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Nonlinear dynamics study of an open
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A way resulting in lasing without inversion (LWI) in an open resonant A-type system from a nonlinear
dynamics viewpoint is investigated. The destabilization of the non-lasing solution can occur not only
through pitchfork bifurcation, giving rise to continuous wave LWI, but also through Hopf bifurcation,
giving rise to self-pulsing LWI. This is much different from that of the corresponding closed resonant
A-type system in which the destabilization of the non-lasing solution can occur only through pitchfork
bifurcation. The effects of the unsaturated gain coefficient, cavity loss coefficient, atomic injection and

exit rates on the two bifurcations are discussed.
OCIS codes: 270.1670, 270.3430.

Quantum coherence and interference in atomic systems
have a number of important consequences, including
lasing without inversion (LWI), the electromagnetically
induced transparency, coherent population trapping, the
subrecoil cooling of atoms, potentiality for sensitive mea-
surements of magnetic fields, and so on. In particular,
LWI has attracted much more attention!! =2l and have
been studied in the past few decades. The open A-type
three-level system for LWT is proposed?14. From the
nonlinear dynamics viewpoint, the lasing arising always
corresponds to a loss of stability of the non-lasing sta-
tionary solution. Mompart et al.['5) have also pointed
out that in the closed resonant A-type system destabi-
lization of the non-lasing solution can occur only through
a pitchfork bifurcation. In this paper the way resulting
in the LWI in an open resonant A-type system from a
nonlinear dynamics viewpoint is investigated. We find
that the destabilization of the non-lasing solution can be
obtained through both the pitchfork and Hopf bifurca-
tions. In addition, the effects of the unsaturated gain
coefficient, cavity loss coefficient, the ratio of atomic
injection rates, and the atomic exit rate on the two kinds
of destabilization are discussed respectively.

Figure 1 is the open resonant A-type system. The
driving field with Rabi frequency 2 is resonant with
the transition |1) <> |2); the weak probe field with Rabi
frequency « is resonant with the transition |1) <> |3), and
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Fig. 1. An open A-type three-level system.
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an incoherent pump field with a pumping rate R is ap-
plied between levels |1) and|3). The transition between
|2) and|3) is forbidden. The resonance condition allows
us to take a and ) as real and to seek solution of the
problem such that the (slowly varying) density matrix
element amplitudes of the medium in the interacting pic-
ture have the form!'4!

P12 = iyY12, P13 = Y13, P23 = T23, (1)

where y12, ¥13, and zo3 are real time-dependent variables.
In our notation, if y13 < 0, the system exhibits gain for
the probe field; if y13 > 0, the probe field is attenuated.
If p11 — p33 < 0 and y;3 < 0, the LWI can be possible.

In the rotating-wave, slowing varying envelope and
mean-field approximations, the system is governed by
the set of Maxwell-Bloch equations!'#!

dp11/dt = —=(m1 + 792 + 70 + R)p11 + Rps3
+2Qy12 + 2ay13 + J1,

dpaz/dt = y2p11 — Yop22 — 212 + Jo,

dpsz/dt = (v1 + R)p11 — (Yo + R)pas — 2ay3,

dyi2/dt = —T12y12 — Q(p11 — pa2) + azas,

dyi3/dt = —T13y13 — a(p11 — pa3) + Qzas,

dzas/dt = —Ta3T23 — ayia — Qui3,

da/dt = —ka — gyis, (2)

where g is the unsaturated gain of the lasing transi-
tion (unsaturated gain coefficient), and k is the damp-
ing rate of the lasing field due to cavity loss (cav-
ity loss coefficient). <3 (7y2) denotes the decay rate
from level |1) to |3) (|2)). Ji (Jo) is the atomic injec-
tion rate for level |1) (]2)), and 7o is the atomic exit
rate from the cavity after acting with the fields. In
the following discussion, we always make J; + J, =
Yo to keep the total number of atoms constant. In
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the radiative limit, the atomic polarization damping
rates I'12, I'13, and I's3 can be expressed as

Lo =(1+7%+R)/2,

F13 = (’)/1 +’)/2 + 2R)/2, F23 = R/2 (3)

Taking o = 0 and all the time-derivations in Eq. (2)
equal to zero, the non-lasing solution is

Q
Y13 =223 =0, Y12 =—=—(1—p33 —2pn),

I
N 2(’)/0 + R)Q2 + (R + ’Y())Flgjl
P11 = ’
D
3:m pro=1—pi1 —p3z, (4
’Y[) +R ) )
where

D =[(v2+7)(0 + R) + (71 + R)y0]T12

+2(y1 + 270 + 3R)Q2. (5)

In the above calculation we used the closure relation
p22 = 1 — p11 — p33. In the following, the population
difference is defined as

Nij = Pii = Pjj> (6)
The inversionless condition implies that nz; > 0.

