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Resolution beyond classical limits with spatial
frequency heterodyning

A. Mudassar, A. R. Harvey, A. H. Greenaway, and J. D. C. Jones

School of Engineering and Physical Sciences, Heriot-Watt University, UK

Received October 19, 2005

A technique for coherent imaging based on spatial frequency heterodyning is described. Three images
corresponding to three physical measurements are recorded. For the first measurement, a scene is simply
illuminated with a coherent beam and for measurements 2 and 3, the scene is projected with cosine and
sine fringes, respectively. Due to spatial frequency heterodyning, upper and lower side band information
falls in the pass band of the imager. These bands are separated and correct phases and positions are
assigned to these bands in the spatial frequency domain. An extension of bandwidth is achieved in the
frequency domain and the inverse frequency domain data then give a high resolution coherent image.

OCIS codes: 100.6640, 170.3010, 110.1650.

A conventional imager acts as a low-pass filter to the
spatial frequencies of a scene and consequently images
recorded by such an imager have restricted resolution.
Several techniques have been proposed!!=* to enhance
this resolution when the dimensions of the imager are
fixed and the images are recorded under monochromatic
illumination. Post-detection signal processing methods
may be used to improve the spatial resolution, as de-
termined by some heuristic resolution criterion (such as
the Rayleigh criterion), by restoration of the pass-band
filtered Fourier spectrum. These methods however en-
hance a discontinuity in the cutoff frequency in the spec-
tra, resulting in strong Gibbs ringing in the restored im-
age. Gibbs phenomena may be reduced by the use of a
class of super-resolution algorithms that seek to infer the
information beyond the cutoff frequency!*2/. The per-
formance of these algorithms depends on the signal-to-
noise ratio of the images and on some a priori knowledge
of the scene characteristics obtained using analytical or
statistical methods!*®! and the properties may vary from
one scene to another. There are several techniques that
help to encode the higher spatial frequency content of the
scene onto lower frequency regions, so that all the spatial-
frequency information can pass through the limited band-
width of the imaging system. This concept was first used
in the Lukosz techniques, reported by Lukosz!®), and Sun
and Leith!”, which employ an interferometric mechanism
consisting of multiple moving diffraction gratings. These
gratings, when placed in front of the imaging lens, pro-
duce coupling between the spatial and temporal frequen-
cies, so that higher spatial frequencies are shifted onto
lower frequency bands that are transmitted by the opti-
cal system. These shifted bands have different temporal
frequencies and may be restored by the use of a conjugate
interferometric system positioned behind the lens.

In this paper a new scheme is proposed for extend-
ing the bandwidth of an imager based on spatial fre-
quency heterodyning. In this technique, high spatial fre-
quency cosine interference fringes illuminate the scene
and heterodyne the scene spatial frequencies close to the
fringe frequency to fall within the pass band of a conven-
tional imager[®l. Three images are recorded: one with
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illumination of the scene with a coherent beam, second
with illumination of the scene with cosine fringes and
the third image recorded when the scene is illuminated
with sine fringes. The use of a fringe frequency equal
to twice the cutoff frequency of the imager increases the
effective cutoff by a factor of three. Additional high-
frequency components can be added by increasing the
fringe frequency further to enable images of very high
angular resolution to be constructed. The three images
are used to separate out the low-pass-band, upper-side-
band (USB) and lower-side-band (LSB). The USB and
LSB are shifted to correct positions in the scene spectra
by the convolution of these spectra with the frequency of
the fringes.

Optical systems both coherent and incoherent are com-
mon in recording the intensity of a scene in which the
phase information is lost. Due to very high temporal fre-
quencies involved in optical domain, it is not possible to
recover the phase information by generating a reference
beam and then mixing it with the object beam as which
is common in microwave imaging. Optical holography,
however, provides a means of recording the amplitude as
well as phase information of the field scattered off a scene
as an object beam when a reference beam is mixed with
the object beam at the imager usually consisting of an
array of detectors. Optical holographic systems are re-
stricted by the coherence length of the laser used in mea-
surements when the path length differences involved are
greater than the coherence length of the source. Distant
imaging in optical domain using holography can be pos-
sible only if a reference beam is generated from spatially
filtering a part of the scattered object field and then mix-
ing it to the object beam. Imaging techniques that in-
volve radio waves, microwaves and millimeter waves can
employ holographic technique, as it is quite common and
easier to generate a reference beam using highly stable
local oscillators located at the imager side. This paper
presents the mathematical modelling and simulation re-
lated to coherent optical systems which can be extended
to three dimensional (3D) imaging by incorporating a ref-
erence beam at the imager.

