
904 CHINESE OPTICS LETTERS / Vol. 7, No. 10 / October 10, 2009

Cutoff characteristics of dielectric-filled circular holes

embedded in dispersive plasmonic medium

Ki Young Kim

Department of Physics, National Cheng Kung University, 1 University Road, Tainan 70101, China

E-mail: kykim1994@gmail.com

Received May 12, 2009

The cutoff characteristics of dielectric-filled circular holes embedded in a dispersive plasmonic medium
are investigated. Since two distinctive operating modes, surface plasmon polariton and circular waveguide
modes, can exist in the slow and fast wave regions, respectively, the cutoff characteristics for each are
separately investigated for linear and radial polarizations of the guided fields. As a result, the cutoff
wavelengths for the linear and radial polarizations with very small subwavelength hole radii are found to
be limited by the plasma resonance wavelength and plasma wavelength, which in turn are dependent and
independent, respectively, of the dielectric constant of the dielectric filler material.
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Since the initial report of Ebbesen’s seminal experiment
on enhanced optical transmission (EOT) through sub-
wavelength hole arrays in metallic film[1], extensive work
has been undertaken to understand this counter-intuitive
discovery and identify novel applications for optical and
photonic devices based on this phenomenon[2,3]. As a
basic element of aperture arrays, various shapes of sub-
wavelength single apertures in metal films have also been
intensively studied[3]. The conceptual process of EOT
through subwavelength holes in metal films can be qual-
itatively explained as the coupling of the illumination at
the aperture entrance, resulting from an incident plane
wave, to the guided modes inside the aperture, and the
subsequent decoupling of the electromagnetic energy into
a free space mode at the aperture exit on the opposite
side with an enhanced intensity compared with that on
the input side. Thus, EOT is strongly dependent on
the guided modes along the guided structure between
the entrance and the exit of the aperture, making precise
inspection of the subwavelength guided modes important
and indispensible to analyze EOT[4−6]. In addition to
their role in EOT, subwavelength guided modes are also
crucial in the design of various subwavelength nanoscale
waveguiding structures and their diverse derivatives[7,8].

Multi-conductor guiding systems, such as slit or coax-
ial structures, where the conductors are electrically iso-
lated from each other, do not suffer from a waveguide
cutoff due to the existence of transverse electromag-
netic (TEM) modes[9−12], enabling the electromagnetic
wave to propagate, regardless of the gap dimension be-
tween the conductors. However, hollow waveguiding
structures embedded in a single conductor, i.e., an elec-
trically non-isolated metal, like circular, elliptical, or
rectangular holes in metallic hosts, have finite cutoff
wavelengths, even though the cutoff wavelengths are
much higher at optical frequencies than those for per-
fect electric conductor (PEC) structures, as a result of
the surface plasmon effect[13−15]. Due to their geomet-
rical simplicity and important applications to scanning
near-field optical microscopes, for instance, the funda-
mental guided modes in subwavelength circular waveg-

uides with plasmonic cladding[16−18] and their radiation
characteristics[19] have already been intensively stud-
ied at optical frequencies. Plus, the guided dispersions
of dielectric-filled circular holes in a plasmonic metal
film in relation to the EOT characteristics have recently
been investigated for linear polarization[20−22]. Yet, the
systematic analysis of the guided mode cutoff character-
istics is still insufffcient, especially with regard to the
plasmonic dispersion characteristics of a host metallic
medium with a wide frequency, even though the cutoff is
signiffcant, as it limits the guided propagations along the
structure, being the fundamental index of the existence
of the guided modes. Accordingly, the cutoff wavelength
characteristics of dielectric-filled circular holes in a dis-
persive plasmonic medium over a wide optical frequency
regime are investigated when the hole radius for the
linear and radial polarizations of the guided fields is
varied. The cutoff wavelengths with very small circular
hole dimensions are found to be closely related to the
plasma wavelength or plasma resonance wavelength de-
pending on the polarization of the guided field, thereby
representing the fundamental limits of the guided mode
propagation along subwavelength circular holes in metal-
lic hosts.