From the nonlinear dynamics viewpoint, a lasing so-
lution always corresponds to a loss of stability of the
non-lasing stationary solution. Equation (2) is linearized
about the Eq. (4). The resulting Jacobian matrix can
be split into two independent submatrixes. One of them
governs the stability of the variables «, yi13, and x23, and
therefore the generation of the lasing field. Using the
same method as that in Ref. [15], the characteristic poly-
nomial of this submatrix can be obtained as

N AN 4+ Aod 4+ A3 =0, (7)
with the coefficients

A1 = KZ+F13 +F237
Ay = k(13 + Tag) + T1slag + O + gnay,

Az = k(T13T93 + Q2) + g(Ta3nz — Quio). (8)

We apply the Hurwitz criteria to determine the in-
stabilities associated with the above polynomial; if A,
Ay, Az > 0 and Ho(= A; Az — A3) > 0 signify nega-
tive real parts of all eigenvalues which means stability
of the non-lasing solution. From Eq. (8) we know that
for the inversionless condition (n3; > 0), A; and A, are
always positive. Destabilization of the trivial solution
occurs through a pitchfork bifurcation (static instability)
if A3 < 0, or alternatively, through a Hopf bifurcation
(self-pulsing instability) if Ho < 0. In the second case,
VA, gives the angular pulsation frequency of the lasing
field at the destabilization point. Here, Hy has the form

Hy = (T3 + Ta3)[k(k + T13 + Taz) + Ti3Tas + Q7]

+9[(k + Ti3)nz1 + Qyiz]. 9)

Mompart et al.l'3] pointed out that for the closed
resonant A-type system, destabilization of the non-lasing
solution can occur only through a pitchfork bifurcation
giving rise to continuous wave LWI. However, we will
show that, for an open A-type system with the appro-
priate value of the system parameters, destabilization of
the non-lasing solution through both the pitchfork and
Hopf bifurcations is possible.

The condition for pitchfork bifurcation is A3 < 0.
From Eq. (8) we know that, as n3; > 0 (the inversion-
less condition), the only term that can contribute to
destabilization of the non-lasing solution is Qy;2, be-
cause Y12 = Qnoy /T2 > 0 when no; is positive, i.e.,
there is no population inversion between levels |1) and
[2). Az < 0 can be realized by adjusting properly the
values of the system parameters. From Eq. (8) we know
that for Q = 0 as well as for very large values of 02,
Az is positive and the non-lasing solution is stable. So
the value of the driving field intensity is limited in some
regions for obtaining As < 0. Figures 2(a)—(d) illustrate
different curves for A3 = 0 as a function of the parame-
ters 2 and R for different values of the unsaturated gain
coefficient g, the cavity loss coefficient k, the ratio of
the atomic injection rates S(= Ji/J2) and the atomic
exit rate 7, respectively. The values of g are measured
in MHz? , and other parameters are measured in MHz.
For a given value of a parameter, for example, g in Fig.
2(a), LWI is obtained within a closed curve in the Q-R
plane (A3 < 0). Outside this curve the non-lasing solu-
tion is stable. Figure 2 shows that destabilization of the
non-lasing solution requires a good cavity (k is smaller)
and a higher g; a smaller value of S and a larger value
of 7o are favorable. When vy = S = 0, i.e., the open
system changes into a closed system, the region getting
LWI in the Q-R plane is still present, i.e., the pitchfork
bifurcation occurs in a closed A-type system and this
consists with the result given by Mompart et al.'®! for
the closed A-type system.

