt), (7)

∂P2

∂t
= vg(ΓG2 − α)P2 + βBspN2

2 , (8)

∂N2

∂t
=

I2

qV
− vgΓG2P2 −

N2

τc
, (9)

I2 = Id + Imsin(2πfmt) + kP1, (10)

∂P3

∂t
= vg(ΓG3 − α)P1 + βBspN2

3 , (11)
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Fig. 2. External chaotic signal modulation synchronization.
A: photoelectric converter; B: amplifer; C1, C2: adders.

Fig. 3. Chaos synchronization of lasers, k = 0.002. (a)
Chaotic attractor of VCSEL1; (b) chaotic attractor of VC-
SEL2; (c) broad synchronization of P1 and P2; (d) precise
synchronization of P2 and P3.

∂N3

∂t
=

I3

qV
− vgΓG3P3 −

N3

τc
, (12)

I3 = Id + Imsin(2πfmt) + kP1, (13)

G1 = ΓzaN
ln[N1/N0]

1 + εP1
, (14)

G2 = ΓzaN
ln[N2/N0]

1 + εP2
, (15)

G3 = ΓzaN
ln[N3/N0]

1 + εP3
. (16)

Equations (5)−(7) correspond to the modulating laser
VCSEL1, Eqs. (8)−(10) correspond to the modulated
laser VCSEL2, and Eqs. (11)−(13) correspond to the
modulated laser VCSEL3. P1, P2, P3 are the photon
densities of lasers, and N1, N2, N3 are the carrier concen-
trations of lasers, respectively. kP1 is the chaotic signal
used to achieve synchronization and k is the modulation
intensity.

It should be noted that the lasers in the model are as-
sumed to be in the same place, and the distances among
them can be neglected, so the time delay of systems for
transmitting signal is equal to 0.

For the chaotic attractors of VCSEL1 and VCSEL2, as
well as the relation diagrams of P1-P2 and P2-P3 at k
= 0.002 with the initial conditions of P1 = 2, N1 = 0.1,
P2 = 0.5, N2 = 1, P3 = 0.1, N3 = 0.4 are given in Fig.
3. It is observed from Figs. 3(a) and (b) that the at-
tractors are strange ones and the modulating system and
modulated systems are in states of chaos, but the chaos
attractors of the two systems are different. So VCSEL1
and VCSEL2 are not in the same chaotic state. Figure
3(c) shows that the relationship between P1 and P2 is a
complex function rather than a simple function. It is ob-
served from Fig. 3(d) that the relation diagram of P2-P3

is a straight line with an inclination of 45◦. We can get
a conclusion that at this modulation intensity, the mod-
ulated lasers VCSEL2 and VCSEL3 can achieve precise
synchronization.

The reason for VCSEL2 and VCSEL3 achieving precise
synchronization is that they can reach a broad synchro-
nization with VCSEL1 by modulation from VCSEL1 to
VCSEL2 and VCSEL3 respectively[19,20]. At this point,
P2 = F (P1, ϕ), P3 = F (P1, ϕ), where F is a complex
function and ϕ is the parameter that influences P2 and P3

in addition to P1. As a result, under the condition that
other parameters of VCSEL2 and VCSEL3 are equal, if
P2 and P3 reach a broad synchronization with VCSEL1,
the states of VCSEL2 and VCSEL3 are only determined
by VCSEL1. Thereby, VCSEL2 and VCSEL3 can reach
precise synchronization if VCSEL1 is in the chaotic state.

External chaotic signal parameter modulation synchro-
nization used in this letter is based on chaos-driven
synchronization[21], namely using a driving system which
can produce a chaotic signal to drive the other two
chaotic systems directly to achieve synchronization. The
difference of our method from the conventional chaos-
driven synchronization program is that chaos signal is
transformed into electrical signal and then injected into
the modulation currents of modulated lasers. The two
identical lasers modulated by the chaotic signal from the
same laser finally reach the synchronization automati-
cally through a transient process.

The correlation coefficient is a valuable mathemati-
cal tool to determine whether the two systems achieve
synchronization or not. So we introduce the correla-
tion coefficient to determine whether the two modulated
lasers can achieve precise synchronization and to deter-
mine the range of parameters in which two modulated
lasers achieve precise synchronization. The formula for
calculating the correlation coefficient is[22]

ρ =
〈[X(t) − 〈X(t)〉][Y (t) − 〈Y (t)〉]〉

〈|X(t) − 〈X(t)〉|2〉1/2〈|Y (t) − 〈Y (t)〉|2〉1/2
, (17)

where X(t) and Y (t) are the outputs of the two systems;
the terms 〈·〉 mean the average versus time. We set
X(t) = P2(t), Y (t) = P3(t) and put them into the for-
mula. The photon density correlation coefficient of the
two modulated lasers VCSEL2 and VCSEL3 can be cal-
culated. The two modulated laser systems can achieve
precise synchronization if the correlation coefficient is
1.00.

Figure 4 shows the photon density correlation co-
efficient of VCSEL2 and VCSEL3 versus mudulation
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Fig. 4. Photon density correlation coefficient of two respond-
ing lasers ρ versus modulation intensity k.

Fig. 5. Photon density difference of two responding lasers
dρ versus time t at different modulation intensities. (a)
k=0.0016; (b) k=0.0020.

intensity. It is observed that the photon density cor-
relation coefficient is less than 1.00 if the mudulation
intensity is very small and it is equal to 1.00 if the mod-
ulation intensity is in the range of k > 1.40 × 10−3.
So the two modulated laser systems achieve precise syn-
chronization and the range of parameter in which two
responding lasers achieve precise synchronization is k >
1.40× 10−3.

In order to analyze the effect of synchronization more
clearly, we calculate how long it will take to achieve syn-
chronization from unsynchronization at different modu-
lation intensities, namely, how long the transient process
will take. It is clear that the shorter the transient pro-
cess is, the faster the synchronization is, and the better
the efficiency of synchronization is. We give the photon
density difference of two modulated lasers versus time
at mudulation intensities of 0.0016 and 0.0020 in Fig.
5. It is observed from Fig. 5(a) that the photon den-
sity difference of two responding lasers becomes 0 in the
range of t> 60.85 ns and from Fig. 5(b) that the photon
density difference becomes 0 in the range of t> 32.59
ns. It indicates that the systems can achieve precise
synchronization in a shorter time as the modulation in-
tensity increases. We make a conclusion that the greater
the mudulation intensity is, the easier it is for the two
modulated systems to achieve precise synchronization.

External chaotic signal parameter modulation can also
be applied to systems with a number of modulated lasers.

With the same chaotic signal from one laser, a great many
modulated lasers can reach broad synchronization with
the modulating laser, and the modulated lasers achieve
precise synchronization with each other.

In conclusion, we get the synchronization of the two
chaotic VCSELs by external chaotic signal parameter
modulation. The numerical calculation of modulated
lasers’ correlation coefficient shows that the two lasers
can achieve chaotic synchronization well. We also find
that the greater the modulation intensity is, the eas-
ier it is for modulated lasers to achieve synchroniza-
tion. The modulated systems can be extended to many
lasers. By this means, modulated lasers can reach broad
synchronization with the modulating laser and achieve
precise synchronization with each other. It is of great
significance for multiple-terminal secure communication
with synchronization of chaotic VCSELs.
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