A cross-sectional schematic illustration of a dielectric-
filled circular hole in a dispersive plasmonic medium is
shown in the inset (i) of Fig. 1, where the electromag-
netic wave propagation is in the +z direction. The radius
of the circular hole is r = a and the hole is filled with
a dielectric material with a dielectric constant (relative
permittivity) of εd = 1.0 or εd = 4.0, each of which is
realistic for air or a polymer/semiconductor material at
optical frequencies, respectively. The magnetic constants
(relative permeability) in both regions are assumed to be
unity, i.e., µd = µp = 1.0. The dielectric-filled circular
hole is embedded in a dispersive plasmonic medium, the
dielectric constant for which is assumed to be a simple

lossless Drude model, i.e., εp = 1− (fp/f)
2
, where f and

fp are the operating frequency and plasma frequency,
respectively. In this work, fp = 2175 THz is assumed to

mimic the plasmonic behavior of silver (Ag)[23]. As such,

1671-7694/2009/100904-05 c© 2009 Chinese Optics Letters



October 10, 2009 / Vol. 7, No. 10 / CHINESE OPTICS LETTERS 905

Fig. 1. Dispersion characteristics of Ag-like dispersive plas-
monic medium with εp = 1−(fp/f)2. Inset: (i) cross-sectional
schematic view of dielectric-filled circular hole embedded in
plasmonic medium; (ii) illustrations of electric field distribu-
tions for (ii) TM01 and (iii) HE11 modes.

the dispersion of the dielectric constant for this Ag-like
dispersive plasmonic medium is shown in Fig. 1. Below
the plasma frequency, the dispersive dielectric constant
becomes negative. Figure 1 also includes another criti-
cal frequency, called the plasma resonance frequency, i.e.,
fri = fp/

√
1 + εd, where the absolute values of the dielec-

tric constant for the Ag-like medium become the same
as those for the dielectric filler materials, which plays an
important role in the guided dispersion and cutoff charac-
teristics of this guiding structure. When using this simple
Drude model for the Ag-like medium in a wide optical fre-
quency regime, even though the dielectric constant in the
higher frequency regime seems to deviate from that for
real silver, it can provide a clear picture of the fundamen-
tal guiding properties of the guiding structures, which is
rather useful in understanding the more important ef-
fect of the dispersion of the negative permittivity[10−13].
Furthermore, recent studies have also shown important
results for a similar structure and dimensions with a wide
optical frequency regime using this simple Drude model
for silver[20−22]. Thus, it was decided to use the sim-
ple Drude model with a wide optical frequency regime
while noting the abovementioned limitation. As a result,
a clear picture of the cutoff wavelength characteristics
for dielectric-filled circular holes in an Ag-like dispersive
plasmonic medium is obtained, which will be discussed
shortly.

The negative dielectric constant of the plasmonic
medium then facilitates the existence of a surface plas-
mon polariton (SPP) mode capable of propagating slow
waves, i.e., β > k0

√
µdεd, where β and k0 are the prop-

agation constants of the waveguide and free space, re-
spectively. Meanwhile, in the fast wave region, i.e.,
β < k0

√
µdεd, there are also guided modes like those usu-

ally found in PEC circular waveguides (CWGs). Thus,
the existence of the SPP and CWG modes in this struc-
ture are mainly attributable to the negative dielectric
constant and circular geometry of the hole, respectively,
plus these two operating modes are seamlessly connected
at the border of β = k0

√
µdεd to complete a guided

mode over the slow and fast wave regions. The char-
acteristic equations for the circular hole embedded in the
Ag-like dispersive plasmonic medium can be derived us-

ing cylindrical boundary-value problems similar to those
for optical fibers[24], the details of which can be given as
PCWG/SPPQCWG/SPP = R2[13], where

PCWG =
εd

kd

J ′

m (kda)

Jm (kda)
+

εp

kp

K ′

m (kpa)

Km (kpa)
,
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µd
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,

for the CWG mode;
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,
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for the SPP mode, and

R =
mβ

k0a

(

1

k2
d

+
1

k2
p

)

,

where kd and kp are the propagation constants for
the dielectric core and Ag-like dispersive plasmonic
cladding regions in the radial direction, respectively,

and are given by kd = k0

(

µdεd − β̄2
)1/2

and kp =

k0

(

β̄2 − µpεp

)1/2
for the CWG mode, respectively, and

kd = k0

(

β̄2 − µdεd

)1/2
and kp = k0

(

β̄2 − µpεp

)1/2
for

the SPP mode, respectively, where β̄ (= β/k0) is the nor-
malized propagation constant. Plus, Jm (·) and Im (·) are
ordinary and modified Bessel functions of the first kind
representing the field behavior inside the hole region for
the CWG and SPP modes, respectively, and Km (·) is a
modified Bessel function of the second kind representing
the field behavior in the plasmonic medium. Prime de-
notes the differentiation with respect to r, and m is the
azimuthal eigenvalue related to the polarization of the
guided fields. If m = 0, R also becomes zero, splitting the
degenerated characteristic equation into PCWG/SPP = 0
or QCWG/SPP = 0, which are the characteristic equa-
tions for the transverse magnetic (TM) and transverse
electric (TE) modes, respectively, where neither mode
has an angular dependence on the electromagnetic field
distributions in the guiding cross-section. Among the
modes with no angular dependence, the TM01 mode,
i.e., the first TM mode with m = 0, represents the radial
polarization of the guided fields illustrated in the inset
(ii) of Fig. 1. The TE mode is not of current concern,
as it does not support the SPP mode[13]. The HE11