From Eq. (9) we know that, as nz; > 0 (the inver-
sionless condition) , in order to satisfy the condition for
Hopf bifurcation (Hy < 0), y12 < 0 is necessary, and this
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Fig. 2. LWI regions in the Q-R plane for different values of
(a) g, (b) k, (c) S, (d) yo with y; = 0.8 and v = 5.8. The
values of other parameters are: (a) k=1,v =0.2and S = 3;
(b) g = 1000, v0 = 0.2, and S = 3; (c¢) g = 1000, k = 1, and
~0 = 0.2; (d) g = 1000, k=1, and S = 3.
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means the population inversion between levels |1) and
|2) arising (see Eq. (4)). We can suitably select values
of the system parameters including S and 7, to make
y12 < 0, thereby Hs < 0 in the open A-type system. In
the corresponding closed A-type system, however, the
population inversion between levels |1) and |2) is not
possible, so that Hopf bifurcation does not arise.

Similar to the discussion about pitchfork bifurcation,
we analyze the effects of g, k, S, and g on destabilization
of the non-lasing solution by the numerical calculation
results. Figures 3(a)—(d) illustrate different curves for
H, = 0 as a function of the parameters 2 and R for
different values of g, k, S, and -y, respectively. Same
as Fig. 2, here the values of g are measured in MHz?,
and the other parameters are measured in MHz. For a
given value of a parameter, for example, g in Fig. 3(a),
LWTI is obtained within a closed curve in the 2-R plane
(Hs < 0). Outside this curve the non-lasing solution is
stable.

Comparing Fig. 2 with Fig. 3, we find that: 1) The
effects of ¢ and k on the region with LWI in the Q-R
plane are the same for the two types of the bifurcations,
i.e., with g(k) increasing, the region with LWI becomes
larger (smaller). 2) Different from the situation in the
pitchfork bifurcation, in the Hopf bifurcation the region
with LWI decreases with both S and 7y decreasing, and
when S = vy = 0 the region with LWI will disappear.
This conclusion is easy to understand from the physical
viewpoint. When S = -y = 0, that is when the open
scheme changes into a closed scheme, the Hopf bifurca-
tion should be absent. 3) To obtain LWI, in the Hopf
bifurcation case, the value range of Q is much larger than
that of R; however, in the pitchfork bifurcation case the
value range of () is approximately equal to that of R.

In conclusion, in this paper we investigated the way
resulting in LWI in an open resonant A-type system from
a nonlinear dynamics viewpoint. We find that destabi-
lization of the non-lasing solution can occur not only
through a pitchfork bifurcation giving rise to continuous-
wave LWI but also through a Hopf bifurcation giving
rise to self-pulsing LWI. This conclusion is much different
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Fig. 3. LWI regions in the - R plane for different values of (a)
g, (b) k, (c) S, (d) vo with 1 = 5.8 and 2 = 0.8. The values
of other parameters are as follows: (a) k = 0.05, vo = 4.8 and
S =9; (b) g =10000, and yo = 4.8 and S = 9; (c) g = 10000,
k = 0.05 and ~o = 4.8; (d) g = 10000, k = 0.05 and S = 9.

from that obtained in a corresponding closed resonant A-
type system. The two bifurcations are mutually exclusive
since they are primarily determined by the opposite pop-
ulation situation, that is inversion or inversionless. The
Hopf bifurcation can occur in the open A-type system
but cannot occur in the corresponding closed A-type sys-
tem, the essential cause is that in the open system we can
change the population situation (inversion or inversion-
less) between the two levels coupled by the driving field
through varying S and -y, but in the closed system this is
impossible. The numerical calculation results show that:
1) For both the pitchfork and Hopf bifurcations, a higher
g and a smaller k£ are favorable to obtain destabilization
of the non-lasing solution. 2) The effects of S and 7 are
related with the type of the bifurcations. In the pitchfork
bifurcation case, a larger value of vy and a smaller value
of S are favorable to obtain the destabilization; when
Y = S = 0, the region getting LWI in the Q-R plane
is still present, i.e., the pitchfork bifurcation occurs in
a closed A-type system and this consists with the result
given Mompart et al.l'®!. In the Hopf bifurcation case,
the larger values of 79 and S are favorable for obtaining
the destabilization; when v9 = S = 0, the region getting
LWT in the Q-R plane will disappear, i.e., the Hopf bifur-
cation does not exist in a closed A-type system and this
also consists with the result given by Mompart et al.l'3],
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