288 CHINESE OPTICS LETTERS / Vol. 5, No. 5 / May 10, 2007

Study of the normalized intensity correlation function
of a single-mode laser system with
colored cross-correlated noises

Bing Wang (£ £) and Xiuqing Wu (2% #)

Department of Physics and Mathematics, Anhui University of Science and Technology, Huainan 232001

Received December 8, 2006

A single-mode laser system with colored cross-correlated additive and multiplicative noise terms is consid-
ered. By the means of projection operator method, we study the effects of the cross-correlation time 7 and
the cross-correlation intensity A between noises on the normalized intensity correlation function C(s). It is
found that if A > 0 (A < 0), the normalized intensity correlation function C(s) increases (decreases) with
increasing the cross-correlation time 7, and at large value of 7, the variation of the normalized intensity
correlation function C(s) becomes small. With the increase of the net gain ao, C(s) exhibits a maximum
when A is larger. However, a minimum and a maximum appear on C(s) curves with the increase of ao

when A becomes smaller and smaller.
OCIS codes: 140.3570, 140.0140, 140.3430.

According to the study of laser system, the statistical
properties of laser system can be regarded as a particu-
lar prototype of a nonlinear problem in non-equilibrium
statistical mechanics®=%. These previous studies as-
sumed that the additive and multiplicative noises have
different origins and are uncorrelated with each other.
In 1991, Fulinski et al. first introduced a correlation be-
tween an additive white noise and a multiplicative white
noisel”’. From then on, a lot of work on laser system
has been made in the investigation of nonlinear systems
with cross-correlated noises® =11, Those studies have re-
vealed that the consideration of additive and multiplica-
tive noises simultaneously is of importance to deeply un-
derstand statistical properties of single-mode laser sys-
tem. In recent years, the effects of cross-correlation be-
tween additive and multiplicative noises on statistical
fluctuation of the single-mode laser model have attracted
close attention!">=17. In 2004, Zhang et al. studied the
stationary intensity distribution of the single-mode laser
cubic model driven by colored pump noise with cross-
correlation between the real and imaginary parts of the
quantum noisel’®. Xie et al. have used the projection
operator method to study the normalized intensity cor-
relation function of single-mode laser driven by cross-
correlated pump noise and quantum noise™®. But this
study only considered the case of the cross-correlation
time 7 = 0. In some instance, the cross-correlation
time of the additive and multiplicative noises is not zero
(t # 0). So in this paper, we investigate the effects of
cross-correlation time 7 and cross-correlation intensity A
on the normalized intensity correlation function.

The complex field-amplitude E of the cubic model
of a single-mode laser system can be described by the
Langevin equation (LE),

dE . .
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where ag and A are real and respectively stand for the
net gain and the self-saturation coefficient, p(¢) is the
pump noise (multiplicative noise) and ¢(t) is the quan-
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tum noise (additive noise). By performing the polar co-
ordinate transform E = re'?, Eq. (1) can be transformed
into two coupling LEs about the field-amplitude r and
the phase ¢. By decoupling them, the LE of the field-
amplitude r can be obtained as['?

d s D
d_:; = agr — Ar® + o +rp(t) + q(t). (2)
Assume [ is the laser intensity (I = r2),
dr
5 = Q00— ADI+D+ 2V 2q(t) + 2Ip(t). (3)

We usually consider that the multiplicative noise p(t)
and the additive noise ¢(t) are Gaussian-type noises,

{q(t)) = (p(t)) =0, (4)

(a(Da(t)) = Dot~ 1), )
() = Q3(t— 1), ©)
and
(et = (aOp(t)) = 222 et~ v/
— M/QDd(t —t')
as 7 — 0, (7)

where @@ and D are the multiplicative and the additive
noise intensities, respectively. 7 and A are the cross-
correlation time and the cross-correlation intensity, re-
spectively. Applying the Novikov theorem!?”! and the
Fox’s approach?!), the approximate Fokker-Planck equa-
tion corresponding to Eq. (3) reads

L ] (8)
2
Lrp = 2 f(1) + 4G, )
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where the drift coefficient f(I) and the diffusion
coefficient G(I) are given by

F(I) = 2(a0 — AT+ Q)T + 3%

/DQIY? + 2D
+ 2a07 Q b

(10)

«/ QI** +2DI. (11)