mode, which is a TM-like hybrid mode, is referred to
as the first mode with m = 1, representing the linear
polarization of the guided fields, as illustrated in the
inset (iii) of Fig. 1. This linearly polarized HE11 mode is
useful in many practical applications, as it can be easily
excited and coupled to the circular guiding structure by
conventional end-fire coupling. Meanwhile, the radial
polarized TM01 mode is known to be capable of possess-
ing a smaller spot size than that of the linearly polarized
mode[25], which is important for imaging applications,
even though it is more difficult to generate[26]. There-
fore, these two polarizations are the main focus of this
work, and solutions of the characteristic equations reveal
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Fig. 2. Guided dispersion characteristics of dielectric-filled
circular holes in Ag-like dispersive plasmonic medium for
a = 10, 50, and 100 nm. (a) HE11 mode for εd = 1.0, (b)
HE11 mode for εd = 4.0, (c) TM01 mode for εd = 1.0, and
(d) TM01 mode for εd = 4.0.

the guided dispersion characteristics of the propagation
constants that possess fundamental information, includ-
ing the cutoff wavelengths.

Figure 2 shows the guided dispersion characteris-
tics of the dielectric-filled circular waveguides embed-
ded in the Ag-like dispersive plasmonic medium over a
wide optical frequency regime, where the dielectric con-
stants of the Ag-like medium were |εp| < εd as well as
|εp| > εd. The vertical dotted and dashed lines represent
the plasma resonance frequencies, previously given by
fri = fp/

√
1 + εd, where the subscript i represents the

values of the dielectric constants used in this work. The
overall guided dispersion curves are found to shift with
a change in the plasma resonance frequency. The cutoff
for the CWG mode occurs at β/k0 = 0 as it exists in the
fast wave region, which is normal in the case of a PEC
CWG. Similarly, the cutoff for the SPP mode occurs at
β/k0 =

√
εd, which is the lowest normalized propaga-

tion constant allowed in the slow wave region. Thus,
each cutoff for the SPP and CWG modes is marked by
solid and open circles, respectively, as shown in Fig. 2.
Near the plasma resonance frequency, the guided modes
exhibit higher normalized propagation constants, result-
ing in a lower phase velocity, and backward waves with
negative slopes are found to exist above this frequency,
where |εp| < εd. For the HE11 mode, the SPP cutoff
frequency is always greater than the CWG cutoff fre-
quency. Whereas the SPP cutoff frequency for the TM01

mode is sometimes lower than the CWG cutoff frequency
above the plasma resonance frequency, due to the back-
ward wave of the CWG mode, as distinct from the HE11

mode. These basic guided dispersion properties are then
applied to provide a more detailed understanding of the
cutoff wavelength characteristics with wider variations of
the hole radius.

Figure 3 shows a comparison of the cutoff wavelength
characteristics of the dielectric-filled circular holes in the
dispersive plasmonic Ag-like medium for the SPP and
CWG modes. The horizontal dashed lines representing
a plasma wavelength of λp = 137.93 nm, and the dotted

Fig. 3. Cutoff wavelength characteristics of dielectric-filled
circular holes in Ag-like dispersive plasmonic medium with
respect to hole radius for (a) εd = 1.0 and (b) εd = 4.0. The
dashed lines representing a plasma wavelength of λp = 137.93
nm correspond to a plasma frequency of fp= 2175 THz and
the dotted and dashed lines for plasma resonance wavelengths
of λr1 = 195.03 nm (for εd = 4.0) and λr4 = 308.41 nm (for
εd = 4.0) correspond to plasma resonance frequencies of fr1

= 1538.19 THz and fr4 = 972.72 THz, respectively, as shown
in Fig. 2. The solid and open circles for the cutoff of the
SPP and CWG modes, respectively, in Fig. 2 have been also
marked on the curves at a = 10, 50, and 100 nm.

