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Composition of Airy disc
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The description of a plane wave diffracted by a circular aperture is directly started from the Maxwell’s
equations. Based on the vector angular spectrum representation of Maxwell’s equations, the diffracted
plane wave is decomposed into the TE and TM terms. The analytical TE and TM terms in the far field
are presented by stationary phase. As the TE and TM terms are orthogonal to each other in the far field,
their sum constitutes the so-called Airy disc pattern. Therefore, this research reveals the composition of
Airy disc, which is beneficial to deepen and enhance the recognition of the classical diffraction problem.
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A plane wave diffracted by a circular aperture is a typi-
cal diffraction problem which has been treated by many
different methods[1−8]. Only when the radius of aperture
is of the order of the light wavelength, vector diffraction
theory can be used to describe the optical propagation
through the aperture. Otherwise, scalar diffraction the-
ory is usually adopted. The scalar description of the
diffracted plane wave is simple, but it maybe misses some
physical information. Although the radius of aperture is
much larger than the light wavelength of the incident
plane wave, the description of a plane wave diffracted by
a circular aperture is directly started from the Maxwell’s
equations in this letter. Moreover, the vector angular
spectrum method is used to resolve the Maxwell’s equa-
tions. As the Maxwell’s equations can be separated into
transverse and longitudinal field equations in homoge-
neous media, the diffracted wave is decomposed into the
TE and TM terms. The TE term denotes the electric
field transverse to the propagation axis, and the TM
term denotes the associated magnetic field transverse to
the propagation axis[9,10]. As the divergence condition
of the electric field should be satisfied and the polar-
ized direction of every plane wave component must be
perpendicular to its own wave vector, the TE and TM
terms of the diffracted plane wave are unique. By us-
ing the method of stationary phase[11,12], the analytical
TE and TM terms in the far field are presented. Fur-
thermore, the TE and TM terms are orthogonal to each
other in the far field. Consequently, the sum of the light
intensities of the TE and TM constitutes the Airy disc
pattern.

A linearly polarized plane wave described by

(

Ex(r)
Ey(r)

)

=

(

cosα
sin α

)

exp(ikz) (1)

passes through a co-axial circular aperture with radius
R, where r = xi + yj + zk, r = (x2 + y2 + z2)1/2, and

k = 2π/λ, λ is the wavelength of the incident plane wave.

Jones vector

(

cosα
sin α

)

describes the linearly polarized

state. α is the linearly polarized angle and ranges from 0◦

to 180◦. The time-dependent factor exp(−iωt) is omit-
ted in Eq. (1), and ω is the circular frequency. A suit-
able Cartesian coordinate system is constructed as fol-
lows. The circular aperture plane is selected as the x-y
plane, and the center of the circular aperture is the origin.
The z-axis is taken to be the propagation axis. Assuming
that the radius R is much larger than the wavelength λ,
the optical field just behind the aperture reads as

(

Ex(x0, y0, 0)
Ey(x0, y0, 0)

)

=

(

cosα
sin α

)

circ(ζ), (2)

where ζ = ρ0/R, ρ0 = (x2
0 + y2

0)
1/2, and the aperture

function is given by

circ(ζ) =

{

1 0 ≤ ζ < 1
0 ζ > 1

. (3)

According to the vector angular spectrum representation
of Maxwell’s equations[13,14], the diffracted plane wave
propagating toward the half free space z ≥ 0 is obtained
by

E(r) =

∫

∞

−∞

∫

∞

−∞

A(p, q) exp[ik(px + qy + mz)]dpdq, (4)

where m = (1− p2 − q2)1/2, and the vector angular spec-
trum is expressed as

A(p, q) = Ax(p, q)
(

i −
p

m
k
)

+ Ay(p, q)
(

j −
q

m
k
)

, (5)

where Ax(p, q) and Ay(p, q) are the transverse compo-
nents of the vector angular spectrum and found to be

Ax(p, q) =
1

λ2

∫

∞

−∞

∫

∞

−∞

Ex(x0, y0, 0) exp[−ik(px0 + qy0)]dx0dy0 =
R cosαJ1(kRb)

λb
, (6)

Ay(p, q) =
1

λ2

∫

∞

−∞

∫

∞

−∞

Ey(x0, y0, 0) exp[−ik(px0 + qy0)]dx0dy0 =
R sin αJ1(kRb)

λb
, (7)

where b = (p2 + q2)1/2. J1 is the first order Bessel function of the first kind. The longitudinal component stems from
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the transversality condition of the optical field ∇ · E(r) = 0, where the dot denotes scalar product. According to
the vectorial structure of electromagnetic wave[6−8], three unit vectors s, e1, and e2 can be defined in the frequency
domain as

s = pi + qj + mk, e1 = (qi − pj)/b, e2 = m(pi + qj)/b − bk. (8)

Moreover, the three unit vectors form a mutually perpendicular right-handed system

s× e1 = e2, e1 × e2 = s, e2 × s = e1. (9)

In this system, the vector angular spectrum A(p, q) can be decomposed into two terms:

A(p, q) = [A(p, q) · e1]e1 + [A(p, q) · e2]e2. (10)

Therefore, the diffracted plane wave can be decomposed into the TE and TM terms:

E(r) = ETE(r) + ETM(r), (11)

with
ETE(r) =

∫

∞

−∞

∫

∞

−∞

R(q cosα − p sin α)J1(kRb)

λb3
(qi − pj) exp[ik(px + qy + mz)]dpdq, (12)

ETM(r) =

∫

∞

−∞

∫

∞

−∞

R(p cosα + q sin α)J1(kRb)

λb3m
(pmi + qmj− b2k) exp[ik(px + qy + mz)]dpdq. (13)

By taking the curl of Eq. (13), the corresponding magnetic field of the TM term turns out to be

HTM(r) = −

√

ε0

µ0

∫

∞

−∞

∫

∞

−∞

R(p cosα + q sin α)J1(kRb)

λb3m
(qi − pj) exp[ik(px + qy + mz)]dpdq, (14)

where ε0 and µ0 are the electric permittivity and magnetic permeability, respectively. Here the TE term denotes that
the longitudinal electric field is equal to zero, and the TM term means the longitudinal magnetic field being zero. The
electromagnetic field of the diffracted plane wave can be decomposed into the transverse and longitudinal components
in the spatial domain, while the decomposition of the electromagnetic field into the TE and TM terms is carried out
in terms of the frequency domain.