It should be pointed out that the above approximate
Fokker-Planck equation is valid only for the case of
1 4+ 2ap7 > 0. We only consider the stationary state.
The steady-state probability density of Eq. (8) can be
obtained as

G()—2Q12+4

Pu(I) = NW(I)™ ™ exp(ma(X)), (12)

where N is the normalization constant, and

A
I)=QI+2———\/DQI'*+ D 1
W()Q+1+2a07 QI'* + D, (13)
AD(4—2— 1)
ao 1+2a07)?
m1(>\) = 6 - ¢ Q20 ) - ]-7 (14)
ma(A) = —éf—l- \/ DQIY? -
Q Q2 (1 + 2a T)
(15)
QI A
mg(A) = ma(X) arctan D—IJ;jaOT (16)
1= Gr2are
2\
m4()‘) - A2
(1+2ap7),/1 - (1+2ao7)?
4N
-3 1
(1+2a07—) -
Q —AD==m—+3 | (17)

The expectation values of the nth power of I is defined
by

= [ R (18)

Our prime concern in this paper is the normalized
intensity correlation function C(s), which characterizes

the decay behavior of the laser intensity fluctuations!!?!.
The normalized intensity correlation function of intensity
variation in a stationary state can be defined by![2?!

(SI(t + 5)81(1)),,
(002 7

where §I(t) = I(t) — (I), in terms of the adjoint oper-
ator Liip of the operator given by Eq. (9), §I(t + s) =

O(s) =

(19)

exp(Lips)dI(t). Thus, one can rewrite Eq. (19) and get
the associated Laplace transform,

Clw) = /000 exp(—ws)C(s)ds

1 1
B <(5I)2>st <6Iw - L;P 5I>st . (20)

With the projection operator method used in Ref. [23] to
deal with the Laplace resolvent w — L in Eq. (20), we

get the following continued fraction expression(22:23]
C(w) : (1)
w) =
it ’
W Ho + W+H1+#§+m
in which
<6IiLf§P6]i>st
P = — e, 22
S ETALN -
(61:)*),
= _%, (23)
((0Li-1)%)
6141 = Siy1 Lipdl;. (24)

With starting §Ip = 61 and Sy = 1, the operator S; is
determined by

011
((61i-1)?)

where the operator (61;| acting on ¢(I) means the scalar
product

K, 1=8_1-5= <§Ii71| ) (25)

(511 A1) = (e, = [ " Pa(D)Lp(I)dI. (26)

The projection operator K; projects ¢(I) onto the sub-
space associated with the variable §I;. The projector
S; projects onto the space orthogonal to the space con-
taining 01;. The basic idea behind the method used to
lead a continued fraction expansion is to identify d1; as a
slow variable and in J; space it slaves the remaining fast
variables?4. Setting 1, = 0, the first-order approxima-
tion of the intensity correlation-function is

W) = T T -
. fgﬁiglij (28)
= % + 415, 29)

(cuyirr) L g (30)

= ((81)?) m

Performing the Laplace converse transformation of Eq.
(27), we get

C(s) = Bexp(—a_s) + (1 - B)exp(—ars),  (31)
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in which
+ 1
s= BB e S =, (32)
and
M1 — G—
=1 - 33
— (33)

Let 7 = 0, the above results fall back to Eq. (22) pre-
sented in Ref. [19].

By virtue of the expression of the normalized inten-
sity correlation function Eq. (31), we can discuss the
influences of the cross-correlation time 7 and the cross-
correlation intensity A on C(s). Figure 1 shows the curves
of C(s) as a function of the cross-correlation time 7 for
different values of the net gain ag. From Fig. 1(a), we see
that, C(s) increases with the increase of 7 for the case
of positive correlation (A = 0.25 > 0). In other words,
in the case of positive correlation, the cross correlation
time slows down the decay of the intensity fluctuation.
However, when the correlation between noises is nega-
tive (A = —0.25 < 0), C(s) decreases with the increase
of 7 (see Fig. 1(b)). That is to say, the cross-correlation
time speeds up the decay of the intensity fluctuation in
the case of negative correlation. We can find that at
larger value of the correlation time 7, there is almost
no difference for C(s) when 7 changes. We also can
find that C(s) always decreases with the increase of ag
whether the correlation is positive or negative.