and dashed lines for plasma resonance wavelengths of
λr1 = 195.03 nm and λr4 = 308.41 nm correspond to
fp = 2175 THz, fr1 = 1538.19 THz, and fr4 = 972.72
THz, respectively, as previously shown in Figs. 1 and 2.
The solid and open circles for the SPP and CWG mode
cutoffs, respectively, in Fig. 2 have been also marked on
the curves at a = 10, 50, and 100 nm. As expected, the
cutoff wavelengths increase as the hole radius increases.
The rate of increase in the cutoff wavelength for the
CWG mode is greater than that for the SPP mode for
both HE11 and TM01 modes. Above a plasma resonance
wavelength of λri, the cutoff wavelength for the CWG
mode is longer than that for the SPP modes. Also,
the cutoff wavelengths for the TM01 mode for the SPP
and CWG modes cross near the plasma resonance wave-
length. Thus, in the region between the plasma wave-
length and the plasma resonance wavelength, the cutoff
wavelength for the SPP mode becomes longer than that
for the CWG mode due to the backward wave character
of the CWG mode, as shown in Fig. 2. When the ra-
dius of the hole decreases to a very small subwavelength
scale, the cutoff wavelengths for the HE11 and TM01

modes approach λri and λp, respectively, representing
the minimum cutoff wavelengths for each polarization.
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Fig. 4. Cutoff wavelength characteristics of dielectric-filled
circular holes in Ag-like dispersive plasmonic medium with
respect to hole radius for (a) CWG and (b) SPP modes. The
dashed lines representing a plasma wavelength of λp = 137.93
nm correspond to a plasma frequency of fp = 2175 THz and
the dotted and dashed lines for plasma resonance wavelengths
of λr1 = 195.03 nm (for εd = 4.0) and λr4 = 308.41 nm (for
εd = 4.0) correspond to plasma resonance frequencies of fr1

= 1538.19 THz and fr4 = 972.72 THz, respectively, as shown
in Fig. 2. The solid and open circles for the cutoff of the
SPP and CWG modes, respectively, in Fig. 2 have been also
marked on the curves at a = 10, 50, and 100 nm.

Figure 4 also shows the cutoff wavelength characteris-
tics of the dielectric-filled circular holes in the dispersive
plasmonic Ag-like medium, yet provides a clearer view
for the influence of the dielectric constant of the dielec-
tric filler material in each operating mode. The cutoff
wavelength with a higher dielectric constant is always
longer than that with a lower constant due to the higher
field concentration in the core region for both CWG and
SPP modes, as expected. For the cases of εd = 1.0 and
εd = 4.0, the minimum cutoff wavelengths for the TM01

modes are both limited by λp = 137.93 nm, which is in-
dependent of the dielectric constant of the dielectric filler
material. Meanwhile, with a very small subwavelength
hole radius, the HE11 modes for the cases of εd = 1.0
and εd = 4.0 approach plasma resonance wavelengths
of λr1 = 195.03 nm and λr4 = 308.41 nm, respectively,
which are dependent on the dielectric constants of the
dielectric filler materials and quite different from the
TM01 mode case. Finally, it should be noted that the
lossless dispersive Drude model for the Ag-like disper-
sive plasmonic medium is used to characterize the cutoff
wavelength characteristics of the dielectric-filled circular
holes embedded in the plasmonic medium with respect
to variations of the hole radius, even though practical

metals at an optical frequency have complex dielectric
constants, implying that the current cutoff wavelength
characteristics may differ from real situations[16−18,27,28].
Nonetheless, it is believed that this difference can be com-
pensated with the use of an active medium for the core
region[29,30]. In this sense, the lossless cutoff wavelength
characteristics presented in this work may be signiffcant
as fundamental references.

In conclusion, the cutoff wavelength characteristics of
dielectric-filled circular holes embedded in a dispersive
plasmonic Ag-like medium are investigated with regard
to the linear (HE11 mode) and radial (TM01 mode)
polarizations of the guided fields for both CWG and
SPP modes. Particularly, in the case of very small sub-
wavelength hole radii, the cutoff wavelengths for the
linear and radial polarizations are found to be limited
by the plasma resonance wavelength and plasma wave-
length, which in turn are dependent and independent,
respectively, of the dielectric constant of the dielectric
filler material. Due to the absence of the TEM mode,
optical and photonic structures and devices based on
subwavelength hollow structures, such as the current
subwavelength dielectric-filled circular holes embedded
in plasmonic metallic hosts, need to be designed carefully
to allow proper guided modes along them.
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