In the far field, the evanescent plane waves have completely disappeared. Thus, the integrals in Eqs. (12) and (13)
should be restrained within the range of 0 ≤ b ≤ 1. As the condition kr → ∞ is satisfied in the far field regime, the
analytical TE and TM terms in the far field can be presented. According to the method of stationary phase[11,12], the
surface integral of Eq. (12) is shown to have the asymptotic value[15]:

ETE(r) =
i2π

kr

∑

j

εj
(∣

∣τjβj − γ2
j

∣

∣

)1/2
M(pj, qj) exp[ikrf(pj , qj , x, y)] as kr → ∞, (15)

where
M(p, q) =

R(q cosα − p sinα)J1(kRb)

λb3
(qi − pj), f(p, q, x, y) = (px + qy + mz)/r. (16)

The stationary points (pj , qj) are solutions of the following simultaneous equations:

∂f(p, q, x, y)

∂p

∣

∣

∣

∣ p = pj

q = qj

= 0,
∂f(p, q, x, y)

∂q

∣

∣

∣

∣ p = pj

q = qj

= 0. (17)

Thus, we can obtain p1 = x/r, q1 = y/r. (18)

There is only one stationary point. As a result, the parameters τ1, β1, γ1, and ε1 turn out to be

τ1 =
∂f2(p, q, x, y)

∂p2

∣

∣

∣

∣ p = p1

q = q1

= −(1 + x2/z2), β
1

=
∂f2(p, q, x, y)

∂q2

∣

∣

∣

∣ p = p1

q = q1

= −(1 + y2/z2),

γ1 =
∂f2(p, q, x, y)

∂p∂q

∣

∣

∣

∣ p = p
1

q = q1

= −xy/z2, ε1 = −1. (19)

Therefore, the analytical TE term in the far field reads

ETE(r) = −
iRz sin(ϕ − α)J1(kRρ/r)

ρ2r
(yi − xj) exp(ikr), (20)

where ρ = (x2 + y2)1/2, and ϕ = arctan (y/x). Similarly, the analytical TM term in the far field can be obtained as

ETM(r) = −
iR cos(ϕ − α)J1(kRρ/r)

ρ2r
(xzi + yzj− ρ2k) exp(ikr). (21)
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Apparently, the TE and TM terms are orthogonal to each
other in the far field. The light intensity of the TE and
TM terms are found to be

ITE(r) =
R2z2 sin2(ϕ − α)J2

1 (kRρ/r)

ρ2r2
, (22)

ITM(r) =
R2 cos2(ϕ − α)J2

1 (kRρ/r)

ρ2
. (23)

The beam spot of TE term is located at the orientation
perpendicular to the direction of linearly polarized angle.
While, the beam spot of TM term is located at the di-
rection of linearly polarized angle. The light intensity of
the diffracted plane wave is given by

I(r) = ITE(r) + ITM(r)

=
R2

ρ2r2
J2

1 (kRρ/r)[z2 + ρ2 cos2(ϕ − α)]

=
R2z2

ρ2r2
J2

1 (kRρ/r). (24)

Equation (24) is just the expression of Airy disc. As the
radius is much larger than the wavelength, the optical
field is confined to the paraxial region, which results in
the last step in the above equation. Accordingly, the
Airy disc is composed of two orthogonal terms and inde-
pendent of the linearly polarized angle.

For the sake of intuition, the light intensity distribu-
tions of the diffracted plane wave and its TE and TM
terms are depicted in Figs. 1 and 2. The radius of the

Fig. 1. Light intensity distributions of the diffracted plane
wave and its TE and TM terms at the reference plane
z = 1000λ. R = 10λ and α = 0◦. (a) The TE term; (b)
the TM term; (c) the diffracted plane wave.

Fig. 2. Light intensity distributions of the diffracted plane
wave and its TE and TM terms at the reference plane
z = 1000λ. R = 10λ and α = 45◦. (a) The TE term; (b)
the TM term; (c) the diffracted plane wave.

aperture is R = 10λ. The reference plane is z = 1000λ.
α is set to 0◦ in Fig. 1 and 45◦ in Fig. 2. The intensity
distribution of TE term is relatively centralized in the
direction perpendicular to the linearly polarized angle.
While that of TM term is relatively centralized in the
direction of the linearly polarized angle. The beam spots
of the TE and TM terms are similar to figure of eight. In
the figures, the sum of (a) and (b) is just the Airy disc
pattern.

In conclusion, the description of a linearly polarized
plane wave diffracted by a circular aperture is directly
started from the Maxwell’s equations. In terms of fre-
quency domain, the diffracted plane wave is decomposed
into the TE and TM terms. In the far field, analytical
TE and TM terms are presented by stationary phase.
The beam spot of TE term is located at the orientation
perpendicular to the direction of linearly polarized angle,
and that of TM term is located at the direction of linearly
polarized angle. The TE and TM terms are orthogonal in
the far field. The sum of the TE and TM terms is just the
Airy disc. This research reveals the composition of the
Airy disc pattern and maybe promotes the recognition of
the light propagation through a circular aperture.
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