The parameter R = % is the noise intensity ratio (the
ratio of the additive noise intensity to the multiplicative
noise intensity), and then we plot the curves of C'(s)—7 as
Fig. 2. Tt is found that C(s) decreases with the increase
of R whether A > 0 (Fig. 2(a)) or A < 0 (Fig. 2(b)),
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Fig. 1. C(s) as a function of the cross-correlation time 7 for
D =25 Q=25 A=3,and s = 0.2. (a) A = 0.25; (b)
A= —0.25.
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Fig. 2. C(s) as a function of the cross-correlation time 7 for
a0 =32, A=3, and s = 0.2. (a) A= 0.25; (b) A = —0.25.
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Fig. 3. C(s) as a function of the net gain ap for D = 1.5,
Q=15 A=6.57=38,and s =0.2.

i.e., the noise intensity ratio always speeds up the decay
of the intensity function.

The curves of C(s) — ag with different values of A are
plotted in Fig. 3. It is obvious that C(s) exhibits a max-
imum with the increase of ag when A is larger. This
means that, with the increase of ag, the decay rate of the
intensity fluctuation in the stationary state turns over,
from slowing down to speeding up. However, a minimum
and a maximum appear on the curves of C(s) with the
increase of ag when A becomes smaller and smaller.

In conclusion, the intensity correlation function C(s)
becomes larger and larger with the increase of the cor-
relation time 7 in the case of positive correlation. But
in the case of negative correlation, C(s) becomes smaller
and smaller with the increase of 7. With the increase
of the net gain ag, C(s) exhibits a maximum when A is
larger. However, a minimum and a maximum appear on
the curves of C(s) with the increase of ag when A becomes
smaller and smaller.



May 10, 2007 / Vol. 5, No. 5 / CHINESE OPTICS LETTERS

This work was supported by the Natural Science Fund

for Young Scholars of Anhui University of Science and
Technology under Grant No. qn200628. B. Wang’s e-
mail address is hnitwb@163.com.

References

1.

e

© 00 NSO

10.
. J. Wang and S. Zhu, Phys. Lett. A 207, 47 (1995).
12.

S. Zhu, A. W. Yu, and R. Roy, Phys. Rev. A 34, 4333
(1986).

R. F. Fox and R. Roy, Phys. Rev. A 35, 1838 (1987).
P. Jung, Th. Leiber, and H. Risken, Z. Phys. B 66, 397
(1987).

M. R. Young and S. Singh, Opt. Lett. 13, 21 (1988).

S. Zhu, Phys. Rev. A 40, 3441 (1989).

S. Zhu, Phys. Rev. A 42, 5758 (1990).

A. Fulinski and T. Telejko, Phys. Lett. A 152, 11 (1991).
S. Zhu, Phys. Rev. A 45, 3210 (1992).

S. Zhu, Phys. Rev. A 47, 2405 (1993).

L. Cao and D.-J. Wu, Phys. Lett. A 185, 59 (1994).

L. Cao, D. J. Wu, and S. Z. Ke, Phys. Rev. E 52, 3228

13.

14.
15.

16.
17.
18.
19.
20.

21.
22.

23.
24.

291

(1995).

Q. Long, L. Cao, D.-J. Wu, and Z. G. Li, Phys. Lett. A
231, 339 (1997).

L. Cao and D. Wu, Phys. Lett. A 260, 126 (1999).

Q. Cheng, L. Cao, D. Xu, and D. Wu, Chin. Opt. Lett.
2, 331 (2004).

D. Xu, L. Cao, D. Wu, and Q. Cheng, Chin. Opt. Lett.
3, 348 (2005).

Q. Cheng, L. Cao, D. Wu, and J. Wang, Acta Phys. Sin.
(in Chinese) 53, 1675 (2004).

L. Zhang, L. Cao, and D.-J. Wu, Chin. Phys. 13, 353
(2004).

C.-W. Xie and D.-C. Mei, Phys. Lett. A 323,421 (2004).
E. A. Novikov and Zh. Eksp, Teor. Fiz. 47, 1919 (1964).
R. F. Fox, Phys. Rev. A 34, 4525 (1986).

J. M. Noriega, L. Pesquera, M. A. Bodriguez, J. Casade-
munt, and A. Hernandez-Machado, Phys. Rev. A 44,
2094 (1991).

H. Fujisaka and S. Grossmann, Z. Phys. B 43, 69 (1981).
A. Hernandez-Machado, M. S. Miguel, and J. M. Sancho,
Phys. Rev. A 29, 3388 (1984).