A mathematical description of the process by which
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scene is constructed is presented in following. Some ex-
amples illustrating the technique are also shown.
Mathematical modelling: following the scheme as pre-
sented by Mudassar et al.l), three intensity measure-
ments of a scene under the active coherent-illumination
will be made. For measurement 1, the scene is simply
illuminated with a coherent source for which the mathe-
matical equation is given by Eq. (1). For measurements
2 and 3, the scene is illuminated with cosine and sine
fringes. The measurements 2 and 3 can be described
mathematically by Eqs. (2) and (3), respectively.

sb(@) = |u(z) ® h(z)[?, (1)
sbe(®) = |u(z)(1 + cos(2m - f-x)) @ h(z)|*,  (2)
sps () = Ju(z)(1 +sin(27 - f - x)) @ h(z)]?,  (3)

where u(z) is the amplitude distribution at the scene;
h(z) is the amplitude point spread function of the op-
tical coherent imager; sp(z), spc(z) and sps(x) are the
intensities measurements of the scene for the measure-
ments 1, 2 and 3 respectively. The above equations are
valid when the scene is located in the far field where the
illuminating beams have plane incident waves. The equa-
tions below introduce some variables which will help to
establish the application of the algorithm[®! to be appli-
cable to the Egs. (1)—(3),

up(z) = u(z) © h(z), (4)
upe(z) = u(z) - cos(2m - f - x) ® h(x), (5)
ups(z) = u(z) - sin(27 - f - ) ® h(z). (6)

Equations (1)—(3) can be simplified as given below
assuming that u(z) is real

su(@) = up(2)|* = In(@), (7
s00(@) = Jup (@) + upe(@)P
= Iy(2) + Toe() + 2un(7) - une(z),  (8)
sbs () = ub(2) + ubs(z)[”
= Iy(2) + Tns(2) + 2up(2) - up(z). ()
3 o0} S0 whore 3 he Fourier fransforn

(FT) operator then the Fourier transforms of the Egs.
(7)—(9) can be rearranged as

spe(k) — s (k) = S{Toe ()} + 25{up(2)} ® S{upc()}
= ${unc(2)} © {S{une(2)} + 23{up(2)}},  (10)
sus(k) = 5 () = ${Tus(2)} + 23{up(2)} ® Sups()}

= Suns()} @ {S{uns(2)} + 23{up(z)}}. (11)

The USB can now be found as
USB = (sbe(k) — sn(k)) — i(sns(k) — sn(k))
= (S{ubc(2)} @ Hupc(r)})
—i(S{ups ()} © S{ups(2)})

+(S{une()} — iS{ups(2)}) @ 23{un ()}

= (1+0) (Jolk+ DHO) @ g(k + ) H D
1
+00k = H(E) @ glk — D)

HU =)ok + H(K) © gk~ HH(E)

+2g(k + f)H(k) © 3{up(2)}, (12)

where S{u(z)} = g(k). It has been assumed that u(z)
is real and positive. Under such a condition the magni-
tude of the Oth order frequency (with no complex part)
in S{up(x)} is very much dominant over the magnitudes
of the remainder of the spectral frequencies in the pass-
band of the imager. The convolution of g(k+ f) would be
quite dominant as comparing with its convolution with
other frequencies. It would be appropriate to write

29(k + f)H(k) © SH{un(k)} = a-g(k+ f)- H(k), (13)
where a is equal to twice the magnitude of the Oth order
frequency in S{un(z)}. Moreover, the term in Eq. (13)
is much larger as compared with the remainder of the
terms in Eq. (12), which can be written as

USB~a-g(k+ f)-H(k). (14)

Similarly, the LSB can be written as

LSB = (svc(k) — sn(k)) + i(sns(k) — sn(k))
~aglh— f)- Hk). (15)
The right hand sides of Egs. (14) and (15) can now

be de-convolved as usual to find the desired terms for
extended spectrum and de-convolutions are given below

o+ NI @ (360 +1)+ 336 - 1))

= So(k+ 2NH(k+ )+ ZoWHGE-f),  (16)
ol = NI @ (360 + 1)+ 33— 1))

= SRk + ) + gk =20 H(E= ). (17)

The extended spectrum gg(k) is given by combining
the second term on the right hand side of Eq. (16), the
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first term on the right hand side of Eq. (17) along with
the spectrum corresponding to Eq. (4) and is given as

ge(k) = g(k)(H(k + f) + H(k) + H(k — f))

= g(k) - He(Fk). (18)

The inverse Fourier transform of both sides of Eq. (18)
gives the synthesised amplitude of the scene as

= u(z) ® he(x). (19)

Comparing Eq. (19) with Eq. (1), it is revealed that
the synthesized image is a high resolution image and
in this particular case the synthesis is three times the
band-limited image given by Eq. (1).

