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The basic idea of the finite element beam propagation method (FE-BPM) is described. It is applied to
calculate the fundamental mode of a channel plasmonic polariton (CPP) waveguide to confirm its validity.
Both the field distribution and the effective index of the fundamental mode are given by the method. The
convergence speed shows the advantage and stability of this method. Then a plasmonic waveguide with
a dielectric strip deposited on a metal substrate is investigated, and the group velocity is negative for the
fundamental mode of this kind of waveguide. The numerical result shows that the power flow direction is
reverse to that of phase velocity.
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Surface plasmonic polariton (SPP) is a kind of light
wave that occurs at a metal/dielectric interface. The
advantage of SPP is to shrink the size of optical de-
vices greatly, which makes a big opportunity for pho-
tonic integration[1−6]. However, the propagation length
of plasmon waveguide is limited. Some methods have
been offered to solve this problem[7−9]. Here, we took a
fast, convenient and precise numerical method, the finite
element beam propagation method (FE-BPM), to cal-
culate the modes of the plasmonic waveguide. It has
already been developed and applied to photonic crystal
fibers[10,11]. Finite element method can deal with fine
and complex structure, which has advantage over the
finite difference method. Because of the negative per-
mittivity of metals, the light flow in SPP waveguide is
not like that in conventional waveguides.

From Maxwell equations, the following vectorial wave
equation is derived:

∇× (p∇× Φ) − k2
0qΦ = 0, (1)

where Φ denotes either electric field E or magnetic field
H, p and q are given by

{

p = 1, q = n2 for Φ = E

p = 1/n2, q = 1 for Φ = H
. (2)

Using an appropriate reference refractive index n0 and
slowly varying envelop approximation which are widely
used in beam propagation method (BPM)[10], the solu-
tion form was written as

Φ (x, y, z) = φt (x, y, z) exp (−jk0n0z)

+φz (x, y, z) exp (−jk0n0z) , (3)

where φt (x, y, z) = φx (x, y, z) x̂+φy (x, y, z) ŷ is the field
component in the x-y plane.

Expanding the transverse fields φx and φy, and the

axial field φz in each element as

φ =

[

φx

φy

φz

]

=





{U}T{φt}e

{V}T{φt}e

j{N}T{φz}e



 , (4)

where {U}, {V}, and {N} are shape function
vectors[10−14], which are determined by the coordinates
of vertex of each triangular element. The element type
used here is the hybrid edge-nodal element[14].

Substituting Eq. (4) into Eq. (1), neglecting the second
order part of the z-component, and applying the finite
element technique to the transverse plane, we got the
following matrix equation[11]:

[A]i{φ}i+1 = [B]i{φ}i, (5)

where [A]i and [B]i are functions about {U}, {V}, and
{N} at step i[11]. The BPM formulation comes into be-
ing at last. The imaginary distance propagation scheme
of BPM method[10,11,15] was used in our work. The fun-
damental mode was firstly calculated. For stability, the
longitudinal-field component was transformed[16].

The imaginary distance method assumed the propa-
gation length z as an imaginary value. For all modes
existing in the waveguide, the fundamental mode has the
largest real part of wave vector. When propagating the
imaginary distance z, it has the largest magnification
coefficient of exp (Re (k) Im (z)). With several times of
iterations, the fundamental mode dominates the field and
all the other modes are suppressed.

To get higher order modes, we just need to normalize
and remove the modes having been calculated, and then
repeat the FE-BPM[10]. Perfectly matched layer (PML)
is applied here as boundary condition for convenience and
versatility[13,17,18].

We considered a channel plasmonic polariton (CPP)
waveguide that has been solved by the finite difference
method in Ref. [19]. An air slot in a thin silver film
(εAg = −122 + 9i at the free space wavelength λ =
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Fig. 1. (a) Schematic of the cross section of a CPP waveguide. It is invariant along the longitudinal direction; (b) grid division
profile with triangular elements; (c) electric field distributions for the fundamental mode of the CPP waveguide.

1.55 µm) was deposited on a silica substrate (ns = 1.44),
as shown in Fig. 1(a). Figure 1(b) shows the element
division profile of this structure.

Figure 1(c) gives the electric field distribution for the
fundamental mode at 1.55 µm. The effective index of
this mode is 1.5414 − 0.0126i, the real component of
which is larger than both the refractive index of air and
the refractive index of silica. The imaginary part of the
effective index determines the propagation length of the
plasmonic waveguide. It is the ohmic heating loss in the
metal that limits the propagation length of plasmonic
waves to only about 20 µm. Such a length is small but
enough for a nanometer sized waveguide.

Figure 2 shows the convergence of the imaginary dis-
tance BPM. After seven steps of iteration, the effective
index becomes a constant value. The initial field for the
BPM is a random field that may include all modes. As
the iteration steps increase, the fundamental mode dom-
inates the field. So the imaginary part decreases from a
large value to nearly zero.

The schematic representation of the second case is
shown in Fig. 3(a). It is discussed by Karalis et al.

[20].
By changing the thickness of the dielectric strip, the ve-
locity of plasmon can be controlled. The waveguide ex-
hibits negative group velocity at certain frequency range.
We studied the mode when the negative group velocity
occurs. The result shows that the effective index of the

Fig. 2. Convergence of the mode effective index with the it-
eration steps.

fundamental mode is Neff = 5.4700+ 0.5655i at 500 nm.
The positive imaginary part means the power magnifies
along the wave propagation direction. It seems contrary
to the conversation of energy law, but it can be explained
by the negative group velocity.

The magnetic field distribution is shown in Fig. 3(b).
It is strongly confined around the dielectric strip. Figure
3(c) shows the time averaged Poynting vector distribu-
tion along z direction. The sign of Poynting vector at the
dielectric side is positive (S+

z (x, y)) while at the metal
side negative (−S−

z (x, y)). We integrated Poynting vec-
tor over the computational window, and got a result
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Fig. 3. (a) Schematic of the cross section of a plasmonic waveguide, a thin silicon dielectric strip is deposited on the silver
substrate; (b) magnetic field distributions for the fundamental mode in the plasmonic waveguide; (c) field distribution of the
time averaged Poynting vector along the longitudinal direction.

(S+
z − S−

z )/(S+
z + S−

z ) = −0.183. It means that the
power flow is just like a vortex, and the back flow in the
metal side is the dominant one. Such an energy vortex
forms the negative group velocity of this kind of plas-
monic waveguide.

We have applied the FE-BPM to calculate the mode
pattern of plasmonic waveguides. Our works show that it
is an appropriate numerical method for plasmonic waveg-
uide because it converges fast, gives an accurate result,
and deals with complex structures easily. A CPP waveg-
uide and a plasmonic waveguide with negative group ve-
locity are investigated. The latter one may also be a good
proposal to make negative refractive meta-materials in
optical wavelength ranges because of its simple structure.
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