Computer simulation: to elaborate the concept of spa-
tial frequency heterodyning, a simple image consisting
of straight lines of varying spatial frequency was chosen
as shown in Fig. 1(a). Three images were obtained from
the image shown in Fig. 1(a) according to Egs. (1)—(3)
and are shown in Figs. 1(b), (c) and (d) respectively.
The explicit form of the point spread function used in
the simulation is h(z) = sin(wz)/mz. The image in Fig.
1(b) is a band-limited version of the image shown in Fig.
1(a). The images in Figs. 1(c) and (d) were obtained
when the image in Fig. 1(a) was projected with cosine
and sine fringes, respectively. The three images were
then processed according to the mathematical modelling
and a high resolution image was obtained according to
Eq. (19), as shown in Fig. 1(e). The concept of spatial
frequency heterodyning is quite obvious from the im-
ages in Figs. 1(c) and (d). In the simulation, the spatial
frequency of the fringes was twice the spatial cutoff fre-
quency of the imager.

In the simulation shown in Fig. 1, one-dimensional
(1D) image was considered and one orientation of fringes
was used to elaborate and to synthesize the high-
resolution image. For two-dimensional (2D) images,
four orientations of fringes are required to synthesize the
images in four orientations at 0°, 45°, 90°, and 135° and
the final image is given by combining the individually
obtained synthesized images. The image in Fig. 2(a) was
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Fig. 1. Computer simulated result showing spatial frequency
heterodyning concept. (a) Original image; (b) image obtained
with a low pass imager; (c) image obtained when scene in (a)
was projected with cosine fringes; (d) image obtained when
scene in (a) was projected with sine fringes; (e) reconstructed
super resolution image.

taken as original image for simulation. The image in Fig.
2(b) is a band-limited image obtained from Fig. 2(a) us-
ing Eq. (1) with appropriate point spread function. The
images shown in Figs. 2(c) and (d) correspond to cosine
and sine fringes with 0° orientation. Three pairs of im-
ages similar to the ones shown in Figs. 2(c) and (d) were
obtained for orientation of fringes at 45°, 90° and 135°.
Four synthesized images were obtained corresponding to
four orientations of fringes and were combined to form
the final synthesized image shown in Fig. 2(e). The orig-
inal scene in Fig. 2(a) was assumed to be optically flat
to get rid of speckles.

The image shown in Fig. 2(a) was optically flat and
this was made optically rough by multiplying it with a
complex phase screen as shown in Fig. 3(a). The opti-
cally rough image was imaged with a band-limited imager
and the image obtained is shown in Fig. 3(b). The im-
ages in Figs. 3(c) and (d) were obtained with cosine and
sine fringes when projected on the rough scene with 0°
orientation. Three pairs of images (not shown) were also
obtained for other orientations of the fringes. The final

()
Fig. 2. Simulation results for coherently obtained optically
plane imagess. (a) Original image; (b) band-limited image;
(c) image corresponding to measurement 2 for vertical ori-
entation of fringes; (d) image corresponding to measurement
3 with vertical orientation of fringes; (e) overall synthesized
image.

(e)

Fig. 3. Simulation results for coherently obtained optically
rough images. (a) Complex phase screen used to make image
in Fig. 2(a) an optically rough scene; (b) band-limited image;
(c) image corresponding to measurement 2 for vertical ori-
entation of fringes; (d) image corresponding to measurement
3 with vertical orientation of fringes; (e) overall synthesized
image.
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(d)

Fig. 4. Simulation results for coherently obtained optically
rough images added incoherently with varying phase screen
distribution. (a) Incoherent addition of 10 synthesized im-
ages; (b) incoherent addition of 20 synthesized images; (c)
incoherent addition of 40 synthesized images; (d) incoherent
addition of 60 synthesized images.

synthesized image is shown in Fig. 3(e). The presence
of speckles in all the images has spoiled the resolution,
which is otherwise obvious in the corresponding images
of Fig. 2.

The effect of speckles can be minimized using many
techniques!”]. One technique is to incoherently add the
synthesized images. When 10 synthesized images like the
one shown in Fig. 3(e) were incoherently added, the re-
sultant image is shown in Fig. 4(a). The resultant images
with incoherent addition of synthesized images with 20,
40 and 60 images are respectively shown in Figs. 3(b),
(c), and (d). A few images are required in the incoherent
addition to obtain a speckle free image if the images have
uncorrelated speckles.

In conclusion, a super-resolution technique for coher-
ent imaging systems has been described by using spatial
frequency heterodyning. Three snapshots of a scene are
recorded and through simple mathematical algorithm, a

high resolution image is obtained. The spatial frequency
of the projected fringes was twice the spatial cutoff fre-
quency of the imager. The images have been simulated
for three-times high resolution. In principle, it is pos-
sible to extend the resolution beyond three times the
resolution without aperture synthesis by repeating the
process with increased spatial frequency of the fringes.
The effect of speckles on the synthesized images has been
simulated and incoherent averaging of synthesized images
has shown reduction in speckles in the final image. The
phase of the projected fringes must be known accurately
in order to assign correct phases to the upper and lower
side bands in the reconstructed spectrum.

A. Mudassar’s e-mail address is asloob@yahoo.